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41. Uniqueness and Non Uniqueness in the Cauchy
Problem for a Class of Operators of
Degenerate Type

By Shizuo NAKANE
Department of Mathematics, University of Tokyo

(Communicated by Kosaku YoSIDA, M. J. A., April 12, 1982)

In this paper, we extend Calderén’s uniqueness theorem in the
non characteristic Cauchy problem (see Nirenberg [2]) to a certain
class of operators whose characteristic roots degenerate on the initial
surfaces. We also extend Plis’ result on non uniqueness to a degener-
ate elliptic operator. Detailed proofs will be published elsewhere.

Statement of results. Let U be a neighborhood of 0 in R"*'=R,
XR:. Andlet P=P(t,x; D, D,) be a partial differential operator of
order m with C~-coefficients in U. Here D,=d/iot, D,=38/iox. We
assume the following conditions.

(A.1) The principal symbol P, (t, z; z, &) of P is factorized as

P55, 0= 1 Gt 208 T =ttt 23 9),

where [ is a positive integer and 2,(¢, x; &) (1<j<m—s) are C~-func-
tions in U X (R"\0), homogeneous of degree 1 in &. We require that 4,
satisfy Calderén’s conditions in U x (R"\0):

(A.2) 2,32 @),

(A.3) Im2,x0(1AZ759),

(A4 Imax0or =0 (s+1<k<m—s).

All the conditions above are imposed on the principal part of P.
Now, we consider the lower order terms of P, From (A.1), we can
easily see that there exist differential polynomials Q and R, homogene-
ous of degree s and m —2s respectively such that

P, x;7,)=R(E, x;7,t8) -QC, v; 7, t'€),
and @ and R have distinct characteristic roots (cf. Smith [5]). Hence
we can express P as
P¢t,z; D, D,)=R(,x; D, t'D,)-Q(t, = ; D, t'D,)*
+3, P (t, %5 D, D),
=

where P;n-—j(t’ x; D, D,) =37’ Zlal=i a5, ) DiDP~77%,  and Qe
e C~(U).

(A.5) There exist b,,,,, € C~(U) such that

0y, .t x) =t , (¢, x), where [k], =max (k, 0).
Note that, from the assumptions above, there exists a differential
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polynomial P of degree m such that
t"P(t,x; D,, D,)=P(t, x; tD, t'*'D,).

(A.6) >t D ilal=i bio(t, ©)E2E, @5 &)™, =0 (1~§j_§8).

Note that 2,(t,x; &) are characteristic roots of P({,x; D,, D,).
And if we denote the subprincipal symbol of P by P:,_,, (A.6) implies
f’fn_l(t, x; A, x5 8),8)|,.o=0 for double roots A,(t, x; &) (1<j7<s) of P.

Now, we state the main theorem.

Theorem 1. Under assumptions (A.1)-(A.6), there exists a neigh-
borhood U’ of 0 in R™*', such that if ue C=(U) satisfies Pu=0 in U and
Diw)(0, x)=0 0= j<m—1), then u=01in U’.

Remark 1. This theorem is an extension of the results of Roberts
[4] and Uryu [7]. Roberts treated the case [<0 (i.e. Fuchsian type
equations), and Uryu treated the case s=0. See Tahara [6] for condi-
tion (A.5) and see [4] for condition (A.6).

Example. Let P be the operator:

P=(D,—it'D.,)+a(t, x)D,+b(t, ©) D+ c(t, 2),
where a, b and ¢ e C~(U), U is a neighborhood of 0 in R*. Then P
satisfies our conditions if b(¢, z) =t'b(¢, z) for some b € C=(U).

As for the necessary condition for uniqueness, we consider the
following example of a degenerate elliptic operator :

P=(9,—1it'd,)" +t*(30,)*—t™(40,)*" ",
where p, ¢, r, kand le N, r<q<p and me Z, 0<m<k.

Theorem 2. Under the following condition (1) or (2), there exist
C>-functions u and f in R* such that

Pu—fu=0, 0 esuppuc{t=0}.
(1) When p>q,
(1), k—r(pl—k)/@—-<m<k—r(k+p)/q,
or

(1), ¢=@+1/2, k<ql+1)—p, m<k—rpl—k/ (-9,
or
Yo lm<k4r@pl+l4+1—p—2k)/2q—p—1),
or
(1) {q<(p+1)/2,
bk r@l+I4+1—p—2k)/@Q¢—p— D) <m<k—r®l—k)/(p—q).
(2) When p=gq,
(2), k<pl, m<k—r(k+p)/p,
or
(2), Ek>pl, m<k+rpl+l+1—p—2k)/(p—1).
Remark 2. This theorem is a slight modification of Plis [3, Theo-
rem 4]. He treated the case I=m=0, r=1.
Remark 3. Condition (2), with k=pl implies m<Il(p—7r)—r. On
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the other hand, Theorem 1 with s=0 shows that uniqueness holds in
this case if m>=l(p—r)—r. Hence this necessary condition seems to
be the best one and, in Theorem 1, assumption (A.5) is indispensable.
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