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39. Contiguity Relations for g-hypergeometric
Function and Related Quantum Group

By Eiji HORIKAWA

Department of Mathematical Sciences, University of Tokyo
(Communicated by Kunihiko KODAIRA, M. J. A., Sept. 14, 1992)

§1. Introduction. Gauss’ hypergeometric function F = F(a, 8, 7; x)
is defined to be the power series

(@)n (.lj)n
(1.1) F= Z (r) M, L
where (@), = a(a + 1) (o + 2) (¢ + n— 1) ete. It satisfies a well-
known differential equation
(1.2) x( = 0.

It is sometimes more convement to write it in the form

(1.3) @ '0@+r—1)— O+a)(6+p)F=0,

where € = xd/dx. Heine defined its g-analogue ¢ = ¢(«, 8, 7;q;x) by the
following power series (see, for example, [3]):

(1. 4) = s laddat 1 latn— 1LIBLIB + 1], - [B+n—1],
n=0 Lrlly + 114 - - Iy + n — 11,010,121, - - [#],

Here [a], denotes the basic number. That is

(1.5) [A], = @ —q*

qg—q!
for any number A.
Remark. Heine and some authors define the basic number by the formula

_1-g
(1.6) [Al, = 1—q°

Some formulas look differently in this case (compare [1]). Throughout this
paper, we stick to (1.5).

We introduce a shift operator T by
(1.7) Tf (z) = f(gx),

and a g-difference operator

— -1
o1, = L=
q9—4q
The latter is a g-analogue of xd/dx. We also introduce
zaT —_— Z—aT—l
(1.8) [0+ al, = 1 ’
q9—4

so that, we have
(1.9) [6 + alx” = [n + alx”.

The power series (1.4) satisfies the following g-difference equation
(1.10) (@010 + v — 11, — [0 + al, [0 + Bl) ¢ = 0.
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This is an analogue of (1.3).

If we fix a set of parameters (&, B, 1), then F (&, B’, 7" ; x) is called a
contiguous function of F(a, 8, 7;x), provided that |a —a’|,|B8 — B’ l,
| r— 1" | are all less than or equal to 1. It is known that there are differen-
tial operators of order 1 which produce contiguous functions out of F (a,
B, 7:x) (19,7]). These operators can be labeled as E;; (1 <i,7 < 4,1 # j),
and they correspond to basis elements of the Lie algebra 3((4). We introduce
a new set of parameters A;, 1 = 1, 2, 3, 4 by the following relations

a’=/12, B=1—/14, T=/12+23=2_'/11—/14,
with 2241 A; = 2. Then E;; increases A; and decreases A; by 1. For example,
E; raises a and 7, while Ei3 simply lowers 7. This new set of parameters
stems from the Grassmann point of view of Gelfand et al ([4,5,6]) that F
should be regarded as a function on the Grassmannian G4 of the 2-planes
in a 4-space, on which SL(4) acts on the right.

In this paper, we explicitly write down the contiguity relations for
Heine’s series in terms of g-difference operators and the shift operator. It
turns out that these operators constitute a representation of UySL(4)), the
g-analogue of the universal enveloping algebra of the Lie group SL(4)
(see[2,8]).

§2. Contiguity operators. We first introduce the following 4 obvious
operators acting on Heine's series.

(2.1) Eyp=—16+ al,,

(2.2) Ey= — [0+ Bl,,

(2.3) E; =16+ T —1],,
(2.4) E,.=x7'[6],.

To describe the operation of E;; on Heine's series, we introduce the following
notation. We simply write ¢ instead of ¢(a, 8, 7; q;x) and indicate the
contiguous functions by super and subscripts. For example
*=¢a+1,B8,7;9;%),
or=o(a,B, 7~ 1;q9;1),
" =gpa+ 1,8+ 1, r+1;q;x).
The above 4 operators satisfy

(2.5) Exp = —lalye?,
(2.6) Eup = — [Bl¢?,
(2.7) E13§0 = [T - 1]q§0r,
(2.8) Exnp = [a%')’gq] (paBT.

We note (1.10) is written in the form
(EsuEyz — EuExn) o = 0.
By analogy of the classical factorization method, we obtain
(29) Esp=2x[0+pl,— [0+ 71— al, Eyo = la — 1)4@a,
(2.10) En=2x[0+ al, — [6 + v — B8], Eune = [B — 7lags,
211) Ea=1[0+a+— 1~z 6l, Eup=-12 7%;%‘5 =e o,
(2.12) E4u= z[0 + o+ B — 1]q — [6 + T — 11, Epp = [1-— T]q¢aﬁr~
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We further define

(2.13) E» = (¢°x[6 + Blg— 16+ 7r—11)T, Eyo = [1 — 7]i@ar,
(2.14) Ez = (@°160 + al, — ¢ 2 [01) T, E,p = Ml%%]q—ﬂhp“’,
(2.15) Esx= — (q¢°l60+ Bla — ¢ 27! [61) T,
g = — 1By —ala g,
34 [T]q
(2.16) Eu=— (¢°zl0 +al,— [0+ 17— 11T,  Ewue =1[1— 1le@sr
We remark that these are determined by the following relations:
(2.17) EyEs; — ¢ 'EnE 3 = ¢4 Ey,
(2.18) EuEy — qEpEw = ¢ MEy,
(2.19) EnEs — qE3E = ¢ REy,
(2.20) EuEy — q 'EqEy = ¢ 'Ey,
(2.21) EgE»; — q'EpEp = ¢ 'Ey,
(2.22) EyE\; — qEE. = ¢ MEg,
(2.23) EnEz — qEwuEs; = ¢ Es,
(2.24) EyEy — ¢ 'EuEs = ¢ 'Es.

Theorem 1. These 12 operators E;;, i  J give contiguity velations which,
m the limit @ — 1, reduce to those for Gauss’ hypergeometric function.
§3. Representaion of USL(4)). We set
ei = Eiin, fi= Eisi 1=1, 2, 3.
By a direct calculation, the commutator Le;, fi] = ef; — fie; satisfies

(3.1) Lei, file = [Ai — Ainileo, =1, 2, 3.

In view of these, we define

(32) q’”go - qh—hu(p, Z= 1’ 2, 3

Then we have

(3.3) len flog =L ="y i=1,2,3

We also have 74

(3.4) q"eq"e = q%e;0,

(3.5) a"ia Mo = ¢ *fio,

where a;; = 2, a;ix1 = — 1, and a;; = 0 for the rest. In order to show that

these operations give a representaion of the g-analogue Uy SL(4)) of the uni-
versal enveloping algebra of SL(4), we check that the following equalities
hold in addition to (3.3) - (3.5) (see[8]).

(3.6) efeir1 — (g + g Veieiriei + ejx1ef = 0,
(3.7) fifisr — (@ T g Vfifinrfi + finff =0,
(3.8) eie; = eje; for|i—jl|>1,
(3.9) fifi = fifi forli—jl|>1,
(3.10) e,-ﬁ =fj€i for ¢ # ]

(The double signs are to be read in same order in (3.6) (3.7).)

We can state our main result as follows.

Theorem 2. These actions of {ei, fi, 4"} determine a vepresentation of
U,(SL(4)).

This is valid not only for (1.4), but also for any solution of (1.10). In a
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forthcoming paper, we shall study a similar problem for a g-analogue of
Lauricella’s Fp of I variables, which is related to the Grassmannian Gz +3,
and therefore to SL(I + 3).
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