No. 8] Proc. Japan Acad., 58, Ser. A (1982) 345

96. Hadamard’s Variational Formula for the
Bergman Kernel

By Gen KOMATSU
Department of Mathematics, Osaka University

(Communicated by Koésaku YosipA, M. J. A., Oct. 12, 1982)

§ 1. Statement of the theorem. Our purpose is to justify the
Hadamard’s (first) variational formula for the Bergman kernel asso-
ciated to a strictly pseudo-convex domain in C™ with n>2.

Let Q,cC™ with n=>1 be a bounded domain with smooth boundary
052,, given by 2,={z € C"; r(z)<0}, where r € C~(C"; R) with dr+0 on
08, is a defining function of 2, Every domain close to 2, is parame-
trized by a small real-valued function p on 492, in such a way that the
boundary of that domain £2, is given by
(1) 02,={z+p(@)(2); z € 082,},
where v(2)=dr(z)/|dr ()| is identified with an element of C".

Let K*(z, w) for (2, w) € 2,%X 2, denote the Bergman kernel asso-
ciated to 2,, which is the reproducing kernel associated to the space
L*H(R,) of L*£,)-holomorphic functions. With 6pe C~(32,; R) and
(2, w) € 2,X 2, fixed arbitrarily, we set

(2) 0K* (2, w)= —gE—K"“““(z, W)|e=os

which is the Hadamard’s first variation of K*(z, w) at p in the direction
do. Inthe case n=1, it has been observed by Schiffer [10] (see also
Bergman-Schiffer [2], [8]) that the variation (2) at p=0 is given by the
following so-called Hadamard’s (first) variational formula :

(3) — 0K w)= | K OK'G w)ie@dS'Q),

where dS°(¢) stands for the standard surface element of 32,at{. Our
purpose is to prove the following :

Theorem. If 2,1s strictly pseudo-convex, then the variation (2)
at p=0 exists and is given by (3).

Notice that the right hand side of (3) makes sense, for if 2, is
strictly pseudo-convex then K°(-, -) is smooth on (2,x2,)\4, where 4
denotes the diagonal of 02,%x 02, (see Kerzman [9]).

§ 2. Existence of the variation (2). We begin with constructing
a diffeomorphism e,: C*—C" for p small, which satisfies
(4) e, () =2+ p(@)v(2) for ze 0, (cf. (1)).

Given a small constant ¢,>0, we set N(s)={z € C"; [r(2)|<e}. Then,
every point z e N(g,) is uniquely expressed as z=z,+7(2)v(z,), where
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2, € 082, is the nearest point to z. Given a constant ¢, with 0<e, <¢,/4,
we choose y, € C7(R; R) satisfying
wr)=1 for |r/=e, and 1 L 'Xo(”')!é o
(=0 for |r|=3e, dr |7 de,
Given p e V(e)={o € C~(092,; R) ; |p(?)|<¢, for z € 022,}, we define a map-
ping e,: C*"—C" by setting
e,(R) =2+ 1 (r(2)p(2,)v(z,)  for z € N(ey),
e,(R)=z otherwise.
Then, e, is a diffeomorphism satisfying (4) and ¢, (2,)=2,.
By means of ¢,, one can pull back in general a function f* on £,
and a linear operator L’ acting on f* as follows:
So=¢eifr=froe, L,f,=(efLre;"*)f,=(L(f,°¢e"))ce,
Let Pr: L¥Q,)—L*H(2,)C L*f,) denote the Bergman projection asso-
ciated to 2,, which is the orthogonal projection to L’H(2,) and is
related to K¢(z, w) by

Pryr(z)= L Ke(z, w) fr(w)dV°w)  for fr e LA@,),

where dV°(w) stands for the standard volume form of C" at we 2,.
Then, P,=e}Pre;'* satisfies

P,,f,,(Z)zjg K, (z, w)f,(w)dV°(e,(w)) for f, e L*(Q,),

where we have set
(5) K, (z, w)=Kr(e,(2), ¢,(w)) for (z, w) € 2,X £,
Observe that if 2, w € 2,\N(e,) then e,(2)=z, e,(w)=w, so that K (z, w)
=K*(z, w). Therefore, the variation (2) exists for z, we 2,\N(s,)
provided that K ,(z, w) depends smoothly on p, as far as p is small with
respect to the C~(62,)-topology.

To see the smooth dependence of K (2, w) on p small, we first recall
the following formula due to Kerzman [9] and Bell [1]:

Kr(z, w)=Prgp,(2) forz,we R, ¢, ()=0—w),

where ¢ € C;7(C"; R) is a radially symmetric function satisfying

j odV'=1, o(©)=0 for|¢|=e with 0<e<dist (w,?Q,).
cn

If ¢, is chosen so small that 0<e,<e¢,/4, then
(6) K (z, w)=P 0,(2) for z, w € Q,\N(e).
We next recall the assumption that 2, is strictly pseudo-convex. Then,
if p € V(e is small with respect to the C*(32,)-topology, say
peV,={0eV(e); |plcroan<es} Wwith >0 small,
then 0, is strictly pseudo-convex uniformly in p € V, in the sense that
3 0@ eE o 3er,  whenever 33 7@ g 0,
w1 02,02 =1 =10z,
holds for each z € 92,, where " =7roe," is a defining function of £, and
C >0 is a constant independent of pe V,. In this case, the following

3 for r e R.
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formula due to Kerzman [9] holds :

(7) Pr=1—9N*j, thus P,=1-9,N,,,

where 9 denotes the formal adjoint of d, and N¢ stands for the o-
Neumann operator acting on (0,1)-forms on £,. The definition of
9,, N, and d, will be clear. The smooth dependence of the pull back
N, of N* on p small in the C~(62,)-topology has been proved by
Hamilton [8] via the Nash-Moser process. Hence, by virtue of (5), (6)
and (7), the variation (2) makes sense.

Remark 1. Another result on the stability of the Bergman kernel
has been obtained recently by Greene and Krantz [5], [6], [7].

Remark 2. In the case n=1, the 7-Neumann operator reduces to
the Green operator for the zero Dirichlet problem (see, e.g., [4]), and
the formula (7) is still valid. Thus, the variation of the Bergman
kernel is expressed by using the Green function (see [10], [2], [3]).

§3. Proof of the variational formula (3). Pick (&, w)e 2,X£2,
arbitrarily and choose ¢,>0 so small that z, w € 2,\N(s,). Then K (2, w)
=K*(z, w) for pe V,. By the reproducing property for the Bergman
kernel, we have

K, ) =K@ w)=| K, O, G w)le,JOdV'(©),
where J[e,1(¢) stands for the Jacobian determinant of the mapping e,

at £ e 9,. Taking the variation at p=0 in the direction ép € C*(3%2,; R),
we get

Kz, w) =Koz, w)= & Koo (2 w)].oo
(8) de
| 1@+ @+anave,

where

(Il)=5K0(z, C)KO(C, ’bl)), (12)=K0(Z, C)BKO(C9 ’I/U),

(I)=K(z, DK, w)aT[e](©),
and

SIle)(O)=div 3X,(D),  oX.0)= gefew,,(ouzo.

Denoting by 9/dy, the unit exterior normal vector at { e a2, we have
80X ()=0p()o/ov, at { € 012,, and

0K (2, {)=0K"(2, ) +0X (DK (2, §) for { € 2,

5K0(Cr ’w)—_—ﬁKO(C, ’W) +6X0(C)K0(C’ W) for Ce Qo,
where 0X,(0) is acting as a differential operator. Notice that éK°(-, -)
is sesqui-holomorphic as well as K°(-, -), and that K°(-, -) is hermitian
symmetric with the reproducing property. Hence,

[ @wavr©=ike w+| XK 0-EGuwivo,
[ @av© =K, w+| K 00X OKG wdv©,
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while by integrating by parts,
f,, A)AVoQ) = “L X (OK" (2, OKC, V()

+Lg Kz, OK'(C, 0)30(0)dS ().

Therefore, by (8), we obtain the desired variational formula (3).
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