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Quadratic Relations between Logarithms of Algebraic Numbers
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So far, the four exponentials conjecture has
been solved only in one special case, namely
when the transcendence degree of the field which
is spanned by the four logarithms is 1. We pro-
duce a new proof of this statement, and we
announce a generalization: we replace the deter-
minant of a 2 X 2 matrix by any homogeneous
polynomial of degree 2.

§1. The results. The following statement
provides a solution of the four exponentials con-
jecture in transcendence degree 1.

Theorem 1. Let x, and x, be two complex
numbers which are linearly independent over Q, and
similarly let y,, Y, be lwo Q-linearly independent
complex numbers. Assume thatl the field Q(xl, Xy,
Y1, Y,) has transcendence degree 1 over Q. Then
one at least of the four numbers

ezlyl’ exlyZ, exzyl’ exzuz
18 transcendental.

For a proof of this result, we refer to [1]
Cor. 7 and [6] Cor. 4.

Our is goal to introduce a sketch of new
proof, where Gel'fond’s transcendence criterion
[3] (Chap. III, §4, lemma VII) is replaced by a
diophantine approximation result due to Wirsing
[8] §3. This new argument allows us to use Lau-
rent’s interpolations determinants [4] §6.

A generalization of theorem 1 can be
achieved with the same arguments. Here we
merely state the result; a complete proof (of a
more general statement) will be given in another
paper.

We denote by # the @Q-vector space of
logarithms of algebraic numbers:

P=exp ' (Q)={z€C;feQ)C,
where @ is the algebraic closure of @ in C and
Q" is the multiplicative group of non-zero algeb-
raic numbers.

Theorem 2. Let VS C” be the set of zeroes

. n N
in C° of a non-zero homogeneous polynomial
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PeQIX,,..., X, of degree <2 and let (A,,...,A,)
be a point in V with coordinales in €. Assume lhal
the field Q(A,,. .., A,) has transcendence degree 1
over Q. Then (A,,..., A,) is contained m a vector
subspace of C " which is defined over Q and con-
lained in V.

Theorem 1 is the special case of Theorem 2
when P is X, X, — X, X, with n = 4,

§2. Wirsing’s theorem. When « is a com-
plex algebraic number of degree d = [Q(a) : @QI,
we denote by M(a) its Mahler’s measure, which
is related to its absolute logarithmic height
h(a) by

dh(a) = log M(a).
The main tool of this paper is the following
theorem of Wirsing [8]:

Theorem 3. Lei 0 be a complex lranscendental
number. For any inleger D = 2 there exist infinitely
many algebraic numbers & which satisfy

[Q@:Ql <Dand| 6 — al < M@

§3. Laurent’s interpolation determinants.
A proof of the six exponentials theorem which
does not rest on Dirichlet’s box principle has
been given by M. Laurent in [4]: he replaces the
construction of an auxiliary function (which in-
volves Thue-Siegel lemma) by an explicit deter-
minant.

The following result is a variant of Proposi-
tion 9.5 of [7]: here, we include derivatives.

Proposition. Let L be a positive integer, E
and U be positive real numbers with 0 < log E
<4U. For 1 A< L, let ¢; be a complex func-
tion of one variable, b,,,. .., by, be complex numbers
and M, a real number; further, for 1 < u < L, let
€, be a complex number and 0, be a non-negative
integer. Assume that, for 1 < A < L, we have

M, = log sup max | ((d/d2)"¢),) (z¢) |

|z|=E 1=<u<L

and M, > log max | b, |.
U=

Finally, let € be a complex number with | e| < e
Then the logarithm of the absolule value of the de-
terminant

A = det((d/d*™¢,(C) + eby)1<au<s

-U
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is bounded by ,
U
logld| < —LU+W+ U+
L L
Llog2L) + 2 o,1o0g E + 2 M,.
u=1 a=1

§4. Philippon’s zero estimate. Let I be a
finitely generated subgroup of C X (C™)% We
fix a finite set of generators 7y,..., 7, of I', and
for any positive integer S we define a subset
I'(S) of I' by

reS) ={s,;y,+ -+ +s7:Gy,...,s) €Z,
0<s5<S5 QaQ<;<Dn}
We denote by I, the projection of I' on c"?
and by I7(S) the same projection of I'(S). With
these notations, we will need the following spe-
cial case of Philippon’s zero estimate [5].

Lemma. Let @ and b be two complex numbers
and D the derivative operator

(0/0X,) + aX,(0/0X,) + bX,(0/0X,).

Let Ty, T,, S, and S; be positive inlegers which
satisfy
S, > 18T, and S, > 18T,.

Assume that there exists a mon-zero polynomial
P € CIX,, X,, X,], of degree < T, with vespect to
X, of degree < T, with respect to each of the vari-
ables X, and X, such that

D°P(y) =0 forally € I'(S)) and 0 < g < S,
Then either I'y is of rank < 1, or else there exists
an algebraic subgroup G, of G,z,,, of dimension 1,
such that I' N G, is of finite index in I.

Proof. Consider the algebraic group G = G,
X G,Z,, and identify its tangent space at the origin
with C® so that the exponential map exp, of the
complex Lie group G(C) = C X (C*)? be given
by expg(2,; 2, 2,) = (2,; €™, € € G(C). The
assumption is that the polynomial P vanishes at
each point of I'(S;) with a multiplicity = S, + 1
along the one-parameter analytic subgroup A =
expg(W) where W= C(1;a, b) € C°. By vir-
tue of théoreme 2.1 of [5] (which, in this case,
holds with ¢ = 1), there exists a connected algeb-
raic subgroup G’ of G with G’ # G such that, if
we write G’ = G2° X G, with G, C G2, then we
have

[S,/31'7%S, /31" T2} < 31T, T
where 0, = dim(G,), rank(l,/ (I} N G,(C)))
and the brackets [-] denote the integral part.
Since S; > 187, for i=1,2, we deduce
0, <2 and I'<2—9, If §,=0, this gives
rank(I) < 2. If §, = 1, we get rank(l7;/(I; N

D. Roy and M. WALDSCHMIDT

[Vol. 71(A),

G,(())) = 0.

§5. Sketch of proof of theorem 1. Let x,
X5, Y1, Y, be four complex numbers in a field of
transcendence degree 1 over @ such that the four
numbers a;; = ¢, (i = 1,2, j = 1,2) are algeb-
raic. For simplicity we assume that there exists a
complex number & such that
x;=A,0), (i=1,2) and y, = B,;(0), (= 1,2),
where A,, A,, B,, B, are four polynomials in
QLX].

Our proof involves analytic functions of one
variable: for non-negative integers 7, £, f,, de-
fine

@T,(Z) — zre(t111+t212)z’
where the subscript ¢ stands for (¢, £,). Further,
when o, s,, s, are non-negative integers, we de-
fine polynomials Py, in Q[X] by

min{g,7} o!r!
Z o=l —n! ~
(tlAl + tZAZ)a_x(slBl + SZBZ) r—‘xa;llSIa;lZsza;iSla;gsz‘
According to this definition, it is readily checked
that we have

gs d ‘
P, = (E) Qe (519 + S295) .

The numbers ¢y, ¢,, €5, ¢4, ¢; which appear
below denote effectively computable constants,
which depend only on the absolute value of 6 and
the heights and degrees of the algebraic numbers
a;; as well as the heights and degrees of the
coefficients of the polynomials A; and B;. We let
¢ > 0 denote an integer which is say 16 times
larger than the maximum of the ¢;'s. Next, we
choose a positive integer D, which is bounded
from below by some function of ¢ which could be
made explicit. Finally we choose a positive inte-
ger N,, which is large compared wlth D, and ‘we
use Wirsing’s theorem 3: there exists an algeb-
raic number a which satisfies

[Q(w): Q] < D, N=1logM(a) = N,

and | 0 — a| < 7PV

We define positive integers Ty, T}, S,, S; by the
following conditions:
T,=[c’Dl, T,=[c"'N"*1, S,=cT,, S,=cT,.
We set L= (T, + 1)(T, + 1)* and we choose
any ordering of the set of L triples (7, £,
t,) which satisfy

0<7t<T,0=<4H<T,0=<4L<=<T,.
Similarly we choose any ordering of the set of
triples (o, s,, s,) which satisfy

gs __
P‘rt_
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0<0<S5,0<s5<S5,0<s,<8,.
This enables us to build a matrix M(X) =
(P}7 (X)) with coefficients in Q[X]. We wish to
prove that the specialization /() of this matrix
at the point a has rank < L. In order to achieve
this goal, we consider an arbitrary subset of tri-
ples (o, s,, s,) with L elements, and we intro-
duce the determinant 4(X) of the corresponding
L X L matrix. We claim that 4(a) vanishes.

We use the proposition of §3 for the func-
tions ¢, with

E=D,U=DN/4ande=¢".
For all (z, t, 0, s) € [0, T,] x [0, T,]* x [0, S,]
x [0, S,1%, we define a complex number b2, by
ebls = P () — P (6),
and we observe that the estimates
sup log| ((d/d2)™¢,,) (z(s,y, + s,4.)) | < M

z|=E
and log| b5 | < M
hold with
M = ¢,(T,log(T,S,E) + S,log(T,S,) + T,S,E).
Since2
U U 1
2LIogE +7 +log@L) + Sylog E+ M <5 U,

L

we conclude
|A(a) | S e—LDN/B.

The number A(a) is the value of a polynomial @,
with rational integer coefficients, at an algebraic
point; the coordinates of this algebraic point are
a, a,, Ay, (A, Q,y, as well as the coefficients of
the polynomials A,, A,, B,, B,. The length of @
is at most

L1(¢,T,S) " (¢, T,S) ™.
The degree of @ with respect to the variable cor-
responding to « is at most ¢;,L(T, + S;) ; for { =
1,2 and s = 1,2, the degree with respect to the
variable corresponding to a;; is at most LT,S;;
finally the degree with respect to each of the
other variables is at most L max{7,, S,}. From
Liouville’s inequality (see for instance [2] Lemma
9.2) we deduce that either A(a) # O or else

1
z‘loglﬁ(a) | = — C4D~(T0 log(Tosl) +

Solog(T,Sy) + T,S,) — ¢,(T, + Splog M()
> — ¢,c'DN.
According to the previous upper bound for
| Aa) |, we deduce A(a) = 0.
This completes the proof of our claim: the
matrix 4 (a) has rank < L. Therefore, if we set,
for s = (s,, s, € Z°,
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7. = (5,By(@) + 5,B,(a) ; i, o) € C X (C¥)?,
and if @ denotes the derivative operator
(0/0X,) + A (@) X,(0/0X,)) + A,(0) X,(0/0X,),
then there exist complex numbers p,, not all of
which are zero, such that the polynomial
P(X,, X,, X,) =
Ty, I, T,

>3 X p XXX, e ClX, X, X,]
0

T=0 t;=0 t,=0

satisfies

PPr) =0for 0<0<S,0<5,<8, (=1,2).
We define I', as the subgroup of (C*)? which is
generated by (&, a,) and (@, @,). From the
zero estimate (lemma in section 4), we deduce
that either I is of rank < 1, or else there exists
an algebraic subgroup G, of G,f, of dimension 1
such that I, N G,(C) is of finite index in 7. It
follows that either x; and x, are linearly depen-
dent over @, or else y, and y, are linearly depen-
dent over Q. This completes the sketch of proof
of Theorem 1.
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