
On the maximal signless Laplacian spectral radius

of graphs with given matching number

By Guihai YU

School of Mathematics, Shandong Institute of Business and Technology,

191 Binhaizhong Road, Yantai, Shandong, 264005, P.R. China

(Communicated by Shigefumi MORI, M.J.A., Oct. 14, 2008)

Abstract: Let Gn;� be the set of simple graphs of order n with given matching number �. In

this paper, we investigate the maximal signless Laplacian spectral radius in Gn;� and characterize

the extremal graphs with maximal signless Laplacian spectral radius.
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1. Introduction. Let G ¼ GðV ;EÞ be a sim-

ple graph which has no loops or multiple edges, and

V ¼ ðv1; v2; � � � ; vnÞ be the set of vertices. The

matrix AðGÞ ¼ ðaijÞn�n is called the adjacency

matrix of G, where aij ¼ 1 if vi and vj are adjacent

and aij ¼ 0 otherwise. The polynomial detðxI �
AðGÞÞ is called the characteristic polynomial of G,

denoted by PGðxÞ. The matrix LðGÞ ¼ DðGÞ �
AðGÞ is the Laplacian matrix of G, where DðGÞ ¼
diagðd1; d2; � � � ; dnÞ is the diagonal matrix and di is

the degree of vertex vi. The matrix QðGÞ ¼ DðGÞ þ
AðGÞ is called signless Laplacian matrix of G in [1],

or Q–matrix. For convenience, we call it signless

Laplacian. The eigenvalues of QðGÞ are denoted by

�1; �2; � � � ; �n. Since QðGÞ is a real symmetric

matrix, we can order them �1 � �2 � � � � � �n.

The largest eigenvalue of AðGÞ, QðGÞ is called the

adjacent spectral radius, the signless Lapalcian

spectral radius (Q–spectral radius) of G, denoted

by �ðGÞ, �ðGÞ respectively.
Let X ¼ ðx1; x2; � � � ; xnÞ be an eigenvector of

the signless Laplacian QðGÞ corresponding to the

eigenvalue �s; 1 � s � n, then

�sxi ¼ dixi þ
X
j�i

xj;ð1Þ

where di is the degree of vertex vi, 1 � i � n.

Two distinct edges in a graph G are independ-

ent if they are not incident with a common vertex in

G. A set of pairwise independent edges in G is called

a matching in G. The matching number �ðGÞ(or just

�, for short) of G is the cardinality of a maximum

matching of G. It is well known that �ðGÞ � n
2

with equality if and only if G has a perfect

matching. Let G1 ¼ ðV1; E1Þ and G2 ¼ ðV2; E2Þ be

two graphs. The union G1

S
G2 is defined to be

G1

S
G2 ¼ ðV1

S
V2; E1

S
E2Þ. The join G1

W
G2 of

G1 and G2 is obtained from G1

S
G2 by joining

edges from each vertex of G1 to each vertex of G2.

The components of a graph G are its maximal

connected subgraphs. Components of odd (even)

order are called the odd (even) components. For

other notations in graph theory, we follow [2].

Recently the study of the signless Laplacian

attracts some research attention. In [3], Fan et al.

studied the signless Laplacian spectral radius of

bicyclic graph with fixed order. In [4], the authors

used the smallest eigenvalue of QðGÞ to characterize
some graphs. Cvetković et al. gave a survey about

the signless Laplacian in [5]. Some other use of the

signless Laplacian can be found in [6–8].

Let Gn;� be the set of graphs of order n with

given matching number �. In this paper we shall

investigate the maximal signless Laplacian spectral

radius and characterize the graphs with maximal

signless Laplacian spectral radius in Gn;�.

2. Lemmas and results. In order to get our

main results, we need some technical lemmas.

Lemma 2.1 [5]. Let G be a simple connected

graph, then the largest signless Laplacian spectral

radius �ðGÞ satisfy
minfdi þ djg � �ðGÞ � maxfdi þ djg;

where di is the degree of viði ¼ 1; 2; � � � ; nÞ. For a

connected graph G, equality holds in either of these
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inequalities if and only if G is regular or semi-

regular bipartite.

Lemma 2.2 [9]. Suppose G is a graph on n

vertices with matching �. Then there exists a set S

on s vertices in G such that G� S has q ¼ nþ s�
2� odd components.

Lemma 2.3. If G is a graph with maximal

signless Laplacian spectral radius in Gn;�. Then

there exist positive odd numbers n1; n2; � � � ; nq such

that

G ¼ Ks

_ [q
i¼1

Kni

 !
with s ¼ q þ 2� � n and

Pq
i¼1 ni ¼ n� s.

Proof. By Lemma 2.2, there exists a subset S

on s vertices in G such that G� S has q ¼ nþ
s� 2� odd components. Let G1; G2; � � � ; Gq be the

odd components in G� S with jV ðGiÞj ¼ ni � 1 for

i ¼ 1; 2; � � � ; q.
We claim that G� S contain no even compo-

nents, since G has maximal signless Laplacian

spectral radius in Gn;�. In fact, if it does not hold,

let C be the union of these even components. Then

we add some edges to make G½Gq

S
C� to be a

complete graph. In this way, we get a new graph eGG
and �ðGÞ < �ð eGGÞ. Moreover, eGG is a graph on n

vertices with the matching number �. It is a

contradiction.

Since QðGÞ is a real irreducible nonnegative

matrix, then adding edges to G shall result in

increasing �ðGÞ. So we can have G ¼ Ks

W
ð
Sq

i¼1 Kni
Þ. �

Lemma 2.4. If G� is a graph with maximal

signless Laplacian spectral radius in Gn;�. Then

there exists a nonnegative number q such that

G� ¼ Ks

_
ðKnq

[
Kq�1Þ;

q ¼ nþ s� 2�; nq ¼ 2� � 2sþ 1:

Proof. By Lemma 2.3, a graph G with maximal

signless Laplacian spectral radius should satisfy

G ¼ Ks

W
ð
Sq

i¼1 Kni
Þ where q is a nonnegative num-

ber. Let � be the eigenvalue of QðGÞ, X is a

eigenvector corresponding to �. From the symmetry

of vertices in Kni
and Ks, we can assume the

components of X corresponding to the vertices

in Kni
are xi; 1 � i � q, the components of X

corresponding to the vertices in Ks are y. By (1),

we have

ð�� 2ðn1 � 1Þ � sÞx1 � sy ¼ 0;

ð�� 2ðn2 � 1Þ � sÞx2 � sy ¼ 0;

� � � � � � � � �
ð�� 2ðni � 1Þ � sÞxi � sy ¼ 0;Xq
i¼1

nixi � ð�� n� sþ 2Þy ¼ 0:

8>>>>>>>>><>>>>>>>>>:
ð2Þ

Let Mk be the coefficient matrix of system (2).

Since X 6¼ 0, the determinant jMkj ¼ 0. By solving

jMkj, we get the following relation

jMkj ¼
Yq
i¼1

ð�� 2ðni � 1Þ � sÞ

� �� nþ 2� s�
Xq
i¼1

nis

�� 2ðni � 1Þ � s

" #
:

So �ðGÞ satisfies

�� nþ 2� s�
Xq
i¼1

nis

�� 2ðni � 1Þ � s
¼ 0:

We consider the following function

fð�; �Þ ¼
�� nþ 2� s

s
�
Xq�2

i¼1

ni

�� 2ðni � 1Þ � s

� nq�1 � �

�� 2ðnq�1 � � � 1Þ � s
�

nq þ �

�� 2ðnq þ � � 1Þ � s
;

where � � n and 0 � � � 2.
Taking derivative with respect to �, we have

dfð�; �Þ
d�

¼ ð�� sþ 2Þ

�
4ðnq � nq�1 þ 2�Þðnq þ nq�1 � �þ s� 2Þ

ð�� 2ðnq�1 � � � 1ÞÞ2ð�� 2ðnq þ � � 1Þ � sÞ2
< 0:

Then fð�; �Þ is strictly decreasing with respect to �

for � � n.

Thus by Lemma 2.1, we have fð2; �ðGÞÞ <
fð0; �ðGÞÞ ¼ 0. This means that if we increase nq by

2 and decrease nq�1 by 2 in G, the signless Laplacian

spectral radius will increase, moreover, the result-

ing graph still has matching number �.

By repeating the above procedure, we can

complete the proof. �

Now we present our main result.

Theorem 2.5. Let G 2 Gn;� be any graph on

n vertices with matching number �. Then we have

(1). If n ¼ 2�, or 2� þ 1, then �ðGÞ � �ðKnÞ,
with equality if and only if G ¼� Kn;

(2). If 2� þ 2 � n < 5�þ3
2 , then �ðGÞ � 4�, with

164 G. YU [Vol. 84(A),



equality if and only if G ¼� K2�þ1

S
Kn�2��1;

(3). If n ¼ 5�þ3
2 , then �ðGÞ � 4�, with equality

if and only if G ¼� K�

W
Kn��, or G ¼� K2�þ1

S
Kn�2��1;

(4). If n > 5�þ3
2 , then �ðGÞ � 1

2 ðn� 2þ 2� þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2þ 2�Þ2 � 8�2 þ 8�

q
Þ, with equality if and

only if G ¼� K�

W
Kn��.

Proof. From the proof of Lemma 2.4, we know

that �ðG�Þ satisfy gð�Þ ¼ 0, where

gð�Þ ¼ ð�� nþ 2� sÞð�� sÞð�� 4� þ 3sÞ
� ðnþ s� 2� � 1Þsð�� 4� þ 3sÞ
� ð�� sÞsð2� � 2sþ 1Þ:

It is easy to see that

gðsÞ ¼ 4sð� � sÞðnþ s� 2� � 1Þ � 0;

gð4� � 3sÞ ¼ �4sð� � sÞð2� � 2sþ 1Þ � 0;

gðþ1Þ > 0;

gð�1Þ < 0:

Hence the three roots of gð�Þ ¼ 0 lie in three

intervals ð�1; sÞ, ðs; 4� � 3sÞ, ð4� � 3s;þ1Þ. So

we conclude that gð�Þ ¼ 0 has exactly one root

� 4� � 3s.

(1). If n ¼ 2�, or 2� þ 1, it is easy to know that

�ðGÞ � �ðKnÞ with equality if and only if G ¼� Kn.

(2). If 2� þ 2 < n < 5�þ3
2 , by Lemma 2.4, we

need just to verify that �ðG�Þ � �ðHÞ, where H ¼
K�

W
Kn��. A direct computation shows that �ðHÞ

satisfy hð�Þ ¼ 0, where

hð�Þ ¼ �2 � ðn� 2þ 2�Þ�þ 2�2 � 2�:

Moreover, if n < 5�þ3
2 , �ðHÞ < �ðK2�þ1

S
Kn�2��1Þ ¼ 4�.

A direct computation shows that

gð�Þ ¼ ð�� 4�Þð�2 þ ð�nþ 2þ sÞ�
þ sð12� � 3n� 4sþ 4ÞÞ
þ 2sð20�2 þ 10� � 4s� � s� s2 � 6n�Þ:

So we can easily verify

gð4�Þ ¼ 2sð20�2 þ 10� � 4s� � s� s2 � 6n�Þ
� 2sð20�2 þ 10� � 4s� � s� s2 � 15�2 � 9�Þ

¼ 2sð5�2 þ � � 4s� � s� s2Þ
¼ 2sð� � sÞð5� þ sþ 1Þ � 0:

This means that �ðG�Þ � 4�. If �ðG�Þ ¼ 4�, then

s ¼ 0. From Lemma 2.4, we have G� ¼� H.

(3). If n ¼ 5�þ3
2 , we have gð4�Þ ¼

2sð� � sÞð5� þ sþ 1Þ � 0, hence, �ðG�Þ � 4�.

If �ðG�Þ ¼ 4�, then s ¼ 0, or � ¼ s, which

implies our result.

(4). If n > 5�þ3
2 , from the proof of (1), it is easy

to see that �ðHÞ satisfies

hð�Þ ¼ �2 � ðn� 2þ 2�Þ�þ 2�2 � 2� ¼ 0;

where H ¼ K�

W
Kn��. Moreover, we know that

�ðHÞ ¼
1

2
ðn� 2þ 2�Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2þ 2�Þ2 � 8�2 þ 8�

q
> 4�:

So we have

gð�Þ ¼ hð�Þð�� 2� þ sÞ
þ ð� � sÞð2n� 2þ 4s� 6�Þ�
þ ð� � sÞð2s� 6s� � 4� þ 4�2 þ 2s2Þ:

Hence we can verify

gð�ðHÞÞ ¼ ð� � sÞð2n� 2þ 4s� 6�Þ�ðHÞ
þ ð� � sÞð2s� 6s� � 4� þ 4�2 þ 2s2Þ

� ð� � sÞ½ð2n� 2þ 4s� 6�Þ4� þ 2s

� 6s� � 4� þ 4�2 þ 2s2�
� ð� � sÞ½ð5� þ 3� 2þ 4s� 6�Þ4� þ 2s

� 6s� � 4� þ 4�2 þ 2s2�
¼ ð� � sÞð10s� þ 2sþ 2s2Þ
¼ 2sð� � sÞð5� þ sþ 1Þ
� 0:

This means that �ðG�Þ � �ðHÞ.
If �ðG�Þ ¼ �ðHÞ, then � ¼ s, which implies our

result. �
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