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Abstract: Let G be a separable locally compact unimodular group of type I, G be its dual,
p is a measurable field of, not necessary bounded, operators on G such that p(r) is self-adjoint,

p(m) > I for p—almost all m € G, and

A5(6) = (£(@) 1= [ Trlf(mm(@) au(m), £ € Li@).1fls = [ Trlpm)fm)ldu(r) < o).

G

G

We show that A;(G) is a Banach space endowed with the norm || f||, and we generalize this result
to the matricial group G = G, m > n, of a local field.
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Introduction. Domar [2] gave a natural gen-
eralization of the Beurling algebras to any locally
compact Abelian group (LCA) G, where the weight
is a measurable function p(Z) on G, the dual group
of G, bounded on every compact set and satisfying:

Vi, geG,  p@) =1,  p@+7) < p@)p(9).

The associated Banach algebra is:

Fy(G) = {f(x) = /G f@) @D diz € G, f
e L,(0), /G 15(2)f(#)|di < oo},

endowed with the norm || f||; = [5[p(2)/(#)|dé. In
fact, the essential characterization given by Domar
[2, p. 18] for this algebra is the following: Fj(G) is
of type F(G) (see [2] or [8, p. 15 ]) if and only if
S ”’9“157;”20” < oo, which is the case if and only if
for every neighborhood V' of the identity in G, there
exists a function in F;(G) which vanishes outside V'
(that is to say F3(G) is of non-quasianalytic type
when G = R).

If G is not Abelian, é, the dual of G, is no more
a group and the natural extension (from the point
of view that the weight must be defined on é) of
Domar’s results to G is a very difficult problem. We
generalize here the space Fj(G), as Banach space, to
a separable locally compact unimodular type I group
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Banach spaces, Beurling-Domar weight, Fourier transform and cotransform on

G and to some nonunimodular groups. Indeed, Let
p be a measurable field of, not necessary bounded,
operators on G such that p(n) is self-adjoint, p(w) >
I for p—almost all 7 € é, and

45(G) = {f(z) == [Tr[f<w>w<x>-11du<w>,

G

Fe L@l = /@Trm(w)f(wndu(w) < o}

We establish that (A3(G),||.]l5) is a Banach space,
and then we generalize this result to the matricial
group G = Gy, m > n, of a local field, which is not
unimodular. Finally we can raise the following open
problem: is A;(G) a Banach algebra with respect to
pointwise multiplication for some unbounded weight
p 7

1. Separable locally compact unimodu-
lar type I groups. Let G be a separable locally
compact unimodular group, then G is of type I if and
only if G is postliminary by [1, th., p. 168], which
is the case if and only if (by [1, p. 271]) for every
irreducible unitary representation 7 of GG, the norm
adherence of m(L1(G)) contains the space of compact
operators on H,, the space of representation of 7.

Henceforth G denotes a separable locally com-
pact unimodular postliminary group (SLCUP). Let
AG) =={u=f=*g,fg9 € L2(G),§ = g(a™")}, en-
dowed with the norm ||u|| = inf{]| f||2]|gll2, v = f*g},
be its Fourier algebra, G be its dual, i.e., the set of
(equivalence classes of) irreducible unitary represen-
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tations, and p be the Plancherel measure on G as-
sociated with the Haar measure of G [1, p. 328]. If
fe Ll( ) f denotes the usual Fourier transform
of f, f(m) = [, f(x)m(x)dx, and if f € A(G), f
denotes the only element of L1(G) such that f(z) =
[z Tr[f(m)m(x)~")du(r) (which is possible according
to [7, th. 3.1, p. 217]). Note that these two nota-
tions coincide when f € A(G)NL1(G). The following
result generalizes its Abelian analogue [6, th. 8, p.
377] and gives again another proof easier.

Proposition 1. Let f € Li(G), then f €
Lg(é) if and only if f € L2(G).

Proof. In view of Plancherel theorem [7, th.
2.1, p. 213], we have the sufficiency. We obtain the
necessity by applying Parseval theorem [7, th. 2.3,
p. 214] and [7, cor. 2.4, p. 216 |. O

Theorem 2. Letp be a measurable field of, not
necessary bounded, operators on G such that p(m) is
self-adjoint, p(m) > I for p—almost all m € (A?, and

A5(G) = {f(z) = /@Tr[fw)w(x)-l]du(w),
fe L@l = /éTrlﬁ(ﬂ)f(ﬂ)ldu(ﬂ) < o}

Then Ap(G) is a Banach space endowed with the
norm |-

Proof.  According to [8, cor. 22, p. 41], for each
7 € G such that p(r) > I, we have

(1) Tr|f(m)| < Trlp(m) f ()],

from which follows that || f]|; is a norm on Az(G).
Establish that (A;(G), ||.|ls) is complete. Let f,, be a
Cauchy sequence in A;(G), then, by exceeding some
rank ng, we have

1pfn = Dfmll = /@TTWW)fn(?T) — D7) fon () dpa()
- ”fn - fm“ﬁ <¢,

which implies that p fn is a Cauchy sequence in
L1 (@), thus there exists § € Ly (G) such that pf,, —
g in Li(G). Tt suffices to show that there exists
f € A(G) such that pf = g. In fact, from (1) follows
that

|m—nm:éwmm—mw
< /ATrlﬁfn(w) — phm(mdu(m) < €
G

) dp(m)

Hence f, is a Cauchy sequence in L(G). Tt con-
verges to F' € L1(G) and thus, in view of [7, th. 3.1,
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p. 217], there exists f € A(G) such that f = F.
Show that pf = §. Indeed, since (|.]|oo denotes the
uniform norm (operator norm) in Lo (H ) the space
of bounded linear operators on Hy)

/é () — £ lood ()
< /éTrm(w) ~ F(m)ldp(r) — 0

/ 19F0(m) — 5 locdun(r)
< /G Trlpfo(m) — g(m)|du(r) — 0,

then, according to Riesz theorem [4, p. 156], there
exists a subsequence f,; such that

||fnk(7T)A—f(7T)||oo — 0,
and [|[pfnk(m) = §(7)|lc — O,

for p—almost all = € G. Tt follows that
< far(m)y, D) fr (m)y >—< f(m)y

for all y € H, and p—almost all # € G. Now
G([(p(m)]*), the graph of [(p(w)]*, is closed for
p—almost all = € G (see for example [8, rq., p.
46], with T = p(w)). Then G(p(w)) = G([(H(m)]*) is
closed for j—almost all 7 € G, thus (f(m)y, §(m)y) €
G(p(w)) and p(n)f(7)y = §()y for all y € H, and
for p—almost all 7 € G. Consequently p f =g. O
Problem 1 (open problem). Is the Banach
space A;(G) a Banach algebra with respect to point-
wise multiplication for some unbounded weight p 7
Remark. The dictionary which enables us to
pass over from Fj3(G) to A;(G) is the following

,9(m)y >,

Fy(G) = {f € AG /|p )f(@)]di < o0}

and
45(G) = {f € A(G), /G Trlp(m) f(m)|du(r) < oo},

2. The matricial group G = Gy, m >
n, of alocal field. Let K be alocal field, n <m €
N*. Let M,,, be the space of all n x m-matrices
with elements from K, GL, be the multiplicative
group of all n x n-invertible matrices with elements
from K, and G = G, be the semi-direct product
Mym X GL,,, i.e., G, denotes the group of pairs
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(b,a), where b € M,,,,, and a € GL,,, with multipli-
cation given by (b,a)(V',a’) = (b+ ab’,aa’). Let H
be the Hilbert space L?(GL,, ‘detd(%), where |.| is
the module in K. For all A in M,,,, the formula

[ma(b, a)€](u) = 7(Tr(bAu))§ (ua),

defines a unitary representation of G, in H, where
(b,a) € G, £ € H,u € GLy,, and 7 is a fixed additive
unitary nontrivial character on K. Letting S = S,
denote the canonical realization in M,,, (see [8, p.
56, 57], S is a well defined part of M,,,) which iden-
tifies with éess = {equivalence classes of mx, A € S},
the essential dual of G = G, and which bears the
Plancherel measure that we denote by ds(\).

Now we shall introduce the notion of the
regularized Fourier cotransformation on G, which
helps as a guide to pass over from the unimod-
ular case to the nonunimodular one, and trans-
lates, mainly vis-a-vis the Fourier inversion, the
usual Fourier transformation on LCA and SLCUP
groups. In fact, let £1(H) be the space of nu-
clear operators on ‘H, L'(S,Li(H)) = {F : S —
Li(H), [¢Tr|F(A)|ds(A\) < oo}, and F be the
Fourier cotransformation, which an isometry of Ba-
nach spaces of L1(S, £1(H)) onto A(G), defined by

F(F) (@) = / Trims () F(\)]ds ().

s
Then we define the regularized Fourier cotransform

of a function f € A(G) by
(2) f=Fh,

where f(z) = f(z~1), and the following proposition
justifies this notation. Recall that if G is a SLCUP
group, then

f— 1@= [ Trifmm) 1, )
is an isometry of Banach spaces of L!(G) onto A(G)
by [7, th. 3.1, p. 217], and if f € A(G) N LY(G), we
have f = F(f), the usual Fourier transform of f. If
G = Gum, definition (2) generalizes these notations:

Proposition 3. The regularized Fourier co-
transformation

ﬁ%ﬂ@?/ﬂﬁWm@“WW

5
is an isometry of Banach spaces of L'(S,L1(H))
onto A(G). If moreover f € A(G) N LY(G), then
f = F(f) o 61, where 8, is the unbounded oper-
ator in H defined by 61£(u) = |det(uw)|™&(uw), and
F(Hr :=m(f) if A€ S.
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Proof. Since f := F~1(f), then F(f) = f, and
thus

f(@) = fa) = F(f)e)
=LﬂﬁmmwﬂwM

On the other hand, if f € A(G), then ||f|| = ||f]|
by [8, form. (1.1), p. 22]. It follows that f —
f(x) = [Tr[f(\)ma(x)~]ds()) is an isometry of
LY(S,L£1(H)) onto A(G). Suppose that f € A(G) N
L'(G), then in view of [8, th. 36, p. 58] we have

flz) = /STr[}"f()\) o &yma(x) " Hds(N).
Therefore F(f) o8, = f.

Note that the appearance of the unbounded op-
erator §; comes from the fact that G is not unimod-
ular. ([l

Theorem 4. Let p be a measurable function
on S with values in L(H), the space of linear (not
necessary bounded) operators in H, such that p(X\) is
self-adjoint, p(\) > I for almost all A € S, and

Ap(G) ={f(z) = / Tr[f(\)ma(z~1)]ds(N),

S

f € LS. £1(M)). LTmmﬁuwdm<m}

Then Ap(G) is a Banach space under the norm
1fllp = Js TrIp(N) f(N)|ds(N).

Proof. The proof is analogous to the proof of
Theorem 2. |

Examples (of weights). Let z € R*, 0,
the unbounded operator in H defined by §,&(u) =
|det(u)|™*&(u), then the constant weight p defined
by p(A) := 0, + I, for every A € S, satisfies the hy-
pothesis of Theorem 4.

For recent results on the group Gy, when m =
n = 1 see [9]. In that case the essential dual of G
remounts to a single point denoted 7 and the space
LY(S,L£1(H)) is merely £1(H).

As for the uncertainty principle for the matricial
group of a local field, our results on the Hausdorff-
Young theorem for G, and the inversion theorem
for LP(Gpm) enable us to give the following natural
generalization of [9, th. 4 and cor. 5] to G = G,
(n <m):

Theorem 5. Let K be a compact subset of G,
M be a finite dimension subspace of H. Then the
space
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Arm(G) = {f € A(G), supp(f)
C K, supp(f) € M},

where supp(f) € M means that Im(f(\)) C M
for almost all A € S, is a Banach space of finite
dimension.

Corollary 6.
Ak m(G) = 0.

For recent results on (the weak and topolog-
ical) Paley-Wiener property for group extensions
and locally compact groups see [3, 5]. In our case
G = Gum, and by Corollary 6, if K = C or R, then
the P.W property [9] is valid on G, in other words,
a function f € A(G) with compact support is identi-
cally zero if and only if there exists a finite dimension
subspace M of ‘H such that supp(f) CM.

If G is a LCA group, Theorem 5 can be read as
the following: let K be a compact subset of G, IA(l
be a compact subset of (A?, then the space

Ay . (G) = {f € A(G), supp(f)
C K, supp(f) C K1}

If K = C or R, then

is a Banach space of finite dimension. From which
follows that the P.W property is valid on G (that
is Ag,m(G) = 0 for all K and K, as above) if and
only if G has no non-empty open compact subset.
This yields to raise the following open problem: what
happens for Corollary 6 if K #£ C and # R?

Note that if K # C and # R, then G = G,

[1]
[2]
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does have non-empty open compact subsets.
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