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On the Regularity o Arithmetic Multiplicative
Functions. II

By J.-L. IVAUCLAIRE*) and Leo MURATA**)

(Communicated by Shokichi IYANAGA, M. J. A., Feb. 12, 1981)

In our previous paper ([1]) we discussed some sufficient con-
ditions under which an arithmetic multiplicative function turns
out to be completely multiplicative. In this paper we shall extend
and refine the previous results and make some remarks about remain-
ing problems in this field.

1. Let S be a sequence in N of density zero, and be the set of
all those sequences {an}= which satisfy the condition

lim1
X n<x

I S--, we abbreviate C to C.
Theorem. Let F(n) and G(n) be arithmetic multiplicative func-

tions, a and b be positive integers and (a, b)= 1, be either + 1 or -1,
fixed arbitrary. Suppose ]F(an+eb)l= 1 if n and an+b e N, G(n)]= 1
for any n e N, and {F(an+b)-C.G(n)}__l e Cs for some S and for some
constant C.

I) When a is even, we can decompose F(n) and G(n):
G(n)= G’(n) H(n) for any n e N,
F(n)=G’(n). H(n) for any n such that (n, a)= 1,

where G’(n) and H(n) are multiplicative functions satisfying

i) G’(n) is completely multiplicative,
ii) H(n)=H((n, b)) for any n e N,
iii) {G’(kn+D--G’(k).G’(n)}= e C, for any k>a.

Further we have
C=G’(a).

II) When a is odd, suppose 2"11b (0). We can decompose F(n)
and G(n):

G(n) G’(n). H(n). H’(n) for any n e N,
F(n) G’(n). H(n) H’.(n) for any n such that (n, a) 1,

where denotes the complex conjugate of z, G’(n) and H(n) are multi-
plicative functions satisfying the above i)-iii), and H’.(n) is the multi-
plicative function which is defined as follows;
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and for > 1,

1 if n is odd,H(n)
Zo if his even,

1 if 2Xn,
H’(n)-- z if 2 n,

if 2/1[n,
where any of z (>0) is a computable constant of modulus 1 and de-
pending only on and some special values of G(n). Further we have

G’(a) if b is even,C=
G’(a) G(2/2). G(2). G2(2+1) if b is odd.

From this theorem we can deduce, by a similar method as in our
Part I, a theorem concerning additive functions:

Corollary. Let f(n) and g(n) be additive arithmetic functions, a
and b be positive integers and (a, b)=l, and be either +1 or --1,
fixed arbitrary, and c be a constant. Suppose {f(an+eb)--g(n)--c}__
eC.

I) When a is even, we can decompose f(n) and g(n):
g(n) g’(n) + h(n) for any n e N,
f(n)= g’(n) + h(n) for any n such that (n, a)= 1.

where g’(n) and h(n) are additive functions satisfying
i’) g’(n) is completely additive,

ii’) h(n)= h((n, b)) for any n e N.
Further we have

c=g’(a).
II) When a is odd, suppose 2[Ib (a>0). We can decompose f(n)

and g(n):
g(n) g’(n) + h(n) + h(n) for any n e N,
f(n)= g’(n) + h(n) h’(n) for any n such that (n, a)= 1,

where g’(n) and h(n) are additive functions satisfying the above i’) and
ii’), and h’(n) is also the additive function which is defined as follows;

0 if n is odd,
h(n)

Yo if n is even,
and for > 1,

0 if 2Xn,
h’(n)= y if 2 n,

-y if 2/ln,
where y(a_O) is a computable constant depending only on and some
special values of g(n). Further we have

g’(a) if b is even,
c

g’(a) + g(2 2) + g(2) 2g(2 1) if b is odd.
2. We shall show here only some crucial points or proving

these results.
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Lemma 1. Under the assumptions of our theorem, we have
(F(an+b)-C.G(n)}= e C.

Lemma 2. Let F(n) be a multiplicative function such that
(F(dn+D-C. F(dn)}=l e , then F’(n)-F(dn) F(d) is completely mul-
tiplicative and C=F’2(d) F(d).

Lemma :. Let H(n) be completely multiplicative function such
that {H(fln+) C. H(n)}= e , then we get

C=H(fl),
{H([n+D--H([n)}=I e for any

and
{H(n(Vvo+l)+Vo)--H(n(Vvo+l))}=l e C for any v>/fl and any v0>l.

The proof of Lemma 1 is trivial, but by this lemma we can neglect
an influence of the sequence S; this is why we utilize multiplicative
functions. The proofs of Lemmas 2 and 3 are essential parts of the
proof of our Theorem. These proofs are carried out only by help of
elementary facts, but in total they are complicated; the main part of
them is shown in [2].

3. Heretofore, in our Parts I and II, we have restricted our-
selves to the problem; under what sort of conditions multiplicati.ve
functions turn out to be completely multiplicative, while we have
another type of problem; under what sort of conditions we can deter-
mine the form of multiplicative (resp. additive) functions.

Concerning this problem, I. Ktai ([3]) obtained the following
result; if an additive function f(n) satisfies {f(n+l)--f(n)}=e,
then f(n) is a oonstant multiple of log n. Besides this, we do not
know much about this problem.

In this connection, we propose here the following three problems.
Problem 1. If an additive function f(n) satisfies

{f(n+ 1)-f(n)}= e
where S is not finite, can we deduce f(n)-c log n?

Problem 2. If an additive function f(n) satisfies
{f(an+D-f(n)-f(a)}?= e C

for some positive integer a> 2, can we deduce f(n)= c log n
Problem 3. If a multiplicative function F(n) satisfies

[F(n)]= l, {F(n+l)--F(n)}:= e C,
and has a mean-value equal to 0, what can we deduce about the form
of F(n) ?

In addition, we notice that the first of us proved that, if an addi-
tive function f(n) satisfies both

{f(an+ 1)-- f(n)--f(a)}= e C
and

{f(an--1)-y(n)-f(a)}= e ,
then f(n)= c log n.
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