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35. Deformation of Linear Ordinary
Differential Equations. II

By Michio JIMBO and Tetsuji Miwa
Research Institute for Mathematical Sciences, Kyoto University

(Communicated by Késaku YosipaA, M. J. A., April 12, 1980)

In the preceding note [1], we have developed the theory of isomono-
dromy deformation of linear ordinary differential equations. In par-
ticular we defined the = function for each isomonodromy family, which
is a generalization of the theta function in the theory of abelian
functions.

In this note we deal with a transformation which changes the
exponents of formal monodromy by integer differences (Schlesinger
transformation). We also consider the ratio of the transformed z
function to the original one (z quotient). Finally we shall give ele-
mentary examples of z functions which corresponds to soliton and
rational solutions in the theory of inverse scattering.

We use the same notations as [1].

We are indebted to Drs. E. Date, Y. Mori, K. Okamoto, Prof. M.
Sato and Dr. K. Ueno for stimulating discussions.

1. Given an m X m matrix Y(x) with monodromy property in the
sense of [1], we can construct another matrix Y’(x) with the same
monodromy data except for integer differences in the exponents of
formal monodromy. Schlesinger [2] considered such a transforma-
tion in the case of regular singularities. His construction applies
equally to the irregular singular case.

Choose integers I (v=1,---,n, 0 ; a=1,- .-, m) satisfying the con-

dition (the Fuchs’relation) > 3 I;=0, and set L =(0,,0%).,p=1,...,m-
1

v=1,000,m,00 a=

A transformation Y'(x)=R(x)Y(x) from Y(z) to Y'(x) is called the
Schlesinger transformation of type {Zo(w)%m :%zm}, if it preserves the
monodromy data except for the change of exponents of formal mono-
dromy T{—T + L™,

The condition for R(x) so that Y’(x) is the desired matrix is the
following.
(1) R@Y = (@)a* =Y (x),
(2) R@)GYY () (x—a,) " =G Y (x)

with an invertible matrix G’ (v c0),
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o

(3) Pory | T T =1 (v=o0)
) x)= =

> YP(@—a)t, Y§'=1  (v#oo).
k=0

The multiplier R(z) is uniquely determined from (1)-(3) as a rational
function in » with rational coefficients in a,, - - -, a,, Y, =1, ---,n,
©; k=1,2,.--;a p=1,---,m)and GO} v=1, ---,n; a, f=1,---,m).

2. We define the length N of a Schlesinger transformation of
type {Z?w)%(x): :%’27,)} byN= > >l We say a Schlesinger

=1, ,m,00 12>0
transformation is elementary if its length is 1. A Schlesinger trans-
formation of length N is decomposed into N elementary transforma-
tions. We use the following abbreviated notations for types of ele-

mentary transformations : Namely, {;’0 g"} signifies the type
0 0

o @ A, s vy —
{L(mLi(x)' . .L(n)} with LY=-4, E, +96,.E, v=1,---,n, o).

Here we set E, = (0,0,0500)a,5=1,--me
We shall give the table of multipliers R(x) for elementary trans-
formations.

(4) {oo oo} : R@=E,rx+R, R,,, is given by

Xy Po
B=a, B=5 B, Bo
a=ay  (=Yidut 3 VDY) Yima —Yide —Y
a—fy 1Y 0 0
aFag, B - Yizgo/yﬁz)oﬂo 0 O

(5) {”0 ”°}<uo:;eoo): R@)=1+R,/(z—a,),
Xy ‘80
Rypup=— GG s Y 0,00
(6) {°° F‘o}(yﬁeoo): R@)=E,(@—a,)+ R Ro., is given by

24} .30
B=qa, BFa,
a=a, >0 YLGH |Ghy, =Y,
7(Fa0)
aFa -G |GEY, Oape
(1) {’;1 ‘;’o} m#Eo):  R@=1—E,+R,/(@—a,), Ry., is given by
eI =Y (GO 0 (G 450
a=p, (G 00/ (GE ™ g5
(8) {: fé} ottt vor f#0):  R@)=1+Ro/(@—a,)
0 0

Ro,aﬁ = (avo - aﬂo)G%%)(G(m) _l)aoﬂ / (G(W) _IG(M))aoﬂo’
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3. We define a set of characteristic matrices G*V%® (v, p=1, - - -,
n, 00 ; 1, ke Z) as follows. If <0 or k<0 we set
1 ifv=p, l+k=1, 1<0
Gema "’—{—1 ify=p, I+k=1, k<0
0 otherwise.
In order to define the non trivial part, we prepare the following nota-
tions:

[Z ka"‘] ZL Y, x™* and

[Z Y. (x— a)’“] ? Z Y, (x—a):-GOmO (y,p=1, .-, m,00; 1, k>1)
are defined by the 'followmg identities.

(9) > G aigtok = [V )(2) 1Y () (=D,
’;eiZG(w,w)<z Bgi-t=k— _ PE(g) [T ()] (k>1).

(10) 5 e tng-(g— )= [FO@) 1RGO T @),
ki:zgm,v)u,k)x—t(x a) =Y (x)" ‘G(”)[Y(”)(x)](”) .

1D EG@ G (g — g ) —k__[Y(v)(x) 1), G- 1?«»)@)

Z G(,, ,00) (L, k)(w a)l 1x1 E__ Y(»)(x) IG(v) I[Y(W)(x)](m)
(12) Z G ’”(x a) (x a )k ‘—[Y“’(x) 1](v) G»- 1G<p>1?<u>(x)

kezZ

Z G s k)(x a. )l l(x a )k.: — Y(V)(x) 1G»- lG(/l)[Y(y)(x)](#)

lez

Proposition 1. We denote by G»»40 (v, p=1, ..., m,00; 1, ke Z)
the characteristic matrices for the transformed matriz Y'(x) by an

elementary transformation of type {”" g"} Then forl,k>1we have
0 0.
(13) Gugran=det (Tt G [gpoon,

(»,10) (T,1) () (1,K)
Gaﬂo Gaﬁ

with the following modifications in the right hand side:
l'_){l«l-l ?f y=y, and a=a kH{k——l %f p=y, and B=ay
-1 if y=p, and a=4, k+1 if pu=p, and p=4

4. We denote by q{f(w)%nz :%’2") ; Y(x)} the ratio of the « func-
tion for the transformed matrix Y’(x) by a Schlesinger transformation
of type {Zczm)%‘m: :%’é")} to the r function for the original matrix Y (x).

Proposition 2. For an elementary transformation of type
{”" } the t quotient q{ ; Y(x)} 18 given by

Bo aty ﬁ

%y
Y(fﬂ)o,ao if Vo=t
G £0) if Yy=00, + 00
(14) q{”o #0; Y(x)} G0 @D — | Tavfo 0= 0
aO ‘BO ’ (G(”O) l)aoﬁo lf ”oi 00, #0_

(GO~1Gw9) [(a1,— By
if vy, o7 00, voF o
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In general, we have the following

Theorem 3. Let W{L(m) GG Y(x)} be the following Nx N
(N : the length) matriz,
s Wt Y@ =G5 s

L) W L(n) l=1,--~,N,," k=1, N;’f‘

where N*=max (I, 0) and N;*= —min (I2,0). Then we have

o o .. 'an oo QO . ‘al

Moreover, the chamctemstic matrices G‘””"(”") (u, p=1,---,m,o00; Lk
=1,2,...) for the tmnsfo'rmed matriz Y'(x) by the Schlesinger trans-

formation of type {L‘”’ L(n L(n)} 18 given by
(17) q{oo Oy -+ -Qy } G(vo 240 (Lo, K0)”

LLW. L™ aofo
[o'e) RN
w Oy An (G0 ko+l50) _—
L LW, . L P
= t=teest” L (L, ko>1).
det (GLymo=tipm) | Gloogro) Qo= T3 o+ 13D te | (o o2 1)
p Ly
° hoLlm wofo
k=1,...,;2‘l‘

Remark 1. We say that x=aq is regular for Y(z) if Y(x) is holo-
morphic and invertible at x=a. In this case we can choose an mXxXm
invertible constant matrix C and consider the point x=a as a regular
singular point with the connection matrix C and the exponents (0, - - -, 0)
of formal monodromy. Then (14) implies that Y (a) is also expressible
as a ¢ quotient.

5. Soliton solution (cf. [3], [4]). Take Y(x)=¢e" where T(x) is
a polynomial in z with mXm diagonal matrices as coefficients such
that T(0)=0. We choose an integer N, Nm points a,, - - -, ay,, and Nm
m X m matrices C,, - - -,Cy, which are supposed to be the connection
matrices at a,, - - -, ay,, respectively. The Schlesinger transformation

of type {ZOVOI % :%“' "‘} for Y(x) is given by a multiplier R(x) of the
1 1
form R(x)=2"+Y 2" '4+...4+Y,. Theorem 3 reads as

18 {°° @ Oxmyy } det W,

18 Ny E...B (x) e

(19) Xy, Y)=—WOW-,

where
W(N—l) 1 1
. 0

W=\ . and W®=(ale"C7| . |, -, @gne" ™ Cp| -

W(O) O 0

6. Rational solution (cf.[5]). Choose integers 4, ---,4, and
tas s pm SUChthat 2> - > 2, > - Sty At F A=t
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and g+ 4+p, <4+ 41, (@=1,.---,m—1). We also choose an
m X m matrix C as the connection matrix at t=0. Take Y(x)=x""e™®
and consider the Schlesinger transformation of type
{ & 0 } for Y(x).
L =@oy— ) L= (0us2—22))
The multiplier R(x) is of the form

#1—2m
Rx)=14+Yx '+ --- —|—(Y,,1_1mx""*’“)x( "M““m).
We define a sequence of integers «, by a,=a if p,—2,+1<I<p, ,—2,.
Then for a,+1<a<m a-th column of Y, is zero. We denote by Y,
the m X a, non zero part of Y,. We also define a row vector ¢} (I>0,
1<a, p<m) of the size 1,— 2, by

1 dlk—km-—l
@ _ -1 . T(x)
Cop = <(C )aﬁ’ ’ < (Zk"“lm_ 1) ! dxlk—lm—l

M)M(c-mﬁ)Qz

0 IY"‘“
where Q= . Y and an mXx(1,—2,) matrix W® (>0, 1<a

0
<m—1) by WP="(e@, cftr~1*V, ..., clm=m*D), We denote by W,
the &' X (2,—2,) matrix made of the first &’ rows of W{®. Then
Theorem 3 reads as

o 0
20) (&, Jop=detm,
(21) (Yv Tty YN)——" _(WiN)’ Tty W;rlav—)l)Whl’

where W=(W¢(11Ya;j))j=l,-u,1\’;Ic=1,~n,m——1'

Remark 2. In both examples, the  function for the original
matrix Y(xz) is 1. Hence the formula (18) or (20) gives the « function
for the transformed matrix Y’(x)=R(x)Y ().
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