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46. Stochastic Processes Built From Flows.*

By Kosaku YOSHIDA.
Mathematical Institute, Nagoya University.
(Comm. by T. TAKAGI, M.J.A., Oct. 12, 1950.)

By virtue of the theory of semi-groups due to E. Hille® and
the present author®, we may construct stochastic processes in a
separable measure space R from flows in R.

1. A flow in R is a one-parameter group {F,} of equi-measure
transformations in R which is continuous in the sense that f(F,-x),
f@)eL,(R) 1Lp<<), is strongly continuous in £. Thus the flow

{F} induces a one-parameter group {7} of linear operators in
L,(R):

1.1) (T.f) (@) = f(F,-w), feL,(R),
1.2) TT,=T,., To=1 (the identity),
1.3) strong lim T,f =1, f.

l-)to

Each T, is a transition operator in L,(R):
(1.4) f(@)=>0 implies (T.f) (£)>>0 and L f@) dw=L(T,f) (@) da.
By the semi-group theory, {7} admits infinitesimal generator A:

Af = strong l}&l T—”t_lf for those f which are dense in L,(R),
(-5 {T,‘f = exp(lA)f = strong }.LIOI} exp (nt{(l~n"A)'=I]) f,— o0 <t< oo.
Since (I-nA)™" exists as a transition operator for =20,
(1.6) (In"AY" = (-0 T A) 7 (+ /0 A)™
exists as a transition operator. Hence A? is the infinitesimal gene-
rator of a one-parameter semi-group {S,} of transition operators:
1.7 S.f = exp (1AY)f, 0< ¢ < oo.

Thus the Fokker-Planck’s equation in a Riemannian space R:

* The following result was, under somewhat more restricted conditions and
without proof, reported in May 1950 to the Conference in Probability of the In-
ternational Congress of Mathematicians. Similar result with an interesting form-
ulation was also obtained by Dr. Kiyosi Itd, by virtue of his theory of stochastie
differential equations. See his paper in the same issue of this Proceedings.
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3) Since {T¢} is a group (not only a semi-group).
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(1.8) of(t, x)/3t = A°fiL, »), flo, ®) = fla) € Li(R), t=0
is integrable stochastically if

(1.9) A =)
9w

i the infinitesimal transformation of a one-parameter Lie group
of equi-measure transformations in RE.
2. Let a Riemannian space R admit several flows:

2.1) exp (t4;), —oo<t<lwo, (k=1, 2,..., m),
= p’”(x){;; .

Then, if the matrix (k%) is symmetric and positive definite, the
operator

(2.2) C=h"AA;

is the infinitesimal generator of a one-parameter semi-group of
transition operators :

(2.8) exp (tC), t=0.

Proof. C is, as an operator in L.(R), symmetric and negative
definite :

(Cf, 9) =(f, Cg) and (Cf, /)X 0 for twice (continuously)
(2.4) (differentiable funections f,g which are =0 outside a compact
set of R.*

Hence”? C admits self-adjoint extension € which is also negative
definite. Thus, for n >0, (I-n~'C)™' exists as linear operator in
LyR) of norm < 1. Therefore, for any geL,(R)/\ L.(R), there ex-
ists uniquely determined fel.(R) such that

2.5) (I-n'C) f=g.
Let a compact set R, be so chosen that
2.6) L‘ g(@) | do < e.

™

Then we may find f.(x) with the properties :
@.7 fi®)=0 for ¥ R-R,,
LI g(@)—-ge(x) | de < 2¢ where g. = (I-n~"'C) f; .

This we see from (2.6) and the vanishing of g.(x) in B—~R,. Therefore
4) Since the divergences of the vectors (p*! (x), p** (2),..., p*(x)) vanish.
5) Cf. H. Freudenthal: Uber die Friedrichssche Fortsetzung halbbeschr-
ankter Hermitescher Operatoren, Proe. Amgterdam Acad., 39 (1936).
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the range {(I~n~'C)f; feL,(R) [\ (the domain of C)} is dense
2.8 3. .
n LI(R).
On the other hand C is of the form
1 i 82 8
2.9 C = b¥g) ——— + a'(x) — s
@9 D) e T g

where b9(x)&:5; = 0. Hence we have, from

2.10) (I-n'C)f, = ¢. (f. = ¢g. = 0 outside the compact set R),
2.11)  min fi(x) = felw) = g:(x,)

and

@12) [ 2w do = 1) do—n{ (P20 @ = | gt de®.

From (2.10), (2.11) add (2.12) we see that, if n > 0, (I-n~* )™ exists
as a transition operator in L,(R)?. Here C denotes a closed ex-
tension of C. Thus exp ({C) is, for ¢ >0, a one-parameter semi-
group of transition operators.

3. Let, in particular, the group G of motions of R be a
compact semi-simple Lie group with the infinitesimal transforma-
tions X;, X;,..., X, transitive on B. Then the so-called Casimir
operator

(3.1) C=hr"X.X;, where (h%) = (hy)™', hy = i ¢, [Xi, Xj] = ci; Xi

is commutative with every X,. By the compactness of G, (A} is a
(truly) positive definite symmetric matrix. Therefore, by the result
in 2,C is the infinitesimal geperator of a one-parameter semi-group
{exp (tC)}, t >0, of transition operators. Moreover, by the com-
mutativity

3.2) [C,X]=0 =1, 2,..., m),
{exp (tC)} defines a temporally and spatially homogeneous ‘¢ con-
tinuous ”’ stochastic process in E® -—a Brownian motion in the

homogeneous space R.

6) By the same reason as stated in 4).
7) Cf. K. Yosida: Integration of Fokker-Planck’s equation in a compact
Riemannian space, Arkiv fér Matematik, 1, No. 2 (1949).

8) Cf. K. Yosida: Brownian motion on the surface of the 3-sphere, Ann. of
Math. Statisties, 20, No. 2 (1949).



