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1. Introduction and results. Operator semi-
stable distributions on the d-dimensional Eucli-
dean space R’ constitute a class of infinitely di-
visible distributions. They are studied by R. Jajte
[4], [5], W. Krakowiak [6], A. Luczak [9], V. Chor-
ny [2] and others. We call Lévy processes on R’
having operator semi-stable distributions at each
time operator semi-stable processes. Here we mean
by Lévy processes stochastically continuous pro-
cesses with stationary independent increments
starting at the origin. In this note we determine
recurrence and transience of all non-degenerate
operator semi-stable processes.

A distribution g on R’ is called operator

semi-stable if there exist a sequence {Y,:n =
1,2,- -} of i.i.d. (= independent identically dis-
tributed) random variables on Rd, a strictly in-
creasing sequence of positive integers k, satis-
fying k,,,/k,— r with some » € [1, ), and
sequences of invertible linear operators A, acting
in R’ and vectors b, in R’ such that the dis-
tribution of
(1.1) A, + Y, + - + Yk,,) + b,
weakly converges to g as n— . R. Jajte [4]
shows that if g is full (that is, the support of ¢ is
not contained in any (d — 1)-dimensional hyper-
plane in Rd), then a necessary and sufficient con-
dition for g to be operator semi-stable is that it
is infinitely divisible and there exist a number
a€ (0,1), a vector b € R®, and an invertible
linear operator A such that
(1.2) = Auxé,.
Here p“ is the a-th convolution power of y, Ay
is the distribution defined by Au(E) = u(A™'E),
and 0, is the delta distribution at b. Using the re-
lation (1.2), A. Luczak [9] and V. Chorny [2] de-
scribe the Lévy measure of p.

In one dimension (d = 1) A, and A are sim-
ply multiplication by non-zero constants. P. Lévy
[8], p. 204, introduced in one dimension the no-
tion of semi-stability, which corresponded to the
case b = 0 in (1.2), and determined their charac-

teristic functions. R. Shimizu[l 3] made a study of
relations of Lévy’s semi-stability with limit
theorems for sequences of i.i.d. random variables.
V. M. Kruglov [7] studied the class of one-
dimensional distributions which are limit dis-
tributions of ¢, (Y, + Y, + -+ Y, ) + b, for
i.i.d. random variables {Y,} with ¢, > 0, b, real,
and k,.,/k,—r € [1, ). In general (finite
dimensions, if k, = # and A, is a positive con-
stant multiple of the identity operator for each 7,
then the definition above of operator semi-
stability gives the class of stable distributions on
R’ 1f k, = n, then the definition above gives the
class of operator stable distributions, which were
first introduced by M. Sharpe [12]. On the other
hand, if A, is a non-zero constant multiple of the
identity operator for each #, then the limit dis-
tributions are called semi-stable. The class of
operator semi-stable distributions extends these
classes. The corresponding Lévy processes are
called stable processes, operator stable processes,
semi-stable processes, and operator semi-stable
processes, respectively. Classification of stable
processes into recurrent and transient is
well-known. It is extended in [1] to semi-stable
processes. Operator stable processes are discus-
sed in [10], but their recurrence and transience
are not treated.

Our result is as follows. We say that a Lévy
process is non-degenerate if its distribution at
each ¢ > 0 is full.

Theorem. Let {X,} be a non-degenerate oper-
ator semi-stable process on the plane R’. If {X,} is
not Gaussian, then it is transient.

Note that, for d > 3, all non-degenerate
Lévy processes on R’ are transient (see [11] for
proof). Also note that operator semi-stable pro-
cesses on the line R' are semi-stable processes
in the sense of [1], and their classification is
obtained in [1]. A Gaussian Lévy process on the
plane R’ is recurrent or transient according as
its mean is zero or non-zero, respectively. There-
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fore our theorem completes classification of oper-
ator semi-stable processes into recurrent and
transient.

2. Proof of Theorem. Let y be a full oper-
ator semi-stable distribution on R’ Then, as
stated in the preceding section, there exist a, b,
and A satisfying the relation (1.2). It is shown by
R. Jajte [4] that ¢ is in one of the three cases be-
low (Cases 1-3).

Case 1: Every eigenvalue A of A satisfies | A |
< va and y has no Gaussian part.

Case 2: Every eigenvalue A of A satisfies | A |
= ya and is a simple root of the minimal polyno-
mial of A, and g is Gaussian.

Case 3: There are two A-invariant proper
subspaces V, and V, satisfying R’ = V.V,
and p¢ is decomposed into g = y; * pu, such that
¢, and g, are concentrated on V; and V,, respec-
tively, ﬂllvl is a full operator semi-stable dis-
tribution on V; without Gaussian component,
ﬂzlvz is a full Gaussian distribution on V,, the
eigenvalues of A|V1 have absolute values < ya
and the eigenvalues of A |V2 are simple roots of
the minimal polynomial of A and have absolute
values = va.

Denote the Euclidean inner product of x, y
€ R’ by {z, y>, the Euclidean norm of z by | z|,
and the operator norm of a linear operator B
acting in R’ by | B|. The adjoint operator of B
is denoted by B’. Given an invertible linear oper-
ator B with | B|| < 1, let
(21) G={x<€R":|x|<1and|B'z|>1}.
This is the set employed by A. Luczak [9]. It is
not hard to show that B”"G and B™G are disjoint
if » and m are distinct integers, and that

2.2) xe R*:0<|z| <1} = U B"G,
n=0

(xeR:|z|>1) = U B™G.
n=1

Let (2), z € R’ be the characteristic function
of . Let ¢(2) be the continuous function on R’
such that #(2) = ¢*® and ¢(0) = 0. Let K(2) =
Re(— ¢(2)). By the Lévy process analogue of
the Chung-Fuchs criterion [3] of recurrence and
transience for random walks, the Lévy process
{X,} with the distribution g at £ = 1 is transient

if and only if
(2.3) lim sup Re <;> dz < o0
alo lzl<e a— ¢(2)

for some € > 0 (see [11] for proof). If
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dz
A < o0
|zl<e K(Z)
for some & > 0, then (2.3) follows and {X,} is
transient, because

(2.4)

1 1
Re (5= ¢(z>> STa=¢@ |
1 1

SaF¥ K@ S K@

Now let d = 2 and proceed to the proof of
our theorem. Case 2 is excluded from the
theorem.

Suppose that g is in Case 1. The relation
(1.2) is expressed as

ﬂ(z)a — Q(A,z)ei<b,z>.
Hence we have
(2.5) aK(z) = K(A'2).
We claim that there are p < 2 and ¢ > 0 such
that
(2.6) K@ =clzl
in a neighborhood of 0. By Remark 1.1 of A.
Luczak [9] we may and do assume that ||A || < 1.
Since we are in Case 1, we may and do assume
that the eigenvalues A, A, of A satisfy 0 < |4, |
<|2,] <+va . Choose p <2 such that |A,]
< a'’. Let B= A’ and define the set G by (2.1).
By Lemma 2.1 of A. Luczak [9], K(z) > 0 for
z # 0. Since the closure of G is compact and
does not contain 0, we can find ¢ > 0 such that
K@) = c|z|" for z € G. Since | 4, is the spec-
tral radius of B, we have | B” [ | Zzl as n—
oo . Hence there is #, such that | B" """ < a'”
for n = n, Now, it follows from (2.5) that, for
any 2 € G and n = n,,
K(B"z) = a"K(2)

>ca"|zI”>c|B"IP|zI” = ¢| B"z|".
Thus

Kz >cl|z’forze U B"G.

n=mny
Noting (2.2), we can choose &€ > 0 such that
{z:0<|z| <e}is contained in U,_, B"G.
Hence (2.6) is proved for z satisfying | z| < e.
Since d = 2, the estimate (2.6) with p < 2 im-
plies (2.4), which proves transience.

Suppose that ¢ is in Case 3. The subspaces
Vi, V, in the statement of Case 3 are one-
dimensional. Hence, for j =1 and 2, A |V, = A1y,
with some A; € R, where I, is the identity oper-
ator on V). These A, and A, are eigenvalues of A,
and hence 0 < | A,| <|2,| = va. Let V,-l be the
orthogonal complement of V,. Then R®= V," ®
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V,'. Fix 2z, and z, with norm 1 in V," and V", re-
spectively. Any 2z € R? is represented as z =
Gz, + Cozy with £, {, € R. Using g, and g, in
the statement of Case 3, we have

4@ = 1 (62D 152,

(ﬂj |V, a = (2 'IV,) (ﬂ] |VI) * 5 fOI'j =1 2
with some b, € V,. Choose p < 2 such that |R |
< a” Then by the same argument as in Case 1,
we see that there exists ¢, > 0 such that
—log| 1, (G2 | = ¢, | ¢, |? for &, sufficiently
close to 0. (More precisely, as is shown in [1] and
[8] there exist 0 < ¢’ <c¢ such that ¢/ & |*

— log | ﬂ1(C1zl) | < 61”' ¢, 1% for all §,, where

«a is defined by | 2, | a’" .) Since g, |v is Gaus-
sian, — log | ﬂz(szz) | = ¢, &, with some ¢, > 0.
Since K(z) = — log| i(2) |, we see that there is

€ > 0 such that

(2.7) K(Cl‘zl + szz) (4 I & |P + czCz

for | ;| < e and | {,| < e Choose ¢ > 0 such
that | z| < & implies | ;| < e and | {,| < e. As
the Lebesgue measure dz equals cd{,d{, with

some positive constant ¢, we get, using (2.7),
dz
|z|<e” K(Z)

s e dg,dg,
<
c‘[e j:s Kz + Coz)
dg,dg,
<
Cj:sj:e (5 | ¢, |p + czgz

\/5172 f | €, 1 7% arctan (/E:ji & |—N28> ag,
7= 1o,

NCXR
< oo,
Hence (2.4) is obtained. This implies transience.
Proof is complete.
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