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Abstract: Let U be an integer with U > 1. If n is even with n � 6, then the class number of

Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ is divisible by n except ðU; nÞ ¼ ð13; 8Þ.
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Let U be an integer with U > 1. Gross and

Rohrlich [2] proved that if n is odd with n > 1,

then the class number of Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ is divisible

by n. Furthermore Louboutin [5] proved that if

at least one of the prime divisors of an odd integer

U � 3 is equal to 3 modulo 4, then the class number

of Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ is divisible by n. In this note

we shall consider the same problem for the case

where n is even with n � 6. We shall show the

following

Theorem. Let U be an integer with U > 1.

If n is even with n � 6, then the class number

of Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ is divisible by n except ðU; nÞ ¼
ð13; 8Þ.
In order to prove this, we need the following lemma.

Lemma 1. Suppose that k > 2.

1. The Diophantine equation x2 � 2yk ¼ 1 has no

integer solutions other than x ¼ 1; y ¼ 0.

2. The only positive integer solutions of the

Diophantine equation x2 � 2yk ¼ �1 are x ¼
y ¼ 1 and x ¼ 239; y ¼ 13; k ¼ 4.

Proof. 2 is Lemma in [1]. Now we shall show 1.

It suffices to show the case where k ¼ 4 and k are

odd primes. The case where k ¼ 4 is in [6]. Suppose

that k is an odd prime with k > 3. From

x2 � 2yk ¼ 1 we have ðxþ 1Þðx� 1Þ ¼ 2yk. Since

ðxþ 1; x� 1Þ ¼ 2 (note that x is odd) and either

xþ 1 or x� 1 is not divisible by 4, we have

x� 1 ¼ 2ktuk and x� 1 ¼ 2vk for some t such that

both u and v are odd with ðu; vÞ ¼ 1. Then we have

2ktuk � 2vk ¼ �2, that is, 2k�1ð2t�1uÞk � vk ¼ �1.

By Theorem 1 in [7], this equation has no integer

solution for k � 7. For k ¼ 5 this also has no integer

solution by the fact that the non-trivial solution

of x5 þ 16y5 ¼ z2 is ðx; y; zÞ ¼ ð2;�1; 4Þ due to the

arguement of Appendice in [4]. Finally consider the

case where k ¼ 3. From x2 � 2y3 ¼ 1, we have

ð2xÞ2 � 4 ¼ ð2yÞ3. The only integer solution of the

equation x2 � 4 ¼ y3 is x ¼ 2; y ¼ 0 (for example,

see [3]). �

Furthermore we shall use the following lemma

from Louboutin [5]. As is usual, N and Tr denote

the norm and the trace respectively.

Lemma 2 (Lemma 4 in [5]). Let � be an

integer in a quadratic field K. Then � is a square in

K if and only if there exists a rational integer a such

that Nð�Þ ¼ a2 and Trð�Þ þ 2a is a square.

Proof of Theorem. First note that

Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ 6¼ Qð
ffiffiffiffiffiffiffi
�1
p

Þ. In order to see that

Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ 6¼ Qð
ffiffiffiffiffiffiffi
�3
p

Þ, consider the equation

1� 4Un ¼ �3x2. We transform this to

1þ
ffiffiffiffiffiffiffi
�3
p

x

2

 !
1�

ffiffiffiffiffiffiffi
�3
p

x

2

 !
¼ Un:

Since n is even and the primitive cubic root of

1 is a square in Qð
ffiffiffiffiffiffiffi
�3
p

Þ, �ð1þ
ffiffiffiffiffiffiffi
�3
p

xÞ=2 is a

square and hence �1þ 2U
n
2 ¼ a2 for some a by

Lemma 2. Since n � 6, we have a2 � 2Um ¼ �1
with m > 2. This contradicts Lemma 1 since U > 1

and U 6¼ 13.

Now put � ¼ ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ=2. By the same

argument in [5], it suffices to show that neither �

nor �� are squares in Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Un
p

Þ. If �� is a

square, then �1þ 2U
n
2 ¼ a2 for some a by Lemma 2,

a contradiction again. �

Remark. Note that the class number of

Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4 � 138
p

Þ ¼ Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�6347
p

Þ is 28.
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