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Abstract: The normalized L2-norm of the traceless part of the Ricci curvature defines a
Riemannian functional on the space of Riemannian metrics. In this paper, we will consider the
critical Riemannian metrics with a flat conformal structure for this functional.
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1. Introduction. Let M be a closed ori-
ented smooth n-manifold, M(M) the space of
smooth Riemannian metrics on M , and Diff(M) the
diffeomorphism group. We consider a functional F :
M(M) → R defined by

F (g) =
(∫

M

dvg

) 4−n
n
∫

M

∣∣∣∣Ricg −Rg

n
g

∣∣∣∣2
g

dvg

=
(∫

M

dvg

) 4−n
n
∫

M

|Zg|2gdvg,

where dvg, Ricg , Rg, and Zg := Ricg −(1/n)Rgg de-
note the volume element, the Ricci curvature, the
scalar curvature, and the traceless part of the Ricci
curvature of (M, g), respectively. The functional F is
Riemannian, that is, for all g ∈ M(M), ϕ ∈ Diff(M),
and any positive constant c, F (ϕ∗g) = F (cg) =
F (g).

Obviously, if g is an Einstein metric, then g is
a critical point for F with the critical value zero. It
is well known that a critical point of the total scalar
curvature functional I : M(M) → R defined by

I(g) =
(∫

M

dvg

) 2−n
n
∫

M

Rgdvg

is exactly an Einstein metric. However, it is difficult
to obtain an existence theory for critical points for
the total scalar curvature functional I. Since the Rie-
mann curvature is needed to control the convergence
or degeneration of Riemannian metrics, the scalar
curvature alone being too weak, it is perhaps nat-
ural to consider other Riemannian functionals ([1]).
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Especially in dimension 3, it seems that one can con-
troll the Riemann curvature of a critical Riemannian
metric for the functional F . On the other hand, we
do not know complete geometric properties of critical
Riemannian metrics for the functional F [2].

In this paper, we will prove that a critical Rie-
mannian metric for F must be an Einstein metric
under some conditions.

2. Preliminaries. We denote the pointwise
inner product and norm with respect to g by (·, ·)g

and | · |g respectively.
Lemma 2.1. Let {g(t)} ⊂ M(M) be a one-

parameter family of Riemannian metrics with g(0) =
g and (d/dt)g(t)|t=0 = h. Then

d

dt

∫
M

|Zg(t)|2gdvg(t)

∣∣∣∣
t=0

=
∫

M

(h, Lg)g dvg,

Lg := ∆̄gZg − 2 Rmg ·Zg +
n − 2

n
∇2Rg

+
n − 2
2n

(∆gRg)g +
1
2
|Zg|2gg,

where ∆̄g = δg∇ = −∇k∇k and ∆g = δgd =
−∇k∇k is the rough Laplacian and the Lapla-
cian, ∇2 is the Hessian, and (Rmg ·Zg)ij =
RikjmZlpgklgmp.

Proof. Direct calculation by using the known
formulae

d

dt
(Ricg(t))ij

∣∣∣∣
t=0

=
1
2
(−∇k∇khij − 2Rikjmhkm + Rikhk

j + Rjkh
k
i

+ ∇i∇khk
j + ∇j∇khk

i −∇i∇jh
k
k),
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d

dt
Rg(t)

∣∣∣∣
t=0

= ∆g(trg h) + δgδgh − (Ricg , h)g,

and
d

dt
dvg(t)

∣∣∣∣
t=0

=
1
2

trg hdvg.

Corollary 2.2. A Riemannian metric g ∈
M(M) is critical for F if and only if g satisfies the
following Euler-Lagrange equations:

L1
g := ∆̄gZg − 2

(
Rmg ·Zg − |Zg|2g

n
g

)
+

n − 2
n

(
∇2Rg +

∆gRg

n
g

)
= 0,

L2
g :=

(n − 2)2

n
∆gRg + (n − 4)|Zg|2 − c = 0,

and c = (n − 4)F (g)Vol(M, g)−4/n is the constant,
where Vol(M, g) is the volume of g.

Proof. From the Lagrange multiplier argu-
ment, we have Lg = λg for some constant λ. Taking
trace of this equation, we have L2

g = 0, and so L1
g =

0. Integrating the equation L2
g = 0 over M , we get

c = (n − 4)F (g)Vol(M, g)−4/n.
Corollary 2.3. If dimM = 4 and g ∈ M(M)

is a critical Riemannian metric for F , then the scalar
curvature Rg of g is constant.

Remark 2.4. The gradient vector (∇F )g of
F at g ∈ M(M) is in the tangent space TgM(M) ∼=
Γ(S2T ∗M), the space of symmetric tensors of type
(0,2). The space TgM(M) has the trivial pointwise
orthogonal splitting with respect to g:

TgM(M) ∼= ΓT
g (S2T ∗M) ⊕ C∞(M) · g,

where ΓT
g (S2T ∗M) is the space of traceless symmet-

ric tensors of type (0,2), and C∞(M) is the space of
smooth functions on M . Up to constant, L1

g and L2
g

are orthogonal projection of (∇F )g on these spaces.
For the functional F , we have known the follow-

ing results.
Theorem 2.5 ([6]). Let M be a closed 3-

manifold, and g ∈ M(M) a critical Riemannian me-
tirc for F with positive constant scalar curvature. If
|Zg|2g ≤ (1/26)R2

g, then g is an Einstein metric.
Theorem 2.6 ([4] cf. [3], [5]). There is a crit-

ical Riemannian metric g on the 3-sphere S3 for F

which is of Berger type but not of Einstein.
Theorem 2.7 ([4]). Let M be a closed 3-

manifold, and g ∈ M(M) a critical Riemannian

metric for F with a flat conformal structure. If
the total scalar curvature functional is nonnegative:
I(g) ≥ 0, then g is an Einstein metric.

3. Critical Riemannian metrics with a
flat conformal structure.

Theorem 3.1. Let g ∈ M(M) be a critical
Riemannian metric for F with a flat conformal struc-
ture. If
(a) dimM = 4 and I(g) �= 0, or
(b) dimM = 5 and I(g) ≤ 0, or
(c) dimM = 2k and Rg is negative constant, or

dimM = 2k+1 and Rg is nonpositive constant,
where k ≥ 3,

then g is an Einstein metric.
Lemma 3.2. Let (M, g) be a conformally flat

n-manifold. Then

Λg := −∆̄gZg − n − 2
2(n − 1)

(
∇2Rg +

∆gRg

n
g

)
− n

n − 2

(
Zg · Zg − |Zg |2g

n
g

)
− Rg

n − 1
Zg = 0,

where (Zg · Zg)ij = ZikZk
j .

Proof. Since (M, g) is conformally flat, Cotton-
York tensor (Schouten-Weyl tensor) vanishes ([2]),
i.e.

∇kZij −∇jZik

+
n − 2

2n(n − 1)
(∇kRgij −∇jRgik) = 0.

Differentiating and contracting this equation and
from the second Bianchi identity, we have

0 = −∆̄Zij −∇k∇jZik

+
n − 2

2n(n − 1)
(−∆Rgij −∇i∇jR)

= −∆̄Zij −∇j∇kZk
i − Rk

lkjZ
l
i + Rl

ikjZ
k
l

+
n − 2

2n(n − 1)
(−∆Rgij −∇i∇jR)

= −∆̄Zij − n − 2
2n

∇i∇jR − RljZ
l
i + Rl

ikjZ
k
l

+
n − 2

2n(n − 1)
(−∆Rgij −∇i∇jR).

Using

Rl
ikj =

1
n − 2

(δl
kZij − δl

jZik + Zl
kgij − Zl

jgik)

+
R

n(n − 1)
(δl

kgij − δl
jgik),

we get the desired result.
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Lemma 3.3. Let g ∈ M(M) be a critical Rie-
mannian metric for F with a flat conformal struc-
ture, then the Euler-Lagrange equation is the follow-
ing form.

L1
g = ∆̄gZg +

n − 2
n

(
∇2Rg +

∆gRg

n
g

)
+

4
n − 2

(
Zg · Zg − |Zg|2g

n
g

)
+

2Rg

n(n − 1)
Zg = 0,

L2
g =

(n − 2)2

n
∆gRg + (n − 4)|Zg|2g − c = 0.

Proof. If g is conformally flat, then

Rmg ·Zg =
1

n − 2
(|Zg|2gg − 2Zg · Zg)

− Rg

n(n − 1)
Zg .

Proof of Theorem 3.1. Let dimM = 4. Then
Rg is constant. Since L1

g = 0 and Λg = 0, we have
RgZg = 0. If I(g) �= 0, then Zg = 0, i.e. g is an
Einstein metric.

Let dimM ≥ 5. Since L1
g = 0 and Λg = 0, we

have

(n − 4)∆̄gZg +
(n − 2)(n − 3)

n − 1

(
∇2Rg +

∆gRg

n
g

)
− 2Rg

n − 1
Zg = 0.

Taking inner product of this equation with Zg and
integral by parts, we have∫

M

(
(n − 4)|∇Zg|2g −

(n − 2)2(n − 3)
2n(n − 1)

|dRg|2g

− 2Rg

n − 1
|Zg|2g

)
dvg = 0.

Multipling the equation L2
g = 0 by Rg, and integrat-

ing the result over M , we get∫
M

Rg|Zg|2gdvg

=
1

n − 4

∫
M

(
cRg − (n − 2)2

n
|dRg|2g

)
dvg.

Therefore∫
M

(
(n − 4)|∇Zg|2g

− (n − 2)2(n2 − 7n + 8)
2n(n − 1)(n − 4)

|dRg|2g
)

dvg

=
2c

(n − 1)(n − 4)
I(g)Vol(M, g)(n−2)/n.

If dimM = 5 and I(g) ≤ 0, then we know that
Rg is nonpositive constant and the Ricci curvature
is parallel. If dimM ≥ 6 and Rg is nonpositive con-
stant, then the Ricci curvature is also parallel.

If Rg < 0, then c = (n−4)F (g)Vol(M, g)−4/n =
0, and g is an Einstein metric of the hyperbolic space
form.

If Rg = 0, then Zg·Zg = (1/n)|Zg|2gg. We choose
a local frame of orthonormal vector fields adopted to
g such that Zij = λiδij . The values of λi are the
eigenvalues of the traceless part of the Ricci curva-
ture of g. Simple linear algebraic argument shows
that λ1 + · · · + λn = 0, and λ2

1 = · · · = λ2
n. If n =

dimM is odd, then λ1 = · · · = λn = 0, that is Zg =
0, and g is an Einstein metric of the Euclidean space
form.
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