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72. An Additive Problem of Prime Numbers. III

By Akio FuJnu
Department of Mathematics, Rikkyo University

(Communicated by Shokichi IYANAGA, M. J. A,, Oct. 14, 1991)

§1. Let 7 run over the imaginary parts of the zeros of the Riemann
zeta function {(s). We assume the Riemann Hypothesis throughout this
article. Here we are concerned with the value distribution of the bounded
oscillating quantity G(X) for X>1 defined by

_ Xi7
G0 _m{;;) 1/2+iN3/2+11) }

This function plays important roles in some problems in the analytic
theory of numbers. We may recall two formulas involving G(X). One is
concerned with Goldbach’s problem on average and the other is concerned
with the prime number theorem on average.

(I) For X>X,, we have

1 , 1
ngiv{mg;:n Am) Ak)—n- LL (1+m) p[xl (1 (p—1) >}
=—4X"*G(X)+0((X log X)'*'*),
where A(n) is the von Mangoldt function.
(II) For X>1, we have

fX (3 A —y)dy = —2X"*G(X) — X log (2r) +1og (27)+C,
—1—-6/)(@)—X z (X-%4/20(20—1)),

where C, is the Euler constant.

(I) has been proved in the author’s previous work [7]. (ID) is known
to hold without assuming any unproved hypothesis in the following form
(cf. p. 52 and p. 74 of Edwards [5]). For X>1,

[(Cam-—pay=— > X°__x5 X" __Zoxel.
i S plo+D i 20Q@a—1) ¢ ¢

In (II), G(X) is the only oscillating part. However in (I), the remainder
term has still another oscillating property connected with the distribution
of the zeros of £(s) as has been seen in [6] and [7].

We notice that the formula (II) implies, for example, that

G=1/2)(—(1/2)+C,—(6/z")¢'(2)—log 2)

and
G@2)=(1/4V'2)(1—log =+ C,—(6/7)¢'(2)+log 2—(3/2)log 3).
Generally, we have for X>1,
G(X)+(1/2X*{(X —Dlog n— Cy+(6/a) £'(2)} — (1/2X*H){(X?/2) —1}
=—(1/2X*){(X —1)log 2+log A, + (X —[X]) log A,
—log(1—(1/X)+ (X +1)/2)log(1—(1/X*)},
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where A, and A, are the integers defined by
4 { ]’[ n p[los n/log p] if X23

=2<n<[X]-1 p<n

1 1 if 1<X<3
an
[log [Xx]/10g p] i 2
A2={Psgﬂp it XZ
1 if 1<X<2,

[X] being the Gauss symbol. Since the right hand side is =0 (in fact, it is
<0), we get the following consequence by applying Baker’s Theorem 2 in
[2] on the linear combination of the logarithms of the algebraic numbers.

Corollary 1. If X(>1) is an algebraic number, then

G(X)+(12X"){(X —1) log 7 —Co+(6/z) (@)}

18 o transcendental number. ‘

Without assuming any unproved hypothesw we see that if X>1 is an
algebraic number, then

Zoé‘aﬁ’%,f;‘i ) (X**o(p+1)+(X—1)log r—C,+(6/z")'(2)

is a transcendental number. More generally, we can formulate a similar
result for the sum

2 =0 (X oo+ D (p+2)- - -(o+ k) for k>2.
0<R(p)<1

§2. We are next concerned with the value distribution of G(X) as
X—co. We shall give first a rough estimate of G(X). It implies, in
principle, that

G(X)>0.012 for infinitely many X
and
G(X)<—0.012 for infinitely many X.
This should be compared with Littlewood [11].
To see this we rewrite G(X) as follows.

GX)=-3 cos(7log X) > 3 cos(7 log X)4-2r sin(y log X)

5 rt1/4 5 (F*+1/9)(1°+9/4)

= —G(X)+Gy(X), say.

1

G(X)|<2
|G Dl Z "+ 1/DVT*+9/4

d 1 2 = 1 3

2
= mZ 5+ 1/4)VT+9/4 + NI+ 9/4 {mz 73+1/4 1:‘: rm+1/4 }

<0.00105+4-0.00094 < 0.0020,
where 7, is the m-th positive imaginary part of the zeros of &(s) for
m=1,2,3, ... and we notice that 7,=14.1347251..., 71,=21.0220396- - -,
7,=25.0108575- - -, 7,=30.4248761... and > ._,1/(r%+1/4)=0.02309- ...
Suppose that M is the largest integer such that r,<(23/25)(r1+1/4). M
can be taken to be 70. Then we have

_ & cos(r, log X) oo 1
Gi(X) mZ=:1 7h+1/4 SI(%/%) ai+ye tP4-1/4 d(ogr_'—‘stl)
log ((23/25)(r:+1/4)e/2r) 1 3 23
= 27(23/25)(r1+1/4) (r’+1/4)* (23/25) {0'137 log( 25 (7'1—1- 4 ))
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23/ 1
0.4431og 1 <__<2 _)> 4.350}
+ oglog( 2211+ ) )+

1
<
T r41/4
where we have used Backlund’s estimate (cf. p. 134 of [5]) for T >2

5 .1—<_T_ og L T —%)l <0.137 log T +0.443 log log T +4.350.
<y <T

(0.757324-0.10274)<0.0043,

27 2t  2m
Thus we get
M
G(X)= — cos (7, log X) 0,
I
where
101<0.0063.

Now suppose that for e=1/10, y* and some integers k,,, m=1,2, -..,70
satisfy
Tay* —n—2rk,|<e for m=1,2, ..-,70.
By Kronecker’s theorem this is possible if 7,,7,, - -+ and 7, are linearly
independent over the rationals. In fact, we do not need to assume it. We
could find such solutions by Odlyzko and te Riele [14], where they have
encountered a similar problem and have disproved Mertens Conjecture by
using them. Thus we get
GEe)=2%_,1/r,+1/9))+6'+6,
where
|0 |<e8 32 (1/(rE,+1/4))<e*-0.02309 . - - <0.0003.
Since
|0+6'|<0.0066 and n . (1)r,+1/4)>0.0187,
we get y* such that G(ev*)>0.012.
Similarly, one could get y** such that G(ev*)< —0.012.
§3. Here we shall seek a more precise information concerning the
value distribution of G(X) as X—>oc0. We propose the following problem.
Problem. To study the function g(B) of B defined by
9(®=lim,_. (1/X)|{a  [1, X], G@)<p}),
assuming that it exists, where |B|<> <, /v TP +1/4-4/ 172+ 9/4).
A more general problem may be the value distribution of
U (X)=2 0 (XY[(1)2497)(B/2+17)).
This problem corresponds to the value distribution of
log £ (g, +1t)
for any ¢,>1. Bohr and Jessen (cf. [3], [4] and Chap. XI of [17]) constructed
a beautiful theory to this, where the linear independence of the logarithms
of prime numbers is essential. We shall describe below some consequences
of the analogue of Bohr-Jessen’s theory under the following assumption.
(A): 71.’s are linearly independent over the rationals.
We put

F@=U(e)= 3, rpet@mw
m=1
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with

Tw=Q/VT0+1/4-V7%+9/4)
and
V,=—arg(((3/2)+11,)((1/2)+1i1,)  for m=1,2,3, ---.
We put also

DO)=D (O, Osy s, -+ -1 Oy -+ )= 3 7 50,

where 0<4,,<1.
Under (A), for any ¢>0, there exist N, « and 4., 65, 6;, - - -, 0 such that

m=N+1 m=N+1

and
N N ,
Z o 6i(a7m+ Tm) __ Z P eanm <6-
m=1 m=1

Moreover, the situation is simpler since the sums of the convex curves in
Bohr-Jessen’s theory is here the sums of the circles. Thus we get the
following results.
(IIT)  {the values taken by f(a)} is everywhere dense in the set
{the velues taken by ®(0)}. Moreover we have
1
thltkbq):{;< }
{the values taken by @ ()} = w lw|_§] Wrc 7 Yy,
(IV) For any closed rectangle R in the complex plane, we have
lim _;-{—I{OgagX; @ eR}l—_—” F(z+iy)dzdy,
R

X -

where the continuous function F(x41y) is constructed below.
For (III), we notice only that
1 < i 1 .
NOH1/4-V7349/4 ~ m=2 /75 +1/4-4/72+9/4
From (IV), we get the following consequence concerning our problem stated
above.

1

Corollary 2. F n the interval —r=—
orollary or any f in the interval —r §> NTP+1/4.4/774-9/4

<p<L+7r, we have

9(/3)=£:‘[: F(x+iy)dzdy.

We shall now describe the construction of F(z). For this purpose we
put
Sy={r e+ r,e"; 0<6,,0,<1}.
Let F',(2) be defined by

1 1 if z € “the interior of 2,”,
Fy(2)— m* N Ariri—(zf—ri—7rd?
? oo if 2z € “the boundary of 3,”,
0 if ze 2,.

Using this we define F',(z) for N>3 by
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1 M 1
Fr(2)= j I . f Fi(z— 1t |9 _ ... _y} 004, db, - - - dOy,
0JO 0
where we put ri=r,, ri=1;, ri="1y, T4="75, T4="7,, T4=7, and r,=r, for n>9.
Then we define F(z) by
F(z)=1im F ().
N—ooo

This F'(z) is the desired function as is proved in Bohr-Jessen [3] and [4] (cf.
[13] for a sketch of their method).

§4. As a supplement to the previous sections, we may describe some
remarks on the value distribution of G,(X) which is defined below and
plays also an important role in the prime number theory.

G X)=R{> -0 X¥/i1} for X>1.
Gy(X) is a special value of the following zeta function Z,(s) which was
introduced by the author in [8] and [9] and is shown to be entire as a
function of s.
Z8)=2 s Sin(an)/r’.
In fact, G(X)=Z,,x(1) and it appears in the following formula (cf. Guinand
[10D).

Zgz(D=—L 5o AW 1 A(X)+(¢X~ 1 >+%log VX +1

2 ik vn | 4 VX VX VX —1
1 11 11
Zarctan—r—— > C,— = 71—~ 1log 8

+2arcan¢X 2 0 87‘!’ 4og7r

— 1 —_—
= —21/—}7{7»%/1(%) X}+0Q).
We notice first that for any algebraic number X >1,
\/X +1 :;!:AgP(X)"‘/‘/?Za(—l)' J=i2 ex,

VX -1
where we put
{ I p*® if X>2
A3= p<[X]
1 if 1<X<2,

a(p)=(—p-niestxinosalyj(\/p —1) and P(X)=e!®,

because the right hand side is transcendental by Baker’s Theorem 3 in [2].
Then using Baker’s Theorem 2 in [2], we get the following consequence.

Corollary 3. If X is an algebraic number >1, then

Gy(X)—(1/2)arctan(1/v X)+1/4) Cy+(1/4)1og =

is a transcendental number.

Here we may notice that the following assumption (A’) implies the
existence of X*=¢¥" and a positive constant C, satisfying

> A(n)—X*>Cy/ X* log?X*,

n<X*

since, by pp. 255-256 of [15], for X, T'>2, we have
STAM)—X=—2/X 3] w+o(¢r+w>,
7

<X or=r T

(A): For any ¢>0 and any T>T,, there exists a number y* such thaot
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i) e"»v™ ALT for some positive constant A
and

i) with some integers m,,

[1y* +(x/2) —27m,|< e for 0<r<T.

(A’) might be too strong because its consequence is much stronger than
Montgomery’s suggestion in the Foreward of Ingham [11].

Moreover, the value distribution of G(X) as X varies is a little bit
delicate as is seen in the following theorem proved by the author in [8] and
[91.

(V) For any prime number p and an integer k>1, we have

lim 3 sin(y (log p* +x/m)) — T (D= 1 _IO_g£ "ﬁt_ dt

Mmoo 0<7m e +2n’ prr Jo ¢t

and

. _ _— 1 logp (= sint
R = s

(V) represents Gibbs’s phenomenon.
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