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26. On a Conjecture of Shanks

By Akio FuJll

Department of Mathematics, Rikkyo University
(Communicated by Shokichi IYANAGA, M. J. A., April 12, 1994)

§1. Introduction. The purpose of the present article is to give some
refinements of the previous works [2]-[6] concerning Shanks’ conjecture.

Let o = B + iy run over the non-trivial zeros of the Riemann zeta func-
tion {(s). In explaining theoretically a strange tendency which appears

1
when one draws the graph of C< + zt) for t = 0 in the complex plain,
Shanks [8] has given the following conjecture.
1 .
Conjecture. C’(g + zT) is positive real in the mean.

Concerning this, we can show the following theorems. We suppose al-
ways that T > T, and C denotes some positive constant. Let R. H. be the
abbreviation of the Riemann Hypothesis. Let C, and C, be the Laurent coeffi-
cients in

1
L) = s—1
vy = Lo 2 T Lo L
Theorem 1. 0<TZSTC (o) = in Tlog o +(,— 1 57 1085 -
+ (C,— C) % + O (Texp(— C\/log D).
Theorem 2 (Under R. H). > {’ < + zr) Tlog2 277;

0<r<T

+(C0—1)Elog2—]7;+(c C) +O(T_log2T)
These imply that {’(o) is positive real in the mean and also improve
upon both our previous results [2][4][6] and also Conrey-Gohsh-Gonek [1].
Theorem 1 is announced in [6].
On the other hand, the following two theorems may provide us an ex-
planation of the strange tendency mentioned above.

Theorem 3. For 0 # 4 = 2na/log(T/2m) € 1, we have

1 — sin 2o .
iz, SOt i) = e nczzm + i(Sl?zZa> ) 22 log 2]7;
tar(-1+ () w(2a—1) - ma(a-o+ )

+ <£C— 1+ 4 + %)) + O (Texp(— Cvlog T)).
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Theorem 4 (Under R. H). For 0 #+ A = 2ra/log(T/2m) £ 1, we have
sin 2o

B g e 255)) = a2 () v
°g27r

* 2]7; ( 1+ <22)—M%<T*—17‘Z - 1) - (ETE>_M 1= (C(l i4) +%>
+ (% A +id) + i—!—)) + 0(T? log? 1.

These improve upon our previous results in [5][6]. The graph of

1 — sin 2o

2na .[ sin na)z)
O
in the complex plane fits very well with the statistical tendency of the graph
of p. 85 of Shanks [8].
Here we may mention the method in a few words. In our previous proof
we have used the following approximate functional equation as a starting
point; for 0 < ¢ = Rs < 1 and for t = Js = ¢,

o=z Liye x -1

n<yt R nS,/# n

2r
where we put x(s) = n's-%f'<1 ; s)/[’(%) with the I-function I'(s).

Then using our previous results on the sums of the form

iar irlog5L—
2 e and 2 ' %rmea
0<r<T 0<yY<T

we get our main terms with the worse remainder term. We see from the
beginning that by this method the remainder term cannot be better than
O(T¥*log T). Here we shall evaluate directly the complex integral as has
been done in Gonek [7], where he has proved among others that under R. H.
and for | a| £ (1 /4m)log(T/2m),

(g +ir+—7F))
logEE
We have given a refinement of this result in [3]. A further refinement can be
obtained by the present method.
Finally, the author wishes to express his thanks to Prof. Ramachandra
who has kindly invited the author to Tata Institut and also mentioned the ex-
istence of the work [1] to the author.

§2. Proof of Theorem 3. We put £(s) = s(s -1 F( )C(s), and
¢(s) = T (s) The functional equation of {(s) is {(1 — s) = x(1 — s)L(s).

_g
2) ,

=

0<r<T

= (1 — (Si;;m) ) 221 o’ T+ O(Tlog T).

We may suppose that 7> T, and T is not the imaginary part of the zeros of

1
€(s) and further that | T— r| > 7 for any 7. This restricton on T is

log T
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harmless within the remainder term O(Tzl”) for any positive €. We put
further a =1 + 0 with d = 1/log T.

We now consider the following integral [ around the rectangle R joining
the points @ + iC, a+ ¢T,1 — a+ ¢T and 1 — a + ¢C, where we suppose
that C is a constant satisfying | 4| < C.

I= ZLm £ () (s + il)ds.
Obviously,

I= 2 ((o+id).

0<7<T
On the other hand, we have

1 a+iT 1—a+iC 1-a+iT a+iC Sf .
I - —ZE <'£+ic 1—a+iT + f+zT ‘[—a+ic> —g (S)C(S + lA)dS
=,Il + I, + I, + I, say.
Since —g&— (s) € log’? Tfor —1 < 6 < 2, we have by Lemma 1 below,

L+1<1ogT [ | Lo+ iT+D)|do<yTlog'T.
l-a

Lemma 1. f | (o + iT) | do € VT.
1-a

Proof. The left hand side is
Ce—1T)

<<j:(IC(a+z‘T)|+ W_—iﬁ‘)da+fa(|c(o+m|+‘§—§‘(’,—:—’%Dda

1
<[ T"“lc(o+m|da+f T o+ iD |do= S, + S, say,
2

where we have used the following property;

, i [ TNT™ 11081 1
x(o—iD) = ¢t <§;>2 e’ (1 + 0(7))'
Using the approximate functional equation for {(s) described above, we get

S, < T‘%Nzﬁf%l(%) do+ T fnda+f T5% do < yT.

On the'other hand, using 4.11.1 of Tltchmarsh [9], we get

a pol 1 1-0—-iT _0
sz<<f otz L I(C_DO o+ O(T™)
n<T N
1
K VT Z f —do + \/~1 <<\/_ Q.E.D.

nT
We shall next evaluate I By the deflmtlon of £(s), we get first

1 T/ . 1 a+ it 1
I = 27 J, <f(a+ i) + <§¢(———2 ) —Elogn)
2(@+it) —1
t Gt i@ a=n) @t it = I+ I+ T, say.
It is easﬂy seen that

- & 2 A(m) Tl
L= EE L el @lt@l<

m=2n=1 m n
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where A(n) is the von-Mangoldt function.
=2 L (2~ tog2n +10gt+ 05))ar
J. = 4T 2 na+m c n” 2 0g am og

-1 (mi_ 1 _ log T
== (3 log27z:>T+ = (Tlog T— 1) + 0(%~).
By the functional equation, we get

___1__ a+iT sr C(s + id)
L= om hvic & ()x(s+z’A) ds
1 [eriT g . 1 /s—id\y 1
= 2 e (f“““‘”(ﬂ( 5) — glogn)

2(s —i4) — 1 ol

1
=K, + K,+ K, + 0T 2log’ 1), say.
By applying Lemma 5 of Gonek [7], we get

K, = f 20— a—iDtia+ id Cc (a+ it — A))dt
S M(A, %) + O(T ),

where we put

M4, V)= X X Amm"”.

1<k<Y mlk
Similarly, we get
i 1 a1
K, = 2 1++5 2 logn+ O 2log D).
1<n< L 1<n< L

Since J; € % log T and K, € T2 log T, we get

S Lo+ i) = — M(— 4 —T—) + o log o — 5 + OGTlog* .

0<r<T ' 21
Finally, we get

T 1+i4
M( ,—27—7;>=—%(1—iA)2—£ <127-T|->zA €A + i) + O(T exp(— Cylog 1)),
because < T)S < T)l““
1 r_¢C YL em .

- M(A, %) + O(T exp(— Cyiog T)),

where R, is the contour joining the points b — iU, b+ iU, @ + :U and
d@ — iU and we put U= exp(CylogT),a=1 logU and b = logT'
From these results we get our Theorem 3 as stated in the introduction.
83. Proof of Theorem 4. We asssume R.H. in this section. We notice
that the restriction on T imposed at the beginning of the preivious section is
now harmless within the remainder term O(T°) for any positive &. Now we
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have the following formula at hand;
T) 4 T T T

0<,§TC< +’(T+A))_ M(‘Ag glogzn 27t+0(\/7‘10g7)

We put for simplicity X =T/2n, B=1+1/logXand A= 1/log U,

1
where U satisfies X< U< X+ 1land |[U—A4—17|>» Ufor any 7.

log

By our choice of parameters, we get first
1 B+iU

= 2mi Jpiw (_ % (= M)>

On the other hand, we have

L - wo

= M4, X) + O(log” X).

S

< . X . Clo + id) X+
—f(l—tA)X-FmC(l-l-tA)—‘TEU o+ id + o)
1+i4
=Q,+Q,+Q;,— CC —iA)X-I—1+lAC(1+zA)+Q4+O(1) say.

We get as in the previous section

Q< ([+ [+ [ )% o+iv=-alite+iv)|ds

1 .
<<_/;< |0+i(U__A)_p|+logU)|C(0+zU)|d0+«/)_(logX

|U-4-r1<1 ol
U 2 1 -0
<logU[ , soq5( S S+0 T —)do
_éJrﬁc_Uo—l/Z S nedU n'

. [TTERT
+ log Uj; 2T

2
Similarly, we get

Wd0+\/)~(logX<<x/)_(logX.

Q, < VXlogX.
We shall next estimate @,. First we have

1 —A+iU Xs
Q=i ) (CC A= s+il) =51 —s+i)2a = 9x () - ds
= @, + Q,, say.
_eal & Am) =2 1 -t i x(—A+1t)
Q=X %Ez AT El e (_[ + f >(X n — A+ it dt
+0(og” V)
= Q; + Q" + O(og® U) say.
£ U )
QxS AW 5 1| [T (s s ok 4 0 D) ar
m=2 n=1 g 1
<L log2 U,

where we have used Lemma 4.5 of Titchmarsh [9] to estimate the last integ-
ral.
Treating @”5 and @, similarly, we get
Q, < log’ U.
Finally, since
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2

| ¢(5 + it + o)

1 1
Q<vx( = P(= ) «vXogx,
0<r<LX T 0<r<X
we get 1+i4
M@, 0 =~ % Q=X+ 5 (0 + i) + 06X log? ).

This proves our Theorem 4.

1 7
§4. Proof of Theorems 1 and 2. By evaluating S j}; % (s) U'(s)ds,

we get as in the preceding section .
T l@W=— X Amlogn+ T log’n+ O(T* 2log’ D),

0<r<T T T
mnszﬂ lSnSzI

where we use the following lemma with @ = 1+ 1/log T which can be
proved in the same manner as Lemma 1.

Lemma 2. f | (o + i) |do € yTlogT.
l1-a

By evaluating —2%[7'[;1<_ CC, (s))(— C’(s) —(T—/szl)—ds, we get as in

the section 2,

T

_ 1 : T _ I,.. L
2 A(m) logn = ETlog o C,+1 o log on

T
mnsﬁ

T 2= C +C) o + OTexp(~ Cylog T).

This proves Theorem 1.
If we assume the Riemann Hypothesis, it is clear as in the previous sec-
tion that the remainder term O(T exp(— Cylog T)) can be replaced by

oWT log% T). This proves our Theorem 2.
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