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D-modules associated to the determinantal singularities
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Abstract: We describe a classification of regular holonomic D-modules whose character-
istic variety is the union of conormal bundles to the orbits of the linear group. We show that the
category of such objects is equivalent to the one of graded modules of finite type over an algebra
of invariant differential operators with polynomial coefficients.
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1. Introduction. This paper generalizes the
classification given in [11]. Let X be the complex
vector space of n× n matrices, DX the sheaf of dif-
ferential operators on it. Denote by G the quotient
group of GLn (C)×GLn (C) by the kernel of its ac-
tion onX. There are n+1 orbitsXk ⊂ X: the subset
of matrices of rank k = 0, · · · , n. We are interested
in the description of regular holonomic DX -modules
whose characteristic variety is the union Λ of conor-
mal bundles to these orbits. Denote by Modrh

Λ (DX)
this category. The main result is the following: let
G̃ := SLn (C)×SLn (C)×C be the universal cover-
ing of G and A the algebra of G̃-invariant differential
operators acting on G̃-invariant functions. Denote by
θ ∈ A the Euler vector field on X and Modgr (A) the
category of graded A-modules T of finite type such
that dimC C [θ] u <∞ ∀u ∈ T .

Theorem. The categories Modrh
Λ (DX) and

Modgr (A) are equivalent.
Note that a similar result with a different point

of view has been obtained by [2]. Also results along
these lines have been obtained by several mathemati-
cians (see [1], [3], [9–11] etc.).

2. Homogeneous sections and the Weyl
algebra.

2.1. Homogeneous sections. We will use
the theory of analytic D-modules developped in [4–
8].

Definition 1. A section s of a DX -module is
said to be homogeneous if dimC C [θ] s <∞. We say
that s is homogeneous of degree λ ∈ C if there exists
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j ∈ N such that (θ − λ)j
s = 0.

Theorem 2 [10, Theorem 1.3]. Let M be a
coherent DX-module with a good filtration (FkM)k∈Z

stable by θ. Then
i) M is generated by a finite number of global sec-

tions (si)i=1,··· ,p in M such that dimC C [θ] si <

∞,

ii) the vector space

Γ (X, FkM)
⋂[⋃

p∈N ker (θ − λ)p
]

of homogeneous global sections of FkM of de-
gree λ is finite dimensional ∀k ∈ Z, ∀λ ∈ C.

2.2. Algebra of invariant differential op-
erators. As usual W indicates the Weyl algebra on
X. Let us determine the algebra A := Γ (X,DX)

�G ⊂
W of G̃-invariant differential operators with polyno-
mial coefficients. Let x1 = (xij), d1 = t (∂/∂xij)
be matrices with entries in DX . We shall denote by
xm := ∧mx1 (resp. dm := ∧m d1) the exterior m th

power of x1 (resp. d1) that is the
(
n

m

)
×
(
n

m

)
ma-

trice of all m×m minors δI
K (resp. ∆I

K) of x1 (resp.
d1) where

δI
K :=

∑
π∈Sm

sgn (π)xi(1)
π(k(1))

· · ·xi(m)
π(k(m))

with Sm the symmetric group, I = (i (1) , · · · , i (m))
(resp. K = (k (1) , · · · , k (m))), 1 ≤ i (1) ≤ · · · ≤
i (m) ≤ n (resp. 1 ≤ k (1) ≤ · · · ≤ k (m) ≤ n).
In particular xn−1 = ∧n−1x1 = x−1

1 det (x1) (resp.
dn−1) is the adjoint matrice of x1 (resp. d1). The
action of the group G̃ on these matrices is defined
as follows: for any g = (a, b) ∈ G̃, we have g ·
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(x1, d1) =
(
ax1b

−1, bd1a
−1
)
. Let us denote by Tr the

trace map. We set δ := (1/n)Trx1xn−1 = det(x1),
∆ := (1/n)Trd1dn−1 = det(d1), θ := Trx1d1 (the
Euler vector field on X) and qm = Trxmdm for m =
2, · · · , n−1. These are G̃-invariant differential oper-
ators with polynomial coefficents. We have the fol-
lowing proposition:

Proposition 3. The algebra A is generated
over C by the n+1 operators δ, ∆, θ, q2, q3, · · · , qn−1

such that ∀m, i, j = 2, · · · , n− 1

[θ, δ] = nδ, [θ,∆] = −n∆,(1)

[θ, qm] = 0, [qi, qj] = 0,

[∆, δ] =
qn−1

n
+ (n− 1)!

n−2∏
k=1

(
θ

n
+ k

)(
θ

n
+ n

)
.

Denote by I ⊂ W the left ideal generated by
infinitesimal generators of G. If we put J := A ∩ I,
then J is the two sided ideal of G̃-invariant differ-
ential operators annihilating G̃-invariant functions.
Therefore the quotientA := A/J is the algebra of G̃-
invariant differential operators acting on G̃-invariant
functions.

Corollary 4. The quotient algebra A is gen-
erated over C by δ, ∆, θ satisfying the above relations
and such that

(2) δ∆ =
n−1∏
l=0

(
θ

n
+ l

)
, ∆δ =

n∏
l=1

(
θ

n
+ l

)
.

3. Modules supported by matrices of
rank ≤ n − 1. We denote by Xk the set of
matrices of rank k or less (k = 0, 1, · · · , n − 1).
We still denote by δ, the determinant map δ :
X −→ C, x �−→ det (x). Then we have Xn−1 :=
{x ∈ X / δ (x) = 0}. In this section, we study the
DX-modules in Modrh

Λ (DX) supported by Xk. Such
objects will be useful in the next section to prove
that any DX -module in Modrh

Λ (DX) is generated by
G̃-invariant homogeneous global sections.

3.1. Inverse image. Now, we denote by
δ+ (N ) the inverse image by δ of a DC -module N .
Let t be a coordinate of C and ∂t := (∂/∂t), In the
identity matrice on X. The transfer module D

X
δ−→C

is generated by an element K subject to the relations

(3) δK = Kt, d1K = xn−1K∂t.

This last implies the following one:

x1d1K = InKt∂t, θK = nKt∂t.(4)

dn−1K = x1K∂t

n−2∏
l=1

(t∂t + l) ,(5)

xn−1dn−1K = InK

n−2∏
l=0

(t∂t + l) .

qn−1K = nK
n−2∏
l=0

(t∂t + l) and(6)

∆K = K∂t

n−1∏
l=1

(t∂t + l) .

The tranfer module D
X

δ−→C
is flat over δ−1 (DC)

so the inverse image functor δ+ is exact. If N is
a regular holonomic DC-module with singularity at
t = 0, then the inverse image δ+N decomposes as
N . If the operator of multiplication by t is invertible
on the DC-module N , then δ is invertible on δ+N .
In particular in this case any meromorphic section
defined on X\Xn−1 extends to the whole X.

3.2. Study of δ+ (OC (1/t)). Now, we
are interested in the subDX-modules of P :=
δ+ (OC (1/t)) = OX (1/δ). The DX -module P is
generated by its G̃-invariant homogeneous global sec-
tions ek = Ktk = δkK, ∀k ∈ Z≤0. We have,

δek = ek+1, d1ek = xn−1ek−1,(7)

dn−1ek =
n−2∏
l=0

(k + l)x1ek−1.

qn−1ek = n

n−2∏
l=0

(k + l) ek,(8)

∆ek =
n−1∏
l=0

(k + l) ek−1.

The DX -module P has (n+ 1) subDX-modules P−j,
generated respectively by e−j (j = 0, 1, · · · , n). De-
note by P−j the quotient module associated to P−j :
P 0 = P0; P−j := P−j/P−j+1 if j = 1, · · · , n. As in
[11] (Section 3.2), the quotient P−j is an irreducible
holonomicDX-module of multiplicity 1 whose micro-
support is Λn−j := T ∗

Xn−j
X .

Therefore with the help of the relations (7), (8)
and the fact that the P−j are irreducible modules,
we see that if N is a subDX -module of P which is
not contained in P−j then N contains P−j+1. Thus
we get the following result.

Lemma 5. P0, P−1, · · · , P−n are the only
subDX -modules of P .
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Next we obtain the following
Proposition 6. Any section s ∈ Γ(X \

Xj−1, P−j) of the DX-module P−j in the comple-
mentary of Xj−1 extends to the whole X (j =
1, · · · , n− 1).

Proof. The DX -module P−j is the union of
modules OXe−k (0 ≤ k ≤ j) such that the associ-
ated graded modules gr (P−j) is the sum of modules
OT∗

Xn−j
X ẽ−k (0 ≤ k ≤ j). In this case the property

of extension here is true for functions because Xj is
normal along Xj−1 (j = 1, · · · , n− 1).

4. Invariant sections. In this section, we
see that any object M in Modrh

Λ (DX) is generated
by its G̃-invariant homogeneous global sections. This
result will play a crucial role in the proof of our main
theorem. To this end, first we show that there exists
a DC -module N such that M is isomorphic to δ+N
in X\Xn−2. Let

i : C −→ X, t �−→


t 0 · · · 0

0 1
...

...
...

. . . 0
0 0 · · · 1


be a section of the determinant map δ : X −→
C, x �−→ det (x) i.e. δ ◦ i (C) = C. Denote by
D := i (C) its image. The line D is non charac-
teristic for M i.e. T ∗

DX
⋂

char (M) ⊂ T ∗
XX. Then

M is canonically isomorphic to δ+i+ (M) in the
neighborhood of D. We know from [4] that the
sheaf HomDX (M, δ+i+ (M)) is constructible. Also
HomDX (M, δ+i+ (M)) is locally constant on the
fibers δ−1 (t), t ∈ C. Denote by u its canonical sec-
tion defined in the neighborhood of D (correspond-
ing with the isomorphism M ∼−→ δ+i+ (M) which
induces the identity on D). As in [11] (Proposi-
tion 4.1), by virtue of the simple connexity of the
fibers δ−1 (t), t �= 0 ∈ C, we get the following result.

Proposition 7. The isomorphism u :M|D
∼−→

δ+i+ (M)|D extends to X\Xn−2.
Now we should note that the infinitesimal action

of G on X lifts to an action of the universal covering
G̃ on M (see [10, Proposition 1.6]). Let us prove the
following theorem.

Theorem 8. M is generated by its G̃-
invariant homogenoeus global sections.

Proof. Denote by MG ⊂ M the submod-
ule generated over DX by G̃-invariant homogeneous
global sections. Let us show successively that the
quotient module M/MG is supported by Xj (j =

0, 1, · · · , n−1). To begin with, M/MG is supported
by Xn−1: indeed M is isomorphic in X\Xn−1 to
a DX -module δ+N (see Proposition 7). We may
assume that the operator of multiplication by t is
invertible on N such that there exists a morphism
v : M −→ δ+N which is an isomorphism out of
Xn−1 (see Section 3.1). The image v (M) is a sub-
module of δ+N so it is generated by its G̃-invariant
global sections, and any invariant global sections s
of a quotient of M lifts to an invariant section s̃

of M (s̃ ∈ Γ (X,M)G). Therefore M/MG is sup-
ported by Xn−1. Recall that P0, P−1, · · · , P−n are
the subDX-modules of P := OX (1/δ) generated re-
spectively by the invariant homogeneous sections e−j

(j = 0, 1, · · · , n) (see Section 3.2). If M is supported
by Xn−1, it is isomorphic out of Xn−2 to a direct
sum of copies of (P−n/P0), then there is a morphism
M−→ (P−n/P0)

N whose sections extend such that
M/MG is supported by Xn−2 because the submod-
ules of (P−n/P0) are also generated by their invariant
sections. In the same way, if M is with support on
Xn−j (j = 2, · · · , n − 1) then there is a morphism
M −→ (P−n/P1−j)

N which is an isomorphism out
of Xn−j−1, such that M/MG is with support on
Xn−j−1 because the submodules of (P−n/P1−j) are
also generated by their invariant sections. Finally, if
M is supported by X0 the result is obvious.

5. Main theorem. As in Section 2.2, W is
the Weyl algebra on X and A ⊂W is the algebra of
G̃-invariant differential operators generated over C
by δ, ∆, θ, qj with j = 2, · · · , n−1 satisfying the re-
lations of Proposition 3. Also A is the quotient of A
by the two sided ideal of G̃-invariant differential op-
erators annihilating G̃-invariant functions. The quo-
tient algebra A is generated by δ, ∆, θ satisfying the
relations (1) and such that

δ∆ =
n−1∏
l=0

(
θ

n
+ l

)
and ∆δ =

n∏
l=1

(
θ

n
+ l

)
(see Corollary 4). Recall that Modgr (A) stands for
the category of graded A-modules T of finite type
such that dimC C [θ] u < ∞ ∀u ∈ T . If M is an
object in Modrh

Λ (DX), we denote by Ψ (M) the sub-
module of Γ (X,M) consisting of G̃-invariant global
sections s of M such that dimC C [θ] s < ∞. By
virtue of Theorem 2 we see that Ψ (M) is an ob-
ject in Modgr (A). Conversely if T is an object in
Modgr (A), we set Φ (T ) := M0

⊗
A T where M0 :=

W/I with I the left ideal generated by infinitesi-
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mal generators of G. Then Φ (T ) is an object in
Modrh

Λ (DX). Thus we have defined two functors

Ψ : Modrh
Λ (DX) −→ Modgr (A) and

Φ : Modgr (A) −→ Modrh
Λ (DX) .

Theorem 9. The functors Ψ and Φ induce an
equivalence of categories

Modrh
Λ (DX) ∼−→ Modgr (A) .

Proof. Let us denote by ε the canonical gener-
ator of M0 := W/I. If h ∈ W, denote by h̃ ∈ A its
average over SUn (C)×SUn (C). The average opera-
tor W −→ A, h �−→ h̃ induces a surjective morphism
of A-modules v : M0 −→ A. More generally, for any
T in Modgr(A) the morphism v ⊗ 1T is a surjective
map vT : M0

⊗
A T −→ A⊗A T = T which is the

left inverse of uT : T −→ M0

⊗
A T , t �−→ ε ⊗ t.

Thus uT is injective. Next, the image of uT is exactly
the set of invariant sections of M0

⊗
A T := Φ (T )

that is Im uT = Ψ(Φ (T )). Therefore uT is bijective
from T to Ψ (Φ (T )). Now consider the canonical
morphism w : Φ (Ψ (M)) −→ M. From Theorem 8
M is generated by its invariant sections Ψ (M) thus
w is surjective. The kernel Q := kerw is also gen-
erated by Ψ (Q). Then Ψ (Q) ⊂ Ψ [Φ (Ψ (M))] =
Ψ (M). Since Ψ (M) −→ M is injective we obtain
Ψ (Q) = 0. Thus Q = DXΨ(Q) = 0 (see Theo-
rem 8). Therefore w is bijective.

5.1. Diagram associated to a graded
module. In this subsection, we show that the ob-
jects in the category Modgr (A) can be understood
in terms of finite diagrams of linear maps. Indeed
a graded A-module T in Modgr (A) defines an infi-
nite diagram consisting of finite dimensional vector
spaces Tλ (with (θ − λ) being nilpotent on each Tλ,
λ ∈ C) and linear maps between them deduced from
the multiplication by δ, ∆, θ homogeneous of degree

n, −n, 0 respectively: · · · � Tλ

δ
�
∆
Tλ+n � · · · sat-

isfying the relations of Corollary 4

δ∆ =
n−1∏
l=0

(
θ

n
+ l

)
, ∆δ =

n∏
l=1

(
θ

n
+ l

)
.

Such a diagram is completely determined by a finite
subset of objects and arrows. Indeed

a) For σ ∈ C/nZ, denote by Tσ ⊂ T the sub-
module Tσ =

⊕
λ=σ mod nZ Tλ. Then T is generated

by the finite direct sum of Tσ’s

T =
⊕

σ∈C/nZ

Tσ =
⊕

σ∈C/nZ

( ⊕
λ=σ mod nZ

Tλ

)
.

b) If σ �= 0 mod nZ (λ = σ mod nZ), then the
linear maps δ and ∆ are bijective. Therefore Tσ is
completely determined by one element Tλ.

c) If σ = 0 mod nZ (λ = σ mod nZ), then Tσ

is completely determined by a diagram of n+ 1 ele-
ments

T−n2

δ
�
∆
T−n(n−1)

δ
�
∆
T−n(n−2) · · ·

δ
�
∆

T−n

δ
�
∆
T0.

In the other degrees δ or ∆ are bijective through
the relations

∆δ =
n∏

k=1

(
θ

n
+ k

)
, δ∆ =

n−1∏
k=0

(
θ

n
+ k

)
.
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