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11. On the Acyclicity of Free Cobar Constructions. I

By Kazuhiko AoMo0TO
(Communicated by Kunihiko KODAIRA, M. J. A., April 12, 1977)

1. Let dbea group ring or an enveloping algebra of Lie algebras
over Z with an augmentation ¢: 4—Z—(0). Let (X, 9) be a complex of
left 4-modules

(.1 X, X, xS Az 5(0)

where each X, is a free left 4-module and each 9, is a left 4-module
homomorphism. Let A7 be a free associative algebra over Z such that
we get an exact sequence

(1.2) O)—>L-—5 47 25 4 5(0)
where L denotes an ideal of 47. First we assume

Assumption 1. i) There exist two sequences (X7, 3/) and
L@y X', 1R 09 of left A7-modules on the augmentation ¢,

9

ef

1.3) 0)—>U)r ——> A7 Z—>(0)
such that the following diagram commutes:
(9) 0) () )
0p . 01
— )f'p — X, . X, > A —Z—>(0)
Ep o kp-1 K1 o L]
— X, —— X, cen X7 : A ——>Z—>(0)
A A
tp , lp-1 a 7 4}
S LRX 2 LR X —> - —LQXIED, L
Vi i A
0 0) 0 ()

where each k, denotes an epimorphism as left modules and each X, or
X}, is isomorphic to the tensor product ARS, or A’QS, respectively for
o free abelian group S, such that L=X{®A4.

i) 84 are all injective on X4}, p=1.

Let X be the direct sum @j., X{@(4/)* and T(X) be the tensor
algebra of X denoted by A. A becomes a free graded algebra @2, 4,,
where A, is spanned by the elements of the form wu,u,- - - Uy, _ U, u;€ X%,
(p;=22), j=<m—1, and u,, € 47 such that s=3> 7' (p,—1).

We introduce a lexicographic order into a basis of A : Let {u?, yeI',}
be an ordered basis of S,,;,, =1 and {ul, y € I'}} be an ordered system
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of generators of (4/)*. Then the elements of the form wf:-uf2- - -ufm,
7.€lp,, p,=0, form a basis of 4.

Definition. We say that u2, a e I', is greater than uf, peI',, if
p>q or p=q and «> B, and that an element uf:-.-uf~ is greater than
an element ’LL%} e %%Z if P =Qms & =ﬂm’ s D1 = Qnokr1r Bmoksr
= .Bn—k+1 and pm—k>Qn—k’ oY Pp=0qpn, Ap = ﬁny oy Pkt = Qnogsns
Cm—t41=Pr-ts1> Pt =0n_z a0d @p,_;> B, _, for a certain k. Let A(p,,
Dyy + -+, D) be the left A7-submodule of A generated by the elements
wurreurte - -upm, v, € 'y, ;=1 and by Ay, - - -, Pn) be the direct sum of
all the A(q,, - - -q,) such that (q,, -+, ¢,) <@y, -+ +, D), An element of
A(D,, - - -, Pn) Will be called of type (p,, - - -, D), and the type (v, - - -, D)
will be said to be higher than the type (g, - -+, @) if Dp=00s - s Dt 41
=g+ 30d Dpp_, > q,_; for a certain k. We next assume

Assumption 2. There ewxist boundary operators d={d,}, d;: 4,
—A,_, such that

1) 6u'=0,,,u° mod A(s—1), u* e S;,,,
i) outy U U =2y (—1)Z5=E S8 usm Uy - Uy 10U, Uy Ui,

iii) 6,(4)) coincides with L.

Then we have the complex (4, ) such that § preserves each J(p,,

-+, Dx). This complex will be called the “free cobar construction” of
the complex (X,d). By induction procedure with respect to the
types we can prove the

Main Theorem. Under Assumptions 1 and 2 we have
1.5) H,(4)=(0), p=1 and HyA)=4, p=0,
if and only if (1.1) is a free resolution of 4.
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