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1. Introduction. In this paper we shall
consider the sign of solutions of certain nonlinear
wave equations subject to suitable homogeneous
boundary conditions. It is related to the oscilla-
tion behavior of continuous finite bodies with re-
spect to the time variable.

Let £ be a bounded simply connected do-
main in R" and 08 be its smooth boundary.

We suppose all functions and solutions
appeared in this paper to be real-valued. We

0 0
denote oz, (k=1,2...n) by 0, and 3¢ by 0.

We shall consider the nonlinear wave equa-
tion
(1) Pu = 0,(a(®o,u) +BBHo,u~+ Nu=0 in

2 x R",
and the homogeneous boundary condition
(2) Bu(x, ) =0 ond X R",
where N is a nonlinear differential operator on x
defined exactly afterwards.

When N is a linear elliptic differential oper-
ator on £ € 2, e.g. — A or A% the oscillating be
havior is well investigated within the framework
of the eigenvalue problems. For the linear case
we refer to Chapter 5 and 6 of [4]. When N is
nonlinear, it seems that the results have been
obtained less compared with the linear case.
Cazenave and Haraux have obtained some re-
markable results (see [3] and [7]) when N is
semilinear. In [12] results for simpler equations
than those of this paper are stated. Besides them
we refer to [2] and [9].

In this paper N is supposed to be more
general than that of Cazenave and Haraux. We
shall show that there exist different points (z,
t) and (x,, t,) in 2 X R” such as u(x,, t)u(z,,
t,) <0, as is the unsatisfactory result for show-
ing oscillation of .

Elliptic differential operator of second order
is typical of N/ and in this case we prescribe the

*)  Dedicated to Prof. Yasushi Shizuta on his 60th
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boundary condition to be the homogeneous Diri-
chlet boundary condition, i.e. # = 0 on 02 X R™.
Besides we can consider N to be 2” th order for
m = 2, ... with suitable boundary conditions.
For simplicity we shall treat only the m = 2
case. Then we prescribe its boundary condition
to be one concerned with a supported edge. Here
we shall state the second order case in detail.

We don’t prove the existence of solutions of
initial-boundary value problems satisfying (1),
(2) and suitable initial conditions with suitable
compatibility conditions, but we suppose the ex-
istence of unique global solutions in time (see A.2
in 83 and A.5 in §4).

2. Preliminary results. In this section we
shall prepare and collect several auxiliary re-
sults.

Let a, B, 7 : R— R be continuous, and « be
a positive function of C'. We define the ordinary
differential operator [ by
)y () = @@y ®) + BBy @) + rDy®,
where " means @

Lemma 2.1. Let x(H) and y(t) satisfy (Ix) (&)
<0 and ()@ =0 in [t, ) associated with
z(t) = y(ty) and x’ () = y'(¢) for any fixed t,,
respectively. If y(t) = 0 and x(&) ¥ 0 for t = t,,
then () < y() for t = ¢,

Proof. Since
y(x) —z(ly) = la@’'y—xy)} +Bx'y—x2y’) <0,

we get
, ’ ' BGs) )
a(®)(x'y — xy) @) exp< . a(® ds
<alt)(x'y —xy) (@) =0,
whence (x'y — zy”) () < 0. It follows from (z'y
— xy) () <0 and () # O that
y (@) >
(x(t) = 0.
Hence we have x(#) < y(® for t = ¢, Q.ED.
In subsequent sections we shall apply the re-
sult which assures the existence of zeros of solu-

tions of the differential equation ly = 0 to obtain
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our theorems. There are many established results
concerning the existence of zeros (see [6] and [8]).
We adopt the following result.

Lemma 2.2. (Leigton and Kreith). Let o €
CY, B, v € C and a > 0. If for any real number h,

j}:w%dt = oo (m;i
im (g + J] 19 — Gty = .

Then every nontrivial solution of ly = 0 has an in-
finite number of zevos in every interval of the form
[h, o).

For the proof we refer to [8].

We state one more established result con-
cerning the eigenvalue problem for second order
elliptic partial differential operators. We give the
selfadjoint differential operator £ by

n
(4) Pu = Zl 9,(a; ;(x)0;u + b, () u)

i,j=

— S b@ou+ c@u,
i=1

where & satisfies the following conditions
1. a;;(x) = a;;(x) and ¥ is selfadjoint in
H, (),
2. there exists a positive number ¢ such that
Shia,@EE =cl|E° for any x € Q
and £ € R,

3. ¥ has bounded coefficients.

Lemma 23. Let & be the elliptic operator
defined in (4). Then € has a countably infinite dis-
crete set of eigenvalues. The minimum eigenvalue A
is simple and has a positive smooth eigenfunction @.
For the detailed statement and the proof we refer
to [5] or [7].

3. Second order case. In this section we
shall treat the nonlinear second order wave equa-
tion.

Let
(5) Nu=—yODL{AQ, t;Wu} + bz, t;wWu,
where ¥ is the operator defined in (4). We sup-
pose that A(x, t;u) and b(r, t; u) are func-
tions of x, ¢t and some quantities related to #, i.e.
u itself, its derivatives or/and its integrals etc.
We shall state afterward the precise assumptions
on A(x, t;u) and b(x, t;u).

Now we consider
6) Du=0,(a®du) + BWBdu+ Nu=0in

Q2 X R".
As a typical example of (6) we give the Kirchhoff
equation
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0’u — const.(1 + |Vu|4u = 0,
where ||Vu| = f >r_ | o,ut, ») Pde. As a
Q

typical b we give b(x, ¢;u) = u”, where p is a
natural number.

We shall investigate oscillating behavior of
the solutions of Eq. (6) satisfying the homoge-
neous Dirichlet boundary condition
(7)  u(x,d) =0at(xr,) €02 X R".

We set assumptions A. 1, A. 2 and A. 3.

A.1 The coefficients of D, ie a,B, 7:R
— R satisfy the conditions stated in Lemma 2. 2.

A2 Let t, be any fixed number of R" and
(o, u,) be any element of V X L*(R), where V =
H,(Q). We consider the initial-boundary value
problem (6) and (7) associated with the initial con-
dition u(x, t) = uy(x) and Ou(x, t,) = u,(x).
Then

1. there exists a global smoooth solution # such
that

u€ C(R*, V) N C'(R*, L*(2)) N
C*(R*, V"),
where V' is the dual space of V,

2. the uniqueness of the solution holds in the
sense that if u(x,t) = dulx, t) =0,
then u(x, D vanishes in 2 X R™.

Concernig the results of the unique existence
of global solutions of the initial-boundary value
problems for nonlinear wave equations we refer
to [7], [10], [11] and the references of [7].

A3 1. The minimum eigenvalue A
stated in Lemma 2.3 is not zero.

2. There exists a constant a such that 0 < a
<A, t;uw) if A>0 or 0 < A(x, t;u
<aifA<0.

3. b(x, t;u) = 0 for every (x, t, u).

Now we state our theorem.

Theorem 3.1. Suppose that A.1l, A.2 and
A.3. Let u be the solution stated in A.2. If u does
not vanish identically, there exist some (x,, t,) and
(x,, t,) € 2 X R" such that u(x,, t)u(x,, t,
<0.

Proof. Let A be the minimum eigenvalue of £
and ¢(x) be its corresponding positive eigenfunc-
tion. We put

U = [ u, Dp@dz.
2
Then owing to 1. of A.2 we have

of ¥

® U@ = fg ouz, D¢(@dr and



150

U@ = [ otulz, D@ dz.
Q
By integrating by parts we have
j;,‘f{A(x, t; wu ¢ (x)dx

= [AG, t;0u@adz
Because of £¢ = — A@, we have
() [eue, ;0@

= — /I_I;A(x, t; wup(r)de.

We multiply (6) by ¢. Then by (8) and (9) we
have

(10) (@®UY +pMU = — Ar(®) X

fA(x, t; wupdr — fb(x, t; wWupdx.
2 (]

Let u(x, t) >0 for any x € 2 and ¢, € R".
Then there exists some time interval I with £, as
its left end point such that u#(x, ¢,) > 0 for any
(x, D € X I. We shall show the length of I to
be finite.

When we suppose that u(x, ;) < 0, we also
get the same conclusion.

From u(x, t,)) > 0 in 2 X [ and ¢(x) >0
in 2 we have U(#) > 0. From A.3 we obtain in [
the right hand side of (10) < — Aay(®) U(®)

for either A > 0 or 1 < 0.

Thus we have the differential inequality in [
WU @) +BOU W) + ary(OU@) < 0.
We shall show that there exists some finite T >
t, such that U(T) = 0.

We consider the ordinary differential equa-
tion for t = ¢,

0 {(a(t)v’(t))’ + BV (D) + aAr®v(®) = 0

v(t) = Uty and v'(t) = U'(¢y).

Since a, B and aAy satisfy the conditions of Lem-
ma 2. 1, we get
V< U®D <L v@®inl.

If I is an infinite interval, there exists ¢ € [
such that v(¢,) = O because «, 8 and aAy satisfy
the conditions of Lemma 2.2. Hence there exists
t,(< t) in I such that U(¢,) = 0. It is contradic-
tion. Thus I is finite, whence there exists T(>
t,) such that U(T) = 0.

Let I, = (T — ¢, T+ ¢) be an interval in
R for any positive e. If u(x, ) <0 for some
(x, ) € 2 X I,, we have the desired result.
We suppose that # = 0 almost everywhere in
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£ X I,. After this we omit “almost everywhere”
in this paragraph. From U(T) =0 we get
u(+ ,T)=0 in 2. Then we can say that
du(-, T) =0 holds in £. We shall show the
fact. Because of u € C'(R*, L*) there exists
d,u(-, T) in L*(2) and a suitable sequence {k,}
with | h, | < e such that

ulx, T+ h,) —ulx, T)

13 lim A —oulzx, T)
hy—0 n
=0 as h,— 0.

Nothing that #(x, T) = 0 and u(x, ) = 0 in
Q2 x I, it follows from (13) that du(x, T) <0
if h,> 0 and du(x, T) =0 if h, < 0. Hence
we get Ou(x, T) = 0 in . Thus we have

u(-,T) =0u(-,T) =0in Q.
Therefore it follows from the uniqueness of A.2
that u=0in 2 X R™.

Thus we have proved this theorem. Q.E.D.

4. Higher order case. In this section we let
nonlinear operator N be higher even order than
2. If we suppose N and the boundary operator B
satisfy suitable conditions, we can show the same
result as in Theorem 3.1. For simplicity we shall
consider our problem for the following equation.
149 Nu= 7(DA,t; wAu — 6D AMA(x, t; w)u}

+ b(x, t; wu,
where A is the Lapalace operator. We assume
that A,(t;u), A(x, t; u) and b(x, t;u) satisfy
the following assumption.

A4 1. A,(t;u) is independent of x and con-
tinuous on L.

2. There exists a constant a, such that 0 < a,
<At w).

3. A(x, t;u) and b(x, t;u) satisfy the same

conditions as those of A.3.
We shall treat the following problem associated
with a suitable initial condition.
PQu = o0,(a(®ou) + BBHOu+ Nu=0
(15 in2XR"
u(x, t) = Au(t, x) =00on 02 X R".

In addition we set assumptions A.5 and A.6

A5 For any smooth initial data (u,, u,)
there exists a unique smooth solution u satisfying
(15).

A.6 A is the minimum eigenvalue stated in
Lemma 2.3. a(®, B(t) and a’r(t) + aid(®
satisfy the same conditions as a(t), B(&) and 7(¥)
in Lemma 2.2 respectively.

For the existence and the uniqueness of solutions
concerning A.5 we refer to [1].



No. 7]

Theorem 4.1. Suppose that A.3, A.4, A5
and A.6. Let u be a smooth solution of (15). If u
does not vanish identically, there exist some (x,, t,)
and (x,, t,) € Q X R* such that u(z,, t)u(x,,
t,) <O.

Proof. We can prove this theorem in a simi-
lar fashion as the argument in Theorem 3.1. We
use the same eigenfunction ¢ and the correspond-
ing eigenvalue A > 0 as in Theorem 3.1 for £ =
A. We put

U@ = J;u(x, D é(x)dz.

We multiply the equation Y = Q in (15) by ¢
and integrate it by parts. Then we have
(@)UY + BHU’

= — 270 L At ; Wupdr — A6@) %

fA(x, t;u)u(bdx—fb(x, t; wupdr.
2 Q2

Then letting u(x, t,) > 0 in 2 for any fixed £,
we have from A4

(a®UY +BOU + (a Ay +a2d@))U<0.
By applying A.5 and A.6 instead of A.1 and A.2,
the rest of the argument is the exactly same as
the corresponding part in the proof of Theorem
3.1 and will be omitted. Thus we have the de-
sired result. Q.E.D.
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