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Abstract:

We describe a classification of regular holonomic D-modules whose character-

istic variety is the union of conormal bundles to the orbits of the linear group. We show that the

category of such objects is equivalent to the one of graded modules of finite type over an algebra
of invariant differential operators with polynomial coefficients.
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1. Introduction. This paper generalizes the
classification given in [11]. Let X be the complex
vector space of n X n matrices, Dx the sheaf of dif-
ferential operators on it. Denote by G the quotient
group of GL,, (C) x GL,, (C) by the kernel of its ac-
tion on X. There are n+1 orbits X C X: the subset
of matrices of rank k = 0,---,n. We are interested
in the description of regular holonomic D x-modules
whose characteristic variety is the union A of conor-
mal bundles to these orbits. Denote by Mod" (Dx)
this category. The main result is the following: let
G := SL, (C) x SL, (C) x C be the universal cover-
ing of G and A the algebra of G-invariant differential
operators acting on G-invariant functions. Denote by
6 € A the Euler vector field on X and Mod®" (A) the
category of graded A-modules T' of finite type such
that dimc C [0 u < 00 Yu € T.

Theorem. The categories Mody' (Dx) and
Mod®" (A) are equivalent.

Note that a similar result with a different point
of view has been obtained by [2]. Also results along
these lines have been obtained by several mathemati-
cians (see [1], [3], [9-11] etc.).

2. Homogeneous sections and the Weyl
algebra.

2.1. Homogeneous sections. We will use
the theory of analytic D-modules developped in [4-
8].

Definition 1.
said to be homogeneous if dimc C [f] s < co. We say
that s is homogeneous of degree A € C if there exists

A section s of a Dx-module is
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j € N such that (6 — N s =0.

Theorem 2 [10, Theorem 1.3]. Let M be a
coherent D x -module with a good filtration (FxM), 5
stable by 0. Then

i) M is generated by a finite number of global sec-
tions (si)isz p M such that dimc C [0] s; <

00,

ii) the vector space
L (X, FaM)N [UpeN ker (0 — \)?

of homogeneous global sections of FxM of de-

gree \ is finite dimensional "k € Z, "\ € C.

2.2. Algebra of invariant differential op-
erators. Asusual W indicates the Weyl algebra on
X. Let us determine the algebra A :=T" (X, DX)G
W of G-invariant differential operators with polyno-
mial coefficients. Let x1 = (x;5), d1 = *(9/0xi;)
be matrices with entries in Dx. We shall denote by
Ty = A"y (resp. dp, := A™ dy) the exterior mth

n n
f . hat is th -
power of x (resp d1) that is the <m> X <m> ma

trice of all m x m minors 6% (resp. AL) of z1 (resp.
d1) where

i(1
Ok = D s (M@

z(m)

Lo (k(m))
TESH
with S, the symmetric group, I = (i(1),---,i(m))
(resp. K = (k(1),---,k(m)) ,1§z( < - <
i(m) < n (resp. 1 < k(1) < --- < k(m )gn)

In particular x, 1 = A" lz; = 2] det (z1) (resp.
dp—1) is the adjoint matrice of 21 (resp. di). The
action of the group G on these matrices is defined

as follows: for any g = (a,b) € G, we have g -
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(x1,d1) = (axlb_l, bdla_l). Let us denote by Tr the
trace map. We set § := (1/n) Tra12,-1 = det(x1),
A = (1/n)Trdid,—1 = det(dy), 0 := Trzidy (the
Euler vector field on X) and ¢, = Tr z,,d;, for m =
2, ,n—1. These are G-invariant differential oper-
ators with polynomial coefficents. We have the fol-
lowing proposition:

Proposition 3. The algebra A is generated

over C by the n+1 operators 6, A, 0, g2, g3, -+ , gn—1
such that Ym,i,j=2,--- ,n—1
(1) 6,6] =nd, [6,A] = —nA,
[9’ qm] = 0) [q’ia q_]] - 0;
n—2
Gn-1 0 0
A, d] = —1)! 2o (2 .
[A, 4] " + (n )g<n+><n+n>

Denote by Z C W the left ideal generated by
infinitesimal generators of G. If we put J := ANZ,
then J is the two sided ideal of G-invariant differ-
ential operators annihilating G-invariant functions.
Therefore the quotient A := A/J is the algebra of G-
invariant differential operators acting on G-invariant
functions.

Corollary 4. The quotient algebra A is gen-
erated over C by 6, A, 0 satisfying the above relations
and such that

(2) oA ﬁ(@ l> Ad ﬁ(g l>
= -+, = —+1).
=0 \" =1 \"

3. Modules supported by matrices of
rank < n — 1. We denote by X the set of
matrices of rank k or less (k = 0,1,---,n — 1).
We still denote by 6, the determinant map §
X — C, x — det (z). Then we have X, ; :=
{r € X /§(x) =0}. In this section, we study the
Dx-modules in Modzh (Dx) supported by Xj. Such
objects will be useful in the next section to prove
that any Dx-module in Modzh (Dx) is generated by
G-invariant homogeneous global sections.

3.1. Inverse image. Now, we denote by
51 (N) the inverse image by ¢ of a Do-module N.
Let t be a coordinate of C and 0 := (9/0t), I, the

identity matrice on X. The transfer module D 9

is generated by an element K subject to the relations
(3) 0K = Kt, di1K = x,_1KO0;.
This last implies the following one:

(4) xldlK = InKtat, 0K = nKtat
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n—2
(5) dn 1 K = 21K, [ (t0,+1),
=1
n—2
Tno1dn 1 K = LK [ (t0: +1).
=0
n—2
(6) gn—1K =nK H (to: +1) and

=0
n—1
AK =Ko, [] to,+1).
=1

The tranfer module D, s . is flat over 6~' (D)

so the inverse image functor d1 is exact. If N is
a regular holonomic De-module with singularity at
t = 0, then the inverse image dtN decomposes as
N. If the operator of multiplication by ¢ is invertible
on the Dg-module N, then § is invertible on §TN.
In particular in this case any meromorphic section
defined on X \Yn_l extends to the whole X.

3.2. Study of 6t (Oc(1/t)). Now, we
are interested in the subDx-modules of P :=
5t (Oc (1/t)) = Ox (1/8). The Dx-module P is
generated by its G-invariant homogeneous global sec-
tions e, = KtF = 65K, Yk € Z<o. We have,

(7) der, = epy1, dieg =Tp_ 1651,
n—2
dpn_1e = H (k’ + l) T1€k—1-
1=0
n—2
(8) Gn—1€k =N H (k+1) ek,
1=0
n—1
Aey = H (k’ + l) €L—_1-
1=0

The Dx-module P has (n + 1) sub Dx-modules P_;,
generated respectively by e_; (j =0,1,---,n). De-
note by P~/ the quotient module associated to P_; :
PY=Py P7:=P ;/P_j1ifj=1,---,n. Asin
[11] (Section 3.2), the quotient P~7 is an irreducible
holonomic D x-module of multiplicity 1 whose micro-
support is Ap,—; := T%nin.

Therefore with the help of the relations (7), (8)
and the fact that the P~7 are irreducible modules,
we see that if NV is a subDx-module of P which is
not contained in P_; then A contains P_; ;. Thus
we get the following result.

Lemma 5. Po, P—l;"',P—n

sub Dx -modules of P.

are the only
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Next we obtain the following

Proposition 6.  Any section s € T'(X \
Yj_l,P_j) of the Dx-module P_; in the comple-
mentary of X;_1 extends to the whole X (j =
1,---,n—1).

Proof. The Dx-module P_; is the union of
modules Oxe_j (0 < k < j) such that the associ-
ated graded modules gr (P_,) is the sum of modules
Orz xé— (0 <k <j). In this case the property

n—j
of extension here is true for functions because X is
normal along X; 1 (j=1,---,n—1). U
4. Invariant sections. In this section, we
see that any object M in Mody: (Dx) is generated
by its G-invariant homogeneous global sections. This
result will play a crucial role in the proof of our main
theorem. To this end, first we show that there exists
a De-module N such that M is isomorphic to TN
in X\Yn_g. Let

0 --- 0
1:C— X, t—
Do .0
00 --- 1

be a section of the determinant map § : X —
C, x — det(x) i.e. §0i(C) = C. Denote by
D := i(C) its image. The line D is non charac-
teristic for M i.e. T/, X (char (M) C T%X. Then
M is canonically isomorphic to §tit (M) in the
neighborhood of D. We know from [4] that the
sheaf Homp, (M, dTit (M)) is constructible. Also
Homp, (M,5iT (M)) is locally constant on the
fibers 61 (¢), t € C. Denote by u its canonical sec-
tion defined in the neighborhood of D (correspond-
ing with the isomorphism M —~ §+i* (M) which
induces the identity on D). As in [11] (Proposi-
tion 4.1), by virtue of the simple connexity of the
fibers 671 (t), t # 0 € C, we get the following result.

Proposition 7. The isomorphism u: M|, ——
5Tt (M), extends to X\X 2.

Now we should note that the infinitesimal action
of G on X lifts to an action of the universal covering
G on M (see [10, Proposition 1.6]). Let us prove the
following theorem.

Theorem 8. M is generated by its G-
tnvariant homogenoeus global sections.

Proof. Denote by M% C M the submod-
ule generated over Dx by G-invariant homogeneous
global sections. Let us show successively that the
quotient module M /MY is supported by Yj (=
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0,1,---,n—1). To begin with, M/ MY is supported
by X,_1: indeed M is isomorphic in X\ X, _; to
a Dx-module 6T N (see Proposition 7). We may
assume that the operator of multiplication by t is
invertible on A/ such that there exists a morphism
v : M — 6YN which is an isomorphism out of
X,_1 (see Section 3.1). The image v (M) is a sub-
module of TN so it is generated by its G-invariant
global sections, and any invariant global sections s
of a quotient of M lifts to an invariant section s
of M (5 € T(X, M)“). Therefore M/M®C is sup-
ported by X,,_;. Recall that Py, P_y,---, P_, are
the sub Dx-modules of P := Ox (1/§) generated re-
spectively by the invariant homogeneous sections e_;
(j=0,1,---,n) (see Section 3.2). If M is supported
by Yn_l, it is isomorphic out of X, _o to a direct
sum of copies of (P_,,/Pp), then there is a morphism
M — (P_,/ PO)N whose sections extend such that
M /ME is supported by X,,_» because the submod-
ules of (P_,,/ Py) are also generated by their invariant
sections. In the same way, if M is with support on
Yn_j (j =2,---,n—1) then there is a morphism
M — (P_,/Py_;)" which is an isomorphism out
of Yn_j_l, such that M/MG is with support on
Yn_j_l because the submodules of (P_,/P;_;) are
also generated by their invariant sections. Finally, if
M is supported by Xy the result is obvious. |

5. Main theorem. As in Section 2.2, W is
the Weyl algebra on X and A C W is the algebra of
G-invariant differential operators generated over C
by 9, A, 0, ¢; with j = 2,--- ,n —1 satisfying the re-
lations of Proposition 3. Also A is the quotient of A
by the two sided ideal of G-invariant differential op-
erators annihilating G-invariant functions. The quo-
tient algebra A is generated by §, A, 0 satisfying the
relations (1) and such that

n—1 n
0 0
0A = I I —+1 d A= I I —+1

1I=1
(see Corollary 4). Recall that Mod®" (A) stands for
the category of graded A-modules T of finite type
such that dimc C[f]lu < oo Yu € T. If M is an
object in Mod}' (Dx), we denote by ¥ (M) the sub-
module of T' (X, M) consisting of G-invariant global
sections s of M such that dimc C[f]s < co. By
virtue of Theorem 2 we see that W (M) is an ob-
ject in Mod®" (A). Conversely if T is an object in
Mod®" (A), we set @ (T') := Mo @ 4 T where Mg :=
W/T with T the left ideal generated by infinitesi-
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mal generators of G. Then ®(T) is an object in
Mod}* (Dx). Thus we have defined two functors

¥ : Mody (Dx) — Mod®" (A) and
@ : Mod®" (A) — Mod}" (Dx) .

Theorem 9. The functors ¥ and ® induce an
equivalence of categories

Mod}' (Dx) <> Mod®" (A).

Proof.  Let us denote by ¢ the canonical gener-
ator of Mg := W/Z. If h € W, denote by h € A its
average over SU,, (C)x SU,, (C). The average opera-
tor W — A, h— h induces a surjective morphism
of A-modules v : My — A. More generally, for any
T in Mod®"(.A) the morphism v ® 17 is a surjective
map vy : Mo@Q 4T — AQ 4T = T which is the
left inverse of up : T — Mo@Q 4T, t — € @ t.
Thus ur is injective. Next, the image of up is exactly
the set of invariant sections of Mo @ 47T := @ (T)
that is Imup = U (® (T)). Therefore ur is bijective
from T to U (®(T)). Now consider the canonical
morphism w : @ (¥ (M)) — M. From Theorem 8
M is generated by its invariant sections ¥ (M) thus
w is surjective. The kernel @ := ker w is also gen-
erated by ¥ (Q). Then ¥ (Q) C V[P (¥ (M))] =

U (M). Since ¥ (M) — M is injective we obtain
U (Q) = 0. Thus @ = Dx¥(Q) = 0 (see Theo-
rem 8). Therefore w is bijective. Ol

5.1. Diagram associated to a graded

module. In this subsection, we show that the ob-
jects in the category Mod®" (A) can be understood
in terms of finite diagrams of linear maps. Indeed
a graded A-module T' in Mod®" (A) defines an infi-
nite diagram consisting of finite dimensional vector
spaces Ty (with (@ — \) being nilpotent on each T,
A € C) and linear maps between them deduced from
the multiplication by §, A, 8 homogeneous of degree

n, —n, 0 respectively: --- 2 T\ 2 Thy, = --- sat-
A

isfying the relations of Corollary 4

n—1 0 n 0
0A = —+1), Af= —+1).

() =I5
Such a diagram is completely determined by a finite
subset of objects and arrows. Indeed

a) For o € C/nZ, denote by T° C T the sub-

module 7% = @,_, .oa nz In- Then T is generated
by the finite direct sum of T7’s

D-modules associated to the determinantal singularities T

T= P 17= P (A:a@anT)\>.

ceC/nZ ceC/nZ

b) If 0 # 0 mod nZ (A = 0 mod nZ), then the
linear maps § and A are bijective. Therefore T is
completely determined by one element T}.

¢) If o = 0mod nZ (A = o mod nZ), then T?
is completely determined by a diagram of n + 1 ele-

ments
5 5 5 5
T 2 & T—n(n—l) = n(n—2) " =T, & 1.
A A A

In the other degrees § or A are bijective through
the relations

n 0 n—1 0
AS = <—+k>, SA = <—+k>.
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