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Abstract:

This article is devoted to introduce a new class of nonassociative algebras with

involution including the class of structurable algebras.

Key words:

1. Introduction. Our start point briefly
described in a historical setting is the construction
of Lie (super)algebras starting from a class of
nonassociative algebras. Hence within the general
framework of (e, 6)-Freudenthal Kantor triple sys-
tems (e,6 = £1) and the standard embedding Lie
(super)algebra construction studied in [5,6,9-12]
(see also references therein) we define é-structur-
able algebras as a class of nonassociative algebras
with involution which coincides with the class of
structurable algebras for 6 =1 as introduced and
studied in [1,2]. Structurable algebras are a class of
nonassociative algebras with involution that in-
clude Jordan algebras (with trivial involution),
associative algebras with involution, and alterna-
tive algebras with involution. They are related to
generalized Jordan triple systems of second order
(or (—1,1)-Freudenthal Kantor triple systems) as
introduced and studied in [14,15] and further
studied in [3,4,13,18-21] (see also references there-
in). Their importance lies with constructions of five
graded Lie algebras

L(E,(S) :L,Q EBL,1 @LU @Ll @LQ, [LZ,L]] QLZ-H.

For 6 = —1 the anti-structurable algebras defined
here are a new class of nonassociative algebras that
may similarly shed light on the notion of (=1, —1)-
Freudenthal Kantor triple systems hence (by [5,6])
on the construction of Lie superalgebras and Jordan
algebras as it will be shown.

Throughout the paper it is assumed that (A,)
is a finite dimensional nonassociative unital algebra
with involution (involutive anti-automorphism, i.e.
Z=2z and Ty =y7T for z,y € A) over a field F,
charF # 2 or 3. The identity element of A is
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denoted by 1. Since charF # 2, by [1] we have
A=H&S, where H={ac Ala=a} and S=
{a € Ala = —a}.

Suppose z,y,z € A. Put [z,y] := 2y — yr and
[z,y, 2] .= (xy)z — z(yz). Note that
(1) [fE,y,Z} = —[E,y,f].
The operators L, and R, are defined by

Li(y) :== zy, Ro(y) = yz.

2. J-structurable algebras. For §=+1

and z,y € A define
® V= Lu g+ SRR Ry,

(3) (SBA(J:’ Y, Z) = é‘/%l/(z) =
(9= + 8l(B) — (Tl p, 2 € A

tBy(z,y,2) is called the triple system obtained
from the algebra (A, ). We will call ~By(z,y, 2) the
anti-triple system obtained from the algebra (A,”).
We shall write for short

0
Voy = "Vay,

By = "By, A).

Remark. The upper left index notation is
chosen in order not to be mixed with the upper right
index notation of [1] which has a different meaning.

A unital non-associative algebra with involu-
tion (A,”) is called a structurable algebra if the
following identity is fulfilled

(4) Vaws Vay) = Vo000 =

for Vu,v = +‘/u.,m Vt,y = +V:T,,y7 U, V, T,y € »Aa and we
will call (A,”) an anti-structurable algebra if the
identity (4) is fulfilled for V,,, = "Vyo, Vay = Vo

If (A,”) is structurable then, in the terminol-
ogy of [15], the triple system By is called a
generalized Jordan triple system (abbreviated
GJTS) and by [7], B4 is a GJTS of 2-nd order,
i.e. satisfies the identities (14) and (15). If (A,7) is

z,Vou(y)»
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anti-structurable then we call B4 an anti-GJTS.
Put T, := V,; for x € A. Then, by (2),

(5) T,=L;,+0R, 3

for x € A. In particular, T, = Ly, for h € H.
Remarks. (i) Ifu=hecH and z,y € A, (4)
becomes

(6) [Lh7 zy]

The identity (6) written in element form is

(M) ((he)y)z — h((2D)2) + 8[((h2)y)x —
Y)

th Y V;c.,hy~

W(Z9)z) = ((h2)T)y + h((2T)y)] =
(z(yh))z — (27)(hz) + 6[(2(yh))x —
(2 (2(zh))y — (z7)(hy)],

for z,y,z € A.

(ii) Suppose ~ is the identity map and hence A
is commutative. If (A,7) is §-structurable then A is
a Jordan algebra. Indeed, if (A, ) is structurable
then the assertion follows from [1]§1 since
charF # 3. If A is anti-structurable we may put z =
y=nh and z=k in (7) and simplify using commu-
tativity to obtain h(h%k) = h%(hk),h,k € A. Con-
versely, by [17]83, any Jordan algebra satisfies (6) if
Voy ="V, for z,y € A, hence it is structurable.
Thus, by (7), any Jordan algebra is anti-structur-
able if it satisfies

8) ((hx)y)z — h((zy)z) = (x(yh))z — (zy)(h2),

for h,x,y, z € A. Using commutativity then (8) e.g.
can be written [z, h,y|z = [zy, 2, h]. Clearly, (8) is
fulfilled by an associative algebra.

(iii) If # € A and T,(1) = 0 then x = 0. Indeed,
if (A,”) is structurable then the assertion follows
from [1]§1. If (A,”) is anti-structurable then
T,(1) = 0 implies, by (5), T = 0 hence = = 0.

3. Skew-alternativity. For s€ S and h €
H we say that (A,7) is S skew-alternative if

(ha) +

[s,z,y] = —[x,s,y] while (A, ) is H skew-alternative
if [h,x,y] = —[x, h,y] for z,y € A. We shall remark
that if (A4,7) is S skew-alternative then by [1]§1,
[S,$7y] = _[1',872/] = [xayvs}vs € vaay € Av
while if (A,”) is H skew-alternative then by (1),
(9) [h7m’y]:_[:E7h7y]:[x7y7h},h€H7l‘7y€A'

Proposition 3.1. If (A,~) is structurable,
then (A,”) is S skew-alternative. If (A,”) is anti-
structurable, then (A,”) is H skew-alternative.
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Proof. The first assertion follows from [1]
(Proposition 1). Let now (A,”) be anti-structura-
ble. If h € H and s € S, putting x =1,y = s in (7)
gives

(10) [h,s, 2] —2[h, 2, 8] = [s, h, 2] + [2,8,h] + [2, h, 5]

for z € A, after changing signs. Similarly, putting
x=s,y=11in (7) gives

(11) [h,s, 2] — 2[h, 2, 8] = [s,h, 2] — [z, 8, h] — [z, h, s].

Subtracting (11) from (10) gives [z, s, h]
0. If we apply ~
z =7 we obtain
(12)  [h,s,y) =
If we put now x = h,y = k € Hand z = 1 in (7) then
3[h, h, k] = —[k,h,h] and so by (1), —3[k, h,h] =
[h, h, k]. Combining these equations we obtain

(13) [h,h, K] = 0,h,k € H.

+[z,h, 8] =
to this equation and substitute

—[s,h,y],heH,s €S,y A.

Finally, putting z = h in (11) we obtain 2[h, s, h] —
[h,h,s] = [s,h,h] =0. By (12), putting y=h we
obtain [h, s, h] = —[s, h, h] and combining with the
previous identity we obtain —3[s, h, h] = [h, h, s] and
so by (1), =3[h,h,s] =s,h,h|. Hence 9[h,h,s] =
[h,h,s] and therefore [h,h,s] =0. This combined
with (13) gives [h,h,y] =0 for h € H,y € A. If we

linearize this equation, we obtain [k, k, y] = —[k, h, y]
for h,ke H,ye A, which combined with (12)
implies that (A, ) is H skew-alternative. O

Remarks. (i) If (A,7) is anti-structurable
then (9) is valid symmetrically with respect to x
and y since if we put z=1 in (7) then (9) implies
[z, h,y] = [y,h,xz] for heH and z,y € A,
charF #£2 and the assertion follows
Proposition 3.1.

(ii) Let (A,”) be a é-structurable algebra and
let Der(A,”) be the set of derivations of A that
commute with ~. By Remark (iii) of the previous
section T4 N Der(A,” ) = 0 and so we may define the
structure algebra Str(A,” ) := T4 @ Der(A,” ). This
algebra plays an important role in the structure
study of structurable algebras ([1]) and may play a
role in the structure study of anti-structurable
algebras (theory to be presented elsewhere).

4. (e,6)-Freudenthal Kantor triple sys-
tems and 6-Lie triple systems. Let ¢,6 = £1.
Let U(e,8) be a vector space over F. A triple
system (z,y,2) — (zyz2),z,y,2 € U(e, 0), is called a
(¢, 6)-Freudenthal Kantor triple system (abbreviat-

since
from
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ed as (e,6)-FKTS) if the following identities are
valid ([23])

(14)
(15)

[Laby Lyl = Li @)y + €Lo Ly,(0);
KKa_b(z)‘y = Ly,xKa.b - EKa,be,yy

for a,b,z,y € Ule, 6), where the endomorphisms L,
and K,j on Ul(e, §) are defined by

(16) Lap(c) :== (abc), K,p(c) = (ach) — é(bca),

where a,b,c € U(e, ). A triple system satisfying
only the identity (14) is called a generalized FKTS.
If we define

(17) Sa,b = La,b + 6Lb,aa Aa,b = La,b - eLb,a

then S, is a derivation and A,; is an anti-
derivation of Ule, é), by [9].

Remark. We note that a (—1,1)-FKTS
coincides with GJTS of 2-nd order thus there
can be constructed the corresponding Lie algebra
([14,15,17,22]) while for a (=1, —1)-FKTS there can
be constructed the corresponding Lie superalgebra
by the standard embedding method [5,6,9].

For 6 =+1, a triple system (a,b,c)— [abc],
a,b,c eV is called a 6-Lie triple system if the
following identities are fulfilled

[abc] = —6[bac],
[abc] + [bca] + [cab] = 0,
[ablayz]] = [[aba]yz] + [zlaby]2] + [zylabz]],

where a,b,x,y,z € V. A 1-Lie triple system is a Lie
triple system while a —1-Lie triple system is called
an anti-Lie triple system, by [10].

5. Lie (super)algebra construction.

Theorem 5.1. [9,11] Let U(e,6) be an
(6,6)-FKTS. If P is an endomorphism of U(e, o)
such that P(wyz) = (PrPyPz) and P?= —ebld
then (U(e, 8),[ ]) is a Lie triple system (for 6 =1)
or an anti-Lie triple system (for 6 =—1) with
respect to the product

[xyz] = (xPyz) — 6(yPxz) + 6(xPzy) — (yPzx).

Corollary 5.1. [9,11] Let U(e,6) be an
(6,6)-FKTS and the endomorphisms Lqp and Kqp
be defined by (16). Then the vector space T(e, 6) :=
U(e, 6) @ U(e,8) is a Lie triple system (for 6 =1) or
an anti-Lie triple system (for 6 = —1) with respect to
the product
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G)E)G))-

—EKb_’d E(Ld‘a - 5Lb,c) ) (f) .

Remark. Then by [9,11], we can obtain
the standard embedding Lie algebra (for 6 =1) or
Lie superalgebra (for 6 = —1) L(¢,6) = D(T (¢, 0),
T(e,6)) ®T(e,6) associated with T(e,8), where
D(T(e,6),T(e,6)) is the set of inner derivations of

T(e,0), i.e.
D(T(e,6),T(e,0)) := { ( igjj) }sp(m7
z,y € Ule, 5)}

ren={(;)

Then by [9,11], the standard embedding Lie
(super)algebra L(e, 8) is 5-graded:

Lie,6) =L o®L 1@ Lo® L1 @ Lo, [Li, Lj] C Ly,

La,b
—eKe y

span

such that

0 K.
L= {( d)} L= Ule),
0 0 span

Ly 0
Ly = ’ ={Lap}span-
’ {< 0 6Lb7a>}sp(m { ’J}(pa/

Moreover Loy = DerU(e, 6) ® AntiDerU(e,6) and
L os®Ly® Ly= D(T(E, 6)7T(6, 6))7 where L_1 ® L=
T(e,6) = U(e, 6) @ U(e, 6), by [9,11].

6. Examples. For examples of structurable
algebras we refer to [1] and [2].

Remark. Let (B,U) and (B,U’) be two
triple systems. We say that a linear map u of
U into U’ is a homomorphism if pu satisfies
pw(B(z,y, 2)) = B (p(2), p(y),n(2)), z,y,z € U.
Moreover, if p is bijective, then p is called an
isomorphism. In this case (B,U) and (B',U’) are
said to be isomorphic.

Let (A,”) be a unital non-associative algebra
over F with involution ~ and let (A%, ) denote
the opposite algebra, i.e. the algebra with multi-
plication defined by z . y=yz,z,y € A, where in
the right hand side of the equality the multiplica-
tion is done in A. The algebras (4,7 ) and (A%,”)
are isomorphic under the map z +— T (this is true
for any algebra with involution). Let us define

(18) V4= Rp,q +6(Loly — LyLs),
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(19) *BY(2,y,2) ="V (2) =

2(yx) + 8x(yz) — y(T2)], z,y, z € A.

Then A is a §-structurable algebra if and only if A%
is a 6-structurable algebra since clearly, BY is the
triple system obtained from the algebra (A%,7),
and so B4 and B?f are isomorphic under the map
x — T, by (3) and (19).

Example. Let M,,,(F) denote the vector
space of m x n matrices over F and for x € M, ,(F)
denote by " the transposed matrix.

(i) My (F) with the product

(200 {z.y2hi=ay 2+ 8(zy a — 2T y)

where z,y, z € M, ,(F), is a (-1, 6)-FKTS. Indeed,

it is straightforward calculation to show that the

identities (14) and (15) hold. Hence M,,,(F) with

the involution z +— z" is a é-structurable algebra.
(ii) My, (C) with the product

{2,y,2} =27 2+ 6(z5 @ — 2z y)

where x,y, z € M, ,(C), is a (—1,6)-FKTS. Indeed,
it is straightforward calculation to show that the
identities (14) and (15) hold. Hence M,,,,(C) with
the involution = — Z' is a é-structurable algebra.
Remark. By [12], the following construction
of Lie superalgebras is obtained by the standard
embedding method. If U(—1, —1) := M, 2,(F) with
the product (20) then the corresponding standard
embedding Lie superalgebra is osp(2n|2m) (as
defined by [8]), hence the standard embedding
Lie superalgebra of the anti-structurable algebra
Moy 9, (F) is 0sp(2n|4n). Similarly, if U(-1,-1) :=
Mn2n+1(F) with the product (20) then the corre-
sponding standard embedding Lie superalgebra
is osp(2n+1|2m) (as defined by [8]), hence
the standard embedding Lie superalgebra of
the anti-structurable algebra Mo, 19,+1(F) is
osp(2n + 1|4n + 2). Furthermore, the construction
of these Lie superalgebras and the correspondence
with extended Dynkin diagrams will be the subject
of study in a forthcoming paper. Moreover for the
study of the structure theory of anti-structurable
algebras the Peirce decomposition (as defined by
[16]) will be considered as future work.
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