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1. Let 2 be a bounded domain in R¥ with C~ boundary 92 and
at(x)=a’(x), b'(x) and c(x) be real valued functions belonging to C=(2).
In this note we shall consider the regularity up to the boundary of
the solution for the following boundary value problem :

[Pl Au= Z (@) ——— +Z b’(x) % tfe@u=r(x) inf,
=1 ox ia x; = x,
U5o=0,
under the agsumptions on A :

Al oz, é.’)=gNil a(x)§.£,20  for (w, &) € 2 (R\{0}).

A2 ¢(x)<0 and

2)<0 on 2.
ulaﬁ,()

A3 0Qis non-characteristic for A.
AL o 0=3 { }eﬁeo
for (x, 5) € Z {(x, &) € 2X (R¥\{0}) | ay(x, §)=0}.

Several existence, uniqueness and regularity theorems of the
problem [P] were proved in Fichera [1], [2], Kohn-Nirenberg [4] and
Oleinik [5], Oleinik-Radkevi¢ [6]. In fact, it is known that there is a
uniquely determined weak solution u e L*(2) of [P] with f e L*Q) if
the conditions Al, A2 and A3 hold. Here u € L*2) is called the weak
solution of [P] with f e L*(#) if the identity

1.1) j uAde= j _fode holds for all ve C~() with v],;=0,
—Z

where
4,5=1 ox ia = { }

Aty= % at(x)

Concerning the local regularity of thls Weak solutlon, we can
apply Theorem 5.9 in Hormander [3] to the operator A if the condi-
tions Al and A4 hold (see also Radkevi¢ [7]). That is, if » is the
weak solution of [P] with f e H*(2),” then we have u ¢ H**'(U) for any
open set U such that Uc Q. This is the reason why we consider the
boundary value problem [P].

1) H%(2) denotes the Sobolev space on £ for non-negative integer k.
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Theorem 1. Assume that the conditions Al, A2, A3 and A4 hold.
Then the weak solution wue L*2) of [P] with fe H*(2) belongs to
HY(Q). In particular, if f e C=(2), then u e C~(2).

Remark. H. Yamada [8] proposed a sufficient condition for the
weak solution u € L) of [P] with f e C~(2) to be in C~(2). But his
condition is more restrictive than ours, i.e., strong ellipticity on 92
is assumed besides Al, A2 and A3.

The author expresses his gratitude to Prof. Y. Ohya for his sug-
gestions and to Dr. A. Matsumura for his encouragement.

2. Let x, be any point on 3£2. Since the boundary 3£ is non-
characteristic for A, we can choose a neighborhood U of x, such that

(i) the boundary o2 is described by the equation ¢(x)=0 in U,
where Vg0 on 02 and ¢>0 in 2.

(ii) there are n independent C= functions 6, ---,d,, where
n=N—1, such that >7,_, a"(x)(0¢/0%,)(@0,/9%,)=0 in U and 6,(x,)=0
for k=1,2, .-, n.

Thus there exist a neighborhood V of z, (VCU) and a diffeo-
morphism ¢ of the form y=4¢(x), x;=0,(x) for k=1,2, - - ., n such that

(i) the image of VN2 under @ is Q,,=(0,d,) XB;,, where B,,
={x’ e R*||2’|<d,} with §,>0, and the image of V' NdL under & is
{0} X B;,.

(ii) the operator A is transformed into

az n 62 n
2.1 , /{ ij , / J , /
@1 ay, «’) o +i§=:18 W x)ax;ax;. +jZ=IIs(y ')

0
ox

+b(y, oc’)i +c(y, x’)},
0y

where «>0 on @,,, s*/=s’ and all the coefficients are real valued func-
tions belonging to C~(@Q,,).

Of course, it suffices to consider «a=1. This coordinate transfor-
mation (we write z in place of z’) reduces Al and A4 to

@2) S @,9=3] U@ 0EEZ0  for (U, ,8) e @, X (R*\{0)
j=
and
n n iJ
2.3) S,z $)=jZl {8’(% x)—Z; aajc ¥, x)}éﬁbo
= = ]
for (y, x,8) € X5, ={(¥, %, &) € Qs, X (R"\ {0} | Sy(y, , £)=0}.
Set C5,([0, ) X B,)={u|u is a restriction of w e Cy((—4,5)XB,) to
[0, 6) X B,} for §,0<6<4,. To prove Theorem 1 it is sufficient to show
the following
Proposition. Assume that the conditions (2.2) and (2.8) hold and
that u e LXQ,,) and f € H¥(Q,,) satisfy the identity

@.4) ” . uzwydx=” , rdydz  for all v e C5(10, 00X By)
0 3o
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with
(0, 2)=0.
Then there is a positive constant 6<d, such that u e H*+*'(Q;).
To show the proposition we prepare the following lemmas.
Set
L e, s
@m)* J&n
for u € C%,([0, 8) X B;) and r € R, where 4(y, &) is the Fourier transform
of u(y, x) with respect to x. Integration by parts gives
Lemma 1. Assume that the conditions (2.2) and (2.83) hold. If
d is sufficiently small, then for any r € R, there is a constant C inde-

pendent of u such that
7 2] 78w 2 Ju] HIT = OUT Al Tl
for all we C(O)([O, 8) X B;) with u(0, x)=0, where || ||, denotes the norm

in LA(R™1).
Set

T uy, )=

0 » d
S(l)( , & _)___ sy, x
O\ 2 o Zl (v )8xi
and

0 n, osY o°
S ( » Xy ‘—)= ( ’ x)
w\Y ox gi‘l ox, y 02,0%;

for I=1,2, ...,n. A sharp form of Garding’s inequality gives
Lemma 2. Assume that the condition (2.2) holds. Then for any
re R, there is a constant C independent of u such that

2.6) Zl T, . amSE (’.’/’ Z, ) T, (l/z)Sz(z)(?/’ x, 9 )u

ox
=C (‘ 2(2/, ¥ e

for all uw e C%,([0, 0) X B;).

Once Lemmas 1 and 2 have been proved, the analogous reasoning
to Hormander [3] gives the proposition.

3. We shall remark on the boundary value problem of Neumann
type. Let 2 be a bounded domain in R%={(y, x) € R*|y>0} with C~
boundary 2. For simplicity we shall assume that in a neighborhood
U of the origin the boundary a2 is described by the equation y=+(x)
with ¢ (2)=>0 and y(0)=0 and that the boundary 42 doesn’t touch the
z axis outside of U. Let’s consider the following boundary value
problem :

0

u[‘o+u 7,.ul)

[P’] (A—oz)u=@~—|- +ca_u —au=f inQ,
a 2 ax2
a,u = n1 + nzy =0 with a positive constant «,

ax
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where ¢ is a nonzero real constant and n=(n,, n,) is the unit inner
normal vector to 02 (6, denotes the conormal derivative corresponding
to A).

We obtain

Theorem 2. Thereis a constant a,>0 such that we have a weak
solution u € L*(2) of [P'] with f e L*(Q) if a>a,. Moreover any weak
solution uw e L*(Q) of [P’] with f e H*(Q) belongs to H**(2). In par-
ticular, if f e C=(Q), then u e C=(2).

Here u € L(2) is called a weak solution of [P’] with fe L*Q) if
the identity

3.1) f j . um(A—oz)‘vdydx=”a fodydr  Tolds for all v e C=(2)

with
@,—cny)v|;0=0.
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