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“Hasse principle” for GLn(D)
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Abstract: Let D be a Euclidian domain, G be a GLn(D) and f be an endomorphism
of G which preserves conjugacy classes. Then we shall prove f must be an inner automorphism,
namely G enjoys the Hasse principle.
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1. Notation and result. Let D be a Eu-
clidean domain, n be a positive integer and G be the
GLn(D). Put ε = (−1)n−1 and we define in G

S =



0 · · · · · · 0 ε

1
. . . 0

0
. . . . . .

...
...

. . . . . . . . .
...

0 · · · 0 1 0


,

Tν =



1 ν 0 · · · 0

0 1 0
...

...
. . . . . . . . .

...
...

. . . . . . 0
0 · · · · · · 0 1


, T = T1,

Dµ =


1 + µ 0 · · · 0

0 1
. . .

...
...

. . . . . . 0
0 · · · 0 1

 , 1 + µ = unit,
µ �= 0.

Then G is generated by S, Tν and Dµ (cf.[1]). Using
this fact T. Ono([2]) proved that GL2(D) enjoys the
Hasse principle. In this paper we shall prove more
generally the following theorem:

Theorem. For any positive integer n, GLn(D)
enjoys the Hasse principle.

2. Proof of the theorem. Let f(x) be an
endomorphism which satisfies f(x) ∼ x (conjugate
in G) for each x ∈ G. We shall prove that f must be
an inner automorphism.

In [3], we proved that SLn(D) enjoys the Hasse
principle. So we may assume f(S) = S, f(Tν) = Tν
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(Of course we must change that proof a little). Let
f(Dµ) = M−1DµM where

M =

a1 · · · an

∗

 , M−1 =

x1

... ∗
xn

 .
Then

f(Dµ) = M−1(E + µE11)M

= E + µ

x1

...
xn

 (a1 · · · an)

where Eij is the matrix unit whose ij-element is 1
and the other elements are 0. Put yi = µxi (1 ≤ i ≤
n). As

SDµ ∼ f(SDµ) = f(S)f(Dµ) = SM−1DµM

their charactaristic polynomials are equal.

|xE − SM−1DµM |

=

∣∣∣∣∣∣∣∣∣xE − S −


εyn

y1
...

yn−1

 (a1 · · · an)

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
x 0 · · · 0

∗

∣∣∣∣∣∣+
∣∣∣∣∣∣
0 0 · · · −ε

∗

∣∣∣∣∣∣
+

∣∣∣∣∣∣
−εyna1 · · · −εynan

∗

∣∣∣∣∣∣ .
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Put these terms a, b and c. Then

c = −εyn

×

∣∣∣∣∣∣∣∣∣
a1 a2 a3 · · ·

−1 − y1a1 x− y1a2 −y1a3 · · ·
−y2a1 −1 − y2a2 x− y2a3 · · ·

...
...

. . . . . .

∣∣∣∣∣∣∣∣∣

= −εyn

∣∣∣∣∣∣∣∣∣∣∣∣

a1 a2 a3 · · · an

−1 x 0 · · · 0

0 −1 x
. . .

...
...

. . . . . . . . . 0
0 · · · 0 −1 x

∣∣∣∣∣∣∣∣∣∣∣∣
= −εyn(a1x

n−1 + a2x
n−2 + · · · + an).

a = x|An−1|

= x

∣∣∣∣∣∣∣∣∣
x− y1a2 −y1a3 −y1a4 · · ·
−1 − y2a2 x− y2a3 −y2a4 · · ·
−y3a2 −1 − y3a3 x− y3a4 · · ·

...
...

. . . . . .

∣∣∣∣∣∣∣∣∣
= x2|An−2| − y1x

×

∣∣∣∣∣∣∣∣∣
a2 a3 a4 · · ·

−1 − y2a2 x− y2a3 −y2a4 · · ·
−y3a2 −1 − y3a3 x− y3a4 · · ·

...
...

. . . . . .

∣∣∣∣∣∣∣∣∣
= x2|An−2| − y1x

∣∣∣∣∣∣∣∣∣
a2 a3 · · · an

−1 x 0
. . . . . .

0 −1 x

∣∣∣∣∣∣∣∣∣
= x2|An−2| − y1x(a2x

n−2 + · · · + an).

Using induction we have

a = xn − y1(a2x
n−1 + · · · + anx)

−y2(a3x
n−1 + · · · + anx

2)

− · · · − yn−1anx
n−1.

b = (−1)n+1(−ε)

×

∣∣∣∣∣∣∣∣∣∣
−1 − y1a1 x− y1a2 −y1a3 · · ·
−y2a1 −1 − y2a2 x− y2a3 · · ·
−y3a1 −y3a2 −1 − y3a3

. . .
...

...
...

. . .

∣∣∣∣∣∣∣∣∣∣
= −|Bn−1|.

|Bn−1| =

∣∣∣∣∣∣∣∣∣
−1
0
... ∗
0

∣∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣∣
−y1a1

−y2a1

... ∗
−yn−1a1

∣∣∣∣∣∣∣∣∣
= −|Bn−2| + |Cn−1|.

|Cn−1| = −a1

∣∣∣∣∣∣∣∣∣∣∣∣∣

y1 x 0 · · · 0

y2 −1 x
. . .

...

y3 0 −1
. . . 0

...
...

. . . . . . x

yn−1 0 · · · 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1a1(y1 + y2x+ · · · + yn−1x

n−2).

Using induction we have

b = −εa1(y1 + y2x+ · · · + yn−1x
n−2)

−εa2(y2 + y3x+ · · · + yn−1x
n−3)

− · · · − εan−1yn−1 − ε.

Put all together we have

|xE − SM−1DµM |

= xn −
n∑

i=1

(y1ai+1 + y2ai+2 + · · · + yn−ian

+εyn−i+1a1 + · · · + εynai)xn−i − ε.

If we put M = E, then we have

|xE − SDµ| = xn − (µ+ 1)ε.

Comparing the coefficients of two polynomials, we
have

(1)
x1 x2 x3 · · · xn

εx2 εx3 · · · εxn x1

εx3 · · · εxn x1 x2

...
...

...
...

...
εxn x1 x2 · · · xn−1




a1

a2

a3

...
an

 =


1
0
0
...
0


Next we use

TSDµ ∼ f(TSDµ) = TSM−1DµM.

As T = E + E12, we have

|xE − TSM−1DµM | = |xE − SM−1DµM | + |Fn|.

|Fn| =

∣∣∣∣∣∣∣
−1 − y1a1 −y1a2 · · ·
−1 − y1a1 x− y1a2 · · ·

...
. . . . . .

∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣
−1 − y1a1 −y1a2 −y1a3 · · ·

0 x 0 · · ·
−y2a1 −1 − y2a2 x− y2a3 · · ·

...
...

. . . . . .

∣∣∣∣∣∣∣∣∣
= x

∣∣∣∣∣∣∣∣∣
−1 − y1a1 −y1a3 −y1a4 · · ·
−y2a1 x− y2a3 −y2a4 · · ·
−y3a1 −1 − y3a3 x− y3a4 · · ·

...
...

. . . . . .

∣∣∣∣∣∣∣∣∣
= x

∣∣∣∣−y1a1 −y1a3 · · · −y1an

∗
∣∣∣∣

+x
∣∣∣∣−1 0 · · · 0

∗
∣∣∣∣

= −y1x

∣∣∣∣∣∣∣∣∣∣
a1 a3 a4 · · ·
0 x 0 · · ·
0 −1 x

. . .
...

. . . . . . . . .

∣∣∣∣∣∣∣∣∣∣
− x|An−2|

= −y1a1x
n−1 − xn−1 + y2(a3x

n−2 + · · · + anx)

+ · · · + yn−1anx
n−2.

If we put M = E, then we have

|xE − TSDµ| = xn − (µ+ 1)ε− (µ+ 1)xn−1.

Therefore we have
(2)

x1 0 0 · · · 0 0
0 0 · · · 0 0 x2

0 · · · 0 0 x2 x3

...
...

...
...

...
...

0 0 x2 · · · · · · xn−1





a1

a2

a3

...
an−1

an


=


1
0
0
...
0


As x1a1 = 1, we have x1 �= 0 and a1 �= 0. If an �= 0,
then from (2), we have x2 = x3 = · · · = xn−1 = 0.
So from (1) we have xn = x1 = 0. Therefore an = 0.
Similarly we have

an = an−1 = · · · = a2 = 0, x2 = x3 = · · · = xn = 0.

This means f(Dµ) = E + µE11 = Dµ, which com-
pletes the proof.
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