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Abstract: Some a priori estimates of the pressure for the Stokes equations in an infinite

sector with the slip and the stress conditions on the boundary are established in weighted Sobolev

spaces. The estimates for its higher order derivatives are obtained by the general scheme of

Kondrat’ev. Instead the estimates for the lower order ones are derived by making use of the

Mellin transformation and the explicit representation formula of the pressure.
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1. Introduction. Let d� be a plane sector of

opening �, � 2 ð0; 2��, in the polar coordinates ðr; ’Þ,

d� ¼ fx ¼ ðr cos’; r sin’Þ 2 R2 j r > 0; 0 < ’ < �g

with �0 ¼ f’ ¼ 0; r > 0g, �� ¼ f’ ¼ �; r > 0g being

the sides of the sector.

The following boundary value problem for the

Stokes equations with a parameter s 2 C is closely

related to the evolution free boundary problem for

the Navier-Stokes equations with contact lines (see

[1]):

su� ��uþrq ¼ f ; r � u ¼ 0 in d�,

u2j�0 ¼ 0; 2�D12ðuÞj�0 ¼ b0;

Pðu; qÞn�j�� ¼ b�:

8><>:ð1:1Þ

Here, u ¼ uðx; sÞ ¼ ðu1ðx; sÞ; u2ðx; sÞÞ is the velocity
vector field, r ¼ ð @

@x1
; @
@x2

Þ, Pðu; qÞ ¼ �qIþ 2�DðuÞ
is the stress tensor,DðuÞ is the velocity deformation

tensor with elements DijðuÞ ¼ 1
2 ð

@ui
@xj

þ @uj
@xi

Þ ði; j ¼
1; 2Þ, I is the unit tensor of rank 2, n� is the unit

vector of the outward normal to ��, f ¼ ðf1; f2Þ, b0,
b� are given functions on d�, �0 and ��, respectively,

and � is a coefficient of viscosity, assumed to be a

positive constant.

Similarly for the incompressible Navier-Stokes

equations, in analyzing the problem (1.1) the

estimates for the pressure q play an essential role.

It is easy to derive the following problem for q from

(1.1).

�q ¼ r � f in d�;

@q

@x2

����
�0

¼ f2j�0 �
@b0

@x1
;

qj�� ¼ 2�DðuÞn� � n�j�� � b� � n�:

8>>><>>>:ð1:2Þ

In this paper we focus to the a priori estimates

for q to the problem (1.2). Owing to the general

theory of Kondrat0ev [3] such estimates can be

derived. However his result leads to the estimates in

higher order norms only, i.e.,

kqk2H2þk
� ðd�Þð1:3Þ

¼
X

j�j�2þk

Z
d�

jxj2ð��2�kþj�jÞjD�
xqðxÞj

2 dx

for k ¼ 0; 1; 2; . . .

The a priori estimates of q in lower order norms,

especially of q itself, in the interior of a domain to

problem (1.2) have its own interest, because in

general it is essential for the solvability of the

boundary value problems for partial differential

equations of elliptic type even if the boundary is

smooth.

Our main theorem is as follows:

Theorem 1. Let � 2 ð0; 2�� and � 6¼ ðmþ
1=2Þ�=�, m 2 Z. Suppose that u, f , b0, and b� are

given functions satisfyng

kruk2L2;��1=2ð��Þ �
Z
��

jruj2 r2��1 dr <1;
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kfk2L2;�ðd�Þ �
Z
d�

jf j2jxj2� dx <1;

kb0k2L2;��1=2ð�0Þ �
Z
�0

jb0j2 r2��1 dr <1;

kb�k2L2;��1=2ð��Þ <1;

and q is a solution of (1.2). Then we have the

estimate

kqk2L2;��1ðd�Þ �
Z
d�

jqj2jxj2ð��1Þ dxð1:4Þ

�
c�

cos2ð��Þ

�
kfk2L2;�ðd�Þ þ kb0k2L2;��1=2ð�0Þ

þ kb�k2L2;��1=2ð��Þ þ �kruk2L2;��1=2ð��Þ

�
with a constant c independent of �, � and �.

We should be careful of the particular form of

the right hand side and its dependence on the

constants �, � and � as in (1.4) since they are

important for further studies about the wellposed-

ness of various nonlinear problems with contact

lines. Our method for it relies upon the explicit

representation formula of q shown below (see also

[4]).

Corollary 1. Let �, � and f be as in

Theorem 1 and  be the solution of problem

� ¼ r � f in d�;

@ 

@x2

����
�0

¼ f2j�0 ;  j�� ¼ 0:

8<:ð1:5Þ

Then inequality

kr kL2;�ðd�Þ � ckfkL2;�ðd�Þð1:6Þ

holds for some constant c.

Remark. On the basis of estimates (1.4),

(1.6) together with (1.3), after decomposing f 2
L2;�ðd�Þ into f ¼ f� þ r with  being the solution

of problem (1.5) and f � ¼ ðf�1 ; f�2 Þ satisfying r � f � ¼
0 in d� and f�2 j�0 ¼ 0 we shall establish in [2] the

unique solvability of problem (1.1).

Proof of Corollary 1. We multiply equation

(1.5) by  jxj2� and integrate over d�. After the

integration by parts we obtain with the help of

Young’s inequality

kr k2L2;�ðd�Þ

� c

�Z
d�

jf jj jjxj2��1 dxþ
Z
d�

jr jj jjxj2��1 dx

þ
Z
d�

jf jjr jjxj2� dx
�

� "kr k2L2;�ðd�Þ þ C" k k2L2;��1ðd�Þ þ kfk2L2;�ðd�Þ

� �
for any " > 0. Then choosing " suitably small and

applying Theorem 1, one can deduce (1.6). �

2. Proof of Theorem 1. First of all we

transform problem (1.2) by the polar coordinates

ðr; ’Þ:

r
@

@r

� �2

þ
@

@’

� �2
 !

q

¼ r
@

@r
rfrð Þ þ

@

@’
rf’
� �

� gðr; ’Þ in d�;

@q

@’

����
’¼0

¼ rf’ðr; 0Þ � r
@b0

@r
� a1ðrÞ;

qj’¼� ¼ 2�DðuÞn� � n�j�� � b� � n� � a2ðrÞ;

8>>>>>>>>>>><>>>>>>>>>>>:
where

f ¼ f1; f2ð Þ ¼ fr; f’
� � cos’ sin’

� sin’ cos’

� �
:

By the Mellin transform with respect to r

ebbð�Þ ¼ Z 1

0

r��1bðrÞ dr; � ¼ �1 þ i�2;

the following mixed problem of ordinary differential

equations with respect to ’ 2 ð0; �Þ is derived:

�2 þ
d

d’

� �2
 !eqqð�; ’Þ
¼ eggð�; ’Þ on ð0; �Þ;

deqq
d’

����
’¼0

¼ eaa1ð�Þ; eqqj’¼� ¼ eaa2ðrÞ:

8>>>>>><>>>>>>:
ð2:1Þ

We seek a solution of problem (2.1) as eqq ¼ eqq1 þ eqq2,
where eqq1 and eqq2 are, respectively, solutions of

�2 þ
d

d’

� �2
 !eqq1ð�; ’Þ ¼ 0 on ð0; �Þ;

deqq1
d’

����
’¼0

¼ eaa1ð�Þ; eqq1j’¼� ¼ eaa2ðrÞ

8>>>><>>>>:ð2:2Þ

and

�2 þ
d

d’

� �2
 !eqq2ð�; ’Þ ¼ eggð�; ’Þ on ð0; �Þ;

deqq2
d’

����
’¼0

¼ 0; eqq2j’¼� ¼ 0:

8>>>><>>>>:ð2:3Þ
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It is not difficult to get the following explicit

formulae for eqq1 and eqq2.
Lemma 1. The solution of problem (2.2) is

given by

eqq1ð�; ’Þ ¼ �
sinð�ð�� ’ÞÞ
� cosð��Þ

eaa1ð�Þ þ cosð�’Þ
cosð��Þ

eaa2ð�Þ:
Here eaa1ð�Þ ¼ ð frf’rf’Þð�; 0Þ þ �~bb0ð�Þ, so that

eqq1ð�; ’Þ ¼ �
sinð�ð�� ’ÞÞ
� cosð��Þ ð frf’rf’Þð�; 0Þ

�
sinð�ð�� ’ÞÞ

cosð��Þ
ebb0ð�Þ þ cosð�’Þ

cosð��Þ
eaa2ð�Þ:

Lemma 2. The solution of problem (2.3) is

given by

eqq2ð�; ’Þ ¼ �
Z ’

0

sinð�ð�� ’ÞÞ cosð��Þ
� cosð��Þ

eggð�; �Þ d�
�
Z �

’

sinð�ð�� �ÞÞ cosð�’Þ
� cosð��Þ

eggð�; �Þ d�:
Since

eggð�; ’Þ ¼ ��ðfrfrrfrÞ þ
d

d’
ð frf’rf’Þ;

one can find by the integration by partseqq2ð�; ’Þ
¼
Z ’

0

sinð�ð�� ’ÞÞ cosð��Þ
cosð��Þ

ðfrfrrfrÞð�; �Þ d�

þ
Z �

’

sinð�ð�� �ÞÞ cosð�’Þ
cosð��Þ

ðfrfrrfrÞð�; �Þ d�

�
Z ’

0

sinð�ð�� ’ÞÞ cosð��Þ
� cosð��Þ

d

d�
ð frf’rf’Þð�; �Þ d�

�
Z �

’

sinð�ð�� �ÞÞ cosð�’Þ
� cosð��Þ

d

d�
ð frf’rf’Þð�; �Þ d�

¼
Z ’

0

sinð�ð�� ’ÞÞ cosð��Þ
cosð��Þ ðfrfrrfrÞð�; �Þ d�

þ
Z �

’

sinð�ð�� �ÞÞ cosð�’Þ
cosð��Þ ðfrfrrfrÞð�; �Þ d�

�
Z ’

0

sinð�ð�� ’ÞÞ sinð��Þ
cosð��Þ

ð frf’rf’Þð�; �Þ d�

�
Z �

’

cosð�ð�� �ÞÞ cosð�’Þ
cosð��Þ

ð frf’rf’Þð�; �Þ d�

þ
sinð�ð�� ’ÞÞ
� cosð��Þ

ð frf’rf’Þð�; 0Þ:

Therefore the solution of (2.1) is expressed as

eqqð�; ’Þ ¼ eqq1ð�; ’Þ þ eqq2ð�; ’Þð2:4Þ

¼
Z ’

0

sinð�ð�� ’ÞÞ cosð��Þ
cosð��Þ ðfrfrrfrÞð�; �Þ d�

þ
Z �

’

sinð�ð�� �ÞÞ cosð�’Þ
cosð��Þ ðfrfrrfrÞð�; �Þ d�

�
Z ’

0

sinð�ð�� ’ÞÞ sinð��Þ
cosð��Þ ð frf’rf’Þð�; �Þ d�

�
Z �

’

cosð�ð�� �ÞÞ cosð�’Þ
cosð��Þ

ð frf’rf’Þð�; �Þ d�

�
sinð�ð�� ’ÞÞ

cosð��Þ
ebb0ð�Þ þ cosð�’Þ

cosð��Þ
eaa2ð�Þ:

By Parseval’s equalityZ 1

0

jbðrÞj2 r2�1�1 dr ¼
1

2�i

Z �1þi1

�1�i1
jebbð�Þj2 d�;

we see

kqk2L2;��1ðd�Þ ¼
Z
d�

jqj2 jxj2ð��1Þ dx

¼
Z 1

0

Z �

0

jqj2 r2��1 d’ dr

¼
1

2�i

Z �þi1

��i1

Z �

0

jeqqð�; ’Þj2 d’ d�:

Substitute (2.4) into the integrand and estimate

each term. Last two terms of the right hand side of

(2.4) can be estimated in the same way. Indeed, for

the last term, since

cosð�’Þ
cosð��Þ

���� ����2ð2:5Þ

¼
cos2ð�1’Þ cosh2ð�2’Þ þ sin2ð�1’Þ sinh2ð�2’Þ
cos2ð�1�Þ cosh2ð�2�Þ þ sin2ð�1�Þ sinh2ð�2�Þ

� cosh2ð�2’Þ þ sinh2ð�2’Þ
cos2ð�1�Þ cosh2ð�2�Þ

� cosh2ð�2�Þ þ sinh2ð�2�Þ
cos2ð�1�Þ cosh2ð�2�Þ

¼
1þ tanh2ð�2�Þ

cos2ð�1�Þ
�

2

cos2ð�1�Þ
;

we get

1

2�i

Z �þi1

��i1

Z �

0

cosð�’Þ
cosð��Þ

���� ����2 jeaa2ð�Þj2 d’ d�ð2:6Þ

� 1

2�i

2�

cos2ð��Þ

Z �þi1

��i1
j~aa2ð�Þj2 d�
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¼
2�

cos2ð��Þ
ka2k2L2;��1=2ð��Þ:

Next we consider the other integral terms of

the right hand side of (2.4). For the first term we

have by virtue of the Schwarz inequalityZ ’

0

sinð�ð�� ’ÞÞ cosð��Þ
cosð��Þ

ðfrfrrfrÞð�; �Þ d�
���� ����2
�

Z ’

0

sinð�ð�� ’ÞÞ cosð��Þ
cosð��Þ

���� ����2 d�
 !

�
Z �

0

ðfrfrrfrÞð�; �Þ
��� ���2 d�� �

:

The integrand of the first integral in the right hand

side is estimated as

sinð�ð�� ’ÞÞ cosð��Þ
cosð��Þ

���� ����2ð2:7Þ

�
1

2

sinð�ð�� ’þ �ÞÞj2 þ jsinð�ð�� ’� �ÞÞ
�� ��2

cosð��Þj j2
:

Since j�� ’� � j � � for 0 � � � ’ � �, we can

estimate the right hand side of (2.7) in a similar

way as (2.5). Hence

1

2�i

Z �

0

Z �þi1

��i1

����Z ’

0

sinð�ð�� ’ÞÞ cosð��Þ
cosð��Þ

ð2:8Þ

� ðfrfrrfrÞð�; �Þ d�
����2 d� d’

�
1

2�i

4�

cos2ð��Þ

Z �

0

Z �þi1

��i1
ðfrfrrfrÞð�; ’Þ
��� ���2 d� d’

¼
1

2�i

4�

cos2ð��Þ

Z �

0

Z �þi1

��i1
efrfrð�þ 1; ’Þ
��� ���2 d� d’

¼
1

2�i

4�

cos2ð��Þ

Z �

0

Z �þ1þi1

�þ1�i1
efrfrð�; ’Þ��� ���2 d� d’

¼
4�

cos2ð��Þ

Z �

0

Z 1

0

frðr; ’Þj j2 r2ð�þ1Þ�1 dr d’

�
4�

cos2ð��Þ
kfk2L2;�ðd�Þ:

From (2.6) and (2.8) we can deduce the desired

estimate.

Almost the same calculations as above bring

the similar estimates for other integral terms, and

finally (1.4) is concluded.

Thus, the Proof of Theorem 1 is completed.
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