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104. Degeneration of the Two Dimensional Garnier System
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1. Introduction. In 1907, R. Fuchs [1] found out a remarkable
connection between the sixth Painlevé equation and a second order
linear ordinary differential equation

&y _ ..
(1.1 da =p(x; t)y.
He showed that the sixth Painlevé equation is just a deformation equa-
tion of a linear equation (1.1) of Fuchsian type, where ¢ is a defor-
mation parameter. The above result was extended by R. Garnier [2]
in two directions. Firstly, he showed that the other five equations
of Painlevé can be obtained from the isomonodromic deformation of
linear equations with irregular singular points of the form (1.1). Sec-
ondly, he derived a completely integrable system of nonlinear Pfaffian
equations from the isomonodromic deformation of (1.1) with N defor-
mation parameters t=(¢, ---, ty). This system can be considered as
a generalization of the sixth Painlevé equation. Recently K. Okamoto
[3] obtained a Hamiltonian system by considering the isomonodromic
deformation of the following equation of Fuchsian type with N defor-
mation parameters t=(¢,, - - tN)
1.2) TV p@; 0 Wpes Oy =0,
and he showed that Garnier’s system can be transformed into a Hamil-
tonian system. By N dimensional Garnier system we mean the Hamil-
tonian system obtained by K. Okamoto from the isomonodromic defor-
mation of (1.2) and it will be denoted by G,.

The purpose of this note is to derive Hamiltonian systems from
the two dimensional Garnier system G, by making a process of step-
by-step degeneration and to show that this process of degeneration is
induced by a process of confluence of singularities of linear equation
1.2).

2. Confluence of singularities. We consider the equation (1.2)
with t=(t, t,) and we start from the equation Ly given by

Lym p:(x;t):—' ’Co-l- — +Zl 7 - 1 ,
- i X— tj Jj X— 21

p(@; t)= J.M.M_Z M_D_Hj_, b3 Q=D

w(zx—1) 7 w(x—1(x—t)) z(z—1)(x— /’l)




No. 9] Degeneration of the Garnier System 447

with  k=((xo+x,+6,+6,—1)*—«2) /4.
Note that the isomonodromic deformation of Ly, leads to the two
dimensional Garnier system G,. In order to determine the degenera-

tion of G,, we consider first the confluences of singularities of Ly,
which give the following diagram.

/7 Ly —>Ly

LVIII_")LVII Li—L,.

LIV > LIII

These degenerations are carried out in three steps: (i) transformation

of dependent and independent variables, (ii) transformation of para-

meters, (iii) makig ¢ tend to zero. The linear equations L;, J=I,
-, VIII, are given as follows :

7t 2—k 1-6 1
Ly ;=1 ! : — ;
v D@ ) p + (96 1) + 1 + o—t, ; v—1,
pitm  F__H LG VA

2(x—1) x@x—1)? a@—1(z—t,)

(2,—1);11_
+; a(e—1)(x— )
with &=((ko+#,+6,—1)*—£%) /4.

. 1 —K, 77 t2 7)lt 3_151 1
L ; )= 0 __ 1t . 2 o
P = Y T w1y T el % s,
P t)= K _ t1H1—(tf—t2)H27 tH,
x(x—1) x(x—1)* w(x—1)*

=Dy
+>J: a(e—1)(x— 1)’
with  c=((xo+x,— 1)2—/&,)/4

L, p;)=2"% o ot >
x r— X,
pg(x;t)=nmw~Hl——2Hz+tzH‘ +22 Aty
x 7 x(x—2y)
t 2 —k t 2—k 1
L x; t)= "% 0 Tt Loy b
v y( ) pe + p -+ @—1) + ; o1,
t.H tH A,(2,—1)
z;t)=_ " — bt 2y AMiT D
P ) z(x—1) x(x—1) + (x—1) +Z/: 2(x—1)(x—2,)

with e=((ko+£,—1)—£%)/4.

Ly p:(x;t)=%—t2+2 Ko x/2 t,— Z‘____,
x* x 7 x—2

H t.H !
x; )=k, /2— 2L e o7 B
P )=/ 2% x* +§' x(x—2,)
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Ly pi(x; )= —22"—2tx —t,— > —

7 x— Zj
D )= —QRa+1)2*—2H,x —2H,+ > 1
Tow—2,
L, pi(x; t)=— Z*ﬁﬂ
i X lj
po(%; )= —92°—9t,a° —8t,2* —8H,x—3H,+ > 1 .

7 XA

For example, the process of confluence of singularities Lyy— Ly
are carried out by the transformation: ¢—1+et, r—n/e+r, 6,
——mn,/e, H—H, /e and by making ¢ tend to zero. In the other cases,
the transformations are determined in a similar manner.

3. Isomonodromic deformation of L;. In order to determine
the degeneration of G, and to clarify the relation between the degene-
ration of G, and the confluence of singularities of 1;, we consider the
isomonodromic deformation of linear equation L;. We assume that
x=2; (j=1, 2) are nonlogarithmic singular points of L,. Then, for
each L;, H, and H, are determined as rational functions of ¢, 2, 4, s
and g, which are denoted by H, ,, H, , respectively. Viewing ¢ as de-
formation parameters, we can state the main result as follows.

Theorem. Under the above assumption, the isomonodromic de-
formation of L;is governed by the completely integrable Hamiltonian
system
A, 02,/0t,=0H, /oy, ow/ot,=—0H, /oA, (i, k=1,2).

Here, we shall give explicit expressions of the Hamiltonians for
Avm and AII°

AVHI HVIIIJ A(tj) Z T(Zi) (#l + /‘27'< ICO - Ky —

T'(t) T (t,—2AQ) 2, -1
0i—0, K
J”?‘ zi—t3)+ zi(zi—1))’
with T(2)=2(x—1)(@—t)(z—1,),
A(x) (@—2)(x—2,).
Aw Hiy= =5 3200 (i p(~ 28— 22— £+ PA)™) — Qe+ D),
1
HII2= i i 23 211—2'—2 13’
, Z/mi) (+ (=28 —2t,2,— 1) — e+ 1)2)

with P(x)= —x+ 1,4+ 2,.
Here, F’'(x) means the derivative of F(x) with respect to x.

In accordance with the process of confluence of singularities of
linear equations L,, J=1I, ..., VIII, there is a similar scheme of de-
generation for A;. This scheme of degeneration is written in the fol-
lowing diagram:
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Avn—> VII

1—>A
7 ><' n—)AI .

AIV_"")AIII

This process of step-by-step degenerations is carried out by the use of
the same transformation as for the confluence of singularities and by
the use of succeeding limitation. Finally we remark that these trans-
formations are canonical ones.
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