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91. On the Equivalence of Excessive Functions and
Superharmonic Functions in the Theory of
Markov Processes. 1

By Takesi WATANABE
Department of Applied Science, Kyushu University, Fukuoka
(Comm. by Z. SUETUNA, M.J.A., July 12, 1962)

It is well known that the family of nonnegative superharmonic
functions in the classical sense coincides with that of excessive func-
tions associated with a Brownian motion except the fnnetion of
identical infinity. In this paper we shall give the exact counterpart
of the above result for a class of Markov processes called regular step
processes. A generalization to more general Markov processes will
be discussed in the ensuing paper.

1. Strict Markov processes. Let S be a locally compact sepa-
rable Hausdorff space and S the space obtained by adding a death
point o to S as an isolated point. The topological Borel field over
S is denoted by P and a o-finite measure over (S, .@), by #. Define
B= ﬂ {¢-completion of @}. W is the set of all the mappings w
froman)[t), + 0] to S which satisfies the following conditions: (1) 2,(w)®
is right continuous in ¢, (2) #,.(w)=c, (8) z w)=c for every
t=o(w)=inf {t =0, z,(w)=co} and (4) there exists lim #,_.(w) for every
t<oo(w). For each w and ¢, the shifted path w; ;t:fd the stopped one
w; are defined as follows: x (wi)=w,, Aw), € W)=2Lminc,n(w) for
t'3x+oc0 and z(w7)=oc. Let % be the Borel field of W generated
by all Borel cylinder sets {w, x,(w)e A} (Ae.@) and o(w), a B-measurable
random time. Then both ¢,(w)=w; and ¥, (w)=w;} are measurable
mappings from (W, 5'5) into itself. We define ga:go;l(fg) and 53,,4,
=N%,,.. A function P,(B) defined on Sx B is called a strict Markov
prso>coess on S and is denoted by X if it satisfies the following condi-
tions: (X/\.i) P,(-) is a probability measure on $B for any fixed 2 and
P {x(w)=2x}=1 for every z, ()’5/2) P.(B) is B-measurable for every
Be% and (/)Z_?:) for any BeB and for any B-measurable Markov time
a(w),” PP (w}eB)| %H):P%(B)}:l for every 2. We now define P,(B)

1) a(w) expresses the value of w at t€ [0, +oo].
2) That is, {o(w)=t}eB, for every t.
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=S P, (B)p(dx) and B= () {P,-completion of 53}. Next taking a B-

,§' anyp

measurable random time o(w), put %,:go;l(%) (C®B), B,= N{P.-
any ¢

completion of B,} and B,,=1%,,.. The conditions (X. 1)—(X. 3) imply
£>0

the following stronger conditions: (X.1) P,(:) is extended to a prob-
ability measure on B and P (x(w)=x)=1 for every z, (X.2) P.(B)
is B-measurable for every Be®B and (X.8) for any Be®B and for any
(B-measurable) Markov time o(w),” PP (wiecB|%B,,)=P, (B)}=1 for
every x.*

Let f be a $B-measurable function on S® and f(o)=0 by defi-
nition. The Green operator G, (a=0) of X is defined by G.f(x)

=E’x(5:e‘“‘f (x,)dt). For any B=0, there exists uniquely a strict

Markov process X (called the pB-subprocess of X) whose Green
operator G is given by G..; for every «=0. For any B-measurable
random time o, put H,f(x)=E,(f(x,). A subset A of S is called
admissible if ¢,(w)=inf {t=0, x,c A} is a B-measurable Markov time.
Any open set of S is admissible. A PH-measurable function v on S
is called excessive if Hu<wu for every t and Hu—u (t—0). Any
excessive function is nonnegative.®

Take an open base U of S. A nonnegative and $B-measurable
function % on S is called U-superharmonic if, for any Ueq,

(1.1) u(x) = Hyeu(x)” for every x of U.

A U-superharmonic function w is called U-harmonic if it is finite-
valued and if it satisfies the equality in (1.1) for every x of U such
that P (o5c<+o0)=1. When u is U-superharmonic (7U-harmonic) for
some U, we shall call it superharmonic (harmonic). It should be
noted that our definition of superharmonic or harmonic functions is
confined to nonnegative functions.

2. Excessive functions. We shall here summarize some basic
results on excessive functions to be used later. Most of them were
proved by Hunt [3]. As for some new results, we need only simple
modification of Hunt’s method, so that the proof will be omitted.

2.1. If f is a nommegative PB-measurable function on S, the
Sfunction u=G,f s excessive. Such u is called G,potential.

2.2. If u, s excessive and u,tu, then u is excessive.

2.3. If both w and v are excessive, them u~v® is excessive.

3) That is, {o(w)=t}€B; for every t.

4) For the proof, the reader should be referred to Dynkin’s book [2].
5) We shall admit f to take *co as its value.

6) Put t=+oo.

7) For an admissible set A, we use the notation H,u instead of H, ,u.
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24. The following three conditions are equivalent to each other.
(1) u is excessive, (2) aGu=u («=0) and lim aGu=u. 8) Hu=zwu
a->+oo

Sfor any Markov time o, and H, u(x)—>u(x) for any x of S and for
any sequence of Markov times o, such that P,(s,)0)=1.

2.5. If w is excessive and if the Markov times o,, o satisfy the
condition that o,(w)yo(w) with P -probability 1, H, u(x)4tH,u(x).

3. Regular step processes. Let X be a strict Markov process.
It is shown that the first jumping time o,(w)=inf {t=0, z,(w) = 2,(w)}
is a Markov time. Therefore the n-th jumping time o, (W)=a,_,(w)
+oy(w}_) is also a Markov time for every n. Put q(x)=[E,(s)]*
and [](», A)=P,fx, cA}, where # is a point of S and A is a B-
measurable set of S. It is well known that P.(s,>t)=exp {—q(x)t}.
The state point & of S is called trap, sojourn state or instantaneous
state according as ¢q(x)=0, 0<q(x)< + oo or g(x)=- .

38.1. If x is a sojourn state, [](x, x)=0.

For the brevity, write o(w) instead of g,«(w). Since o(w)=a,(w)
with P,-probability 1, we have P,¢>0)=1 by the assumption and
therefore T](x, 2)=P, (x,=x)=P,(®,=%,c>0). On the other hand,
P {o(w})>0}=0 from the definition of ¢. Using the strict Markov
property, we get

0="P {o(w}) >0}z P.fx. =2, ,(wf)=x, o(w})>0}
=E{P, (x,=x, 0>0); x,=x}=P,(r,=2, ¢>0)P,(x,=x)
=[II(», x)]*=0.

A strict Markov process is called a regular step process (RSP),
if it satisfies the conditions that every point in S is a sojourn state
and that lim ¢,(w)=o.(w) with P,-probability 1 for any x. These

conditions mean that almost all the paths of an RSP are step func-
tions, and therefore we can easily establish the potential theory of
the RSP by the same method as in the case of countable Markov
processes (see Doob [1] and the author [4]). We shall now intro-
duce several notions concerning RSP’s. The system (g, ]]) induced
by an RSP X is called the canonical system of X and the operator
Gpf(x)=q@)[I1f(x)— f(x)], the Dynkin generator. A nonnegative
PB-measurable function u is called []-superharmonic if G,u<0 (or
equivalently [Tu=u), and []-harmonic if it is finite-valued and G,u=0
(or equivalently JTu=w).

38.2. The canonical system of an RSP satisfies the following
conditions: (1) Both q(-) and [I(-,A) (for any fizred A) are $-
measurable functions on S, (2) 0<q(x)< 40, (3) [I(x,2)=0 and (4)
I1(z, -) is @ measure on S whose total mass does not exceed 1. Con-
versely any (q, [1)-system satisfying the conditions (1)—-(4) s the

8) w v(x)=min (u(x), v(x)).



400 T. WATANABE [Vol. 88,

canonical system of one and only one RSP.
3.3. The Green operator G, («=0) of an RSP is expressed in
the following form:

Gof = 33 [(at-0) g 11" (a+0)

= S(at+0) [all(a+) 7 1"F

3.4. The B-subprocess X® of the RSP is also an RSP and its
canonical system (9, [1%) is given by ¢P(x)=p~+q(x) and [[¥(z, A)
=[B+q(x)]"! q@)[I(x, A). Moreover its Dynkin generator G¥’ equals
(@p—B).

The proofs of these three propositions are quite analogous to
those in the case of countable Markov processes (see [4]) and there-
fore will be omitted.

3.5. Any finite-valued []-superharmonic function w is decom-
posed uniquely in the form of u=G,f +v, where f is a nonnegative
B-measurable function and v is a [[-harmonic function. In fact,
f s given by —Gyu and v, by lim [J"u.

Noting that w is finite-valued and []"« decreases monotonely with
n, it is clear that lim []"u exists and is [[-harmonic. Further we

Nn—0oo

have
N N
EH”Q‘I(—QDW= EH”[M—H’%] =u—[]""u.
Letting N>+ o0, G(—G& D)u:u——}vim TT1¥**u, which proves the existence

of the required decomposition. Next we shall show the uniqueness.
Suppose that u=G,f +v. Since this G,f is finite-valued, []"G,f(x)

:Ez(gaw S(=,) dt> tends to zero monotonely with n. Therefore []™u

=I1"Gof +I1™v=I1"Gof +v{v. From the arguments in the proof of
the existence, we have G,f =G,(—G,)u. But, in general, f is uniquely
determined by G,f.” Consequently, f=—Gyu.

The following two propositions result immediately from 38.5.

3.6. Suppose that X is an RSP. Then a finite-valued B-measur-
able function u on S 1s a Gy-potential of X if and only if it is mon-
negative and J["u} 0 (n—>o).

3.7. Let f be a monnegative B-measurable function on S. In
order that the equation —G,u=j should have at least one nonnega-
tive and finite-valued solution, it is necessary and sufficient that G,f
18 finite-valued. In this case, G,f is the smallest among nonnega-
tive solutions of the above equation.

4

9) In fact, Gof(x)=Ex<Salf(x5)dt>+Ew<g
0

oof (o) dt> =q(z)t fl@)+I1Go f(x), so that
Fw)=—Gp(Gof). '

4
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4. The equivalence of excessive functions and superharmonic
functions for regular step processes. Our main result is now stated in.

THEOREM. Let X be an RSP. Then u is excessive if and only
if it is superharmonie, or if and only if it is [J-superharmonic.

It is implied in Proposition 2.4 that any excessive function is
superharmonic. Suppose now that % is superharmonic with respect
to the open base 9. For any fixed « in S, taking U, such that
Uceq and U,|2 and putting ,=o07, we get P{r,=o; for some
k,<any k}=1 (from 3.1). This shows that %Lril f(w.,)=r () with

P -probability 1 for every function f on S. Moreover it is easily
verified that u,=w~n is also U-superharmonic and therefore we have
,(2) Zlim inf B, (u,(@,) 2 B, (im u,(.,)) =TTu,(@)

k>oo >co

Letting n—>+ oo, u(x) =Tu(x), which proves that every superharmonic
function is []-superharmonic. Finally suppose that u is ]]-super-
harmonic. Clearly u,=u~n is also [[-superharmonic. Considering
the B-subprocess X® of X, we have —G¥u,=(f—Gp)u,=pu,. Ap-
plying Proposition 8.7 to X and recalling Proposition 3.4, u,=>G?
[—G¥u,] =BGy, =pGsu,. Since X is the RSP and u, is bounded,
we get

BG . (@) =E,( S:e“un(x,/ﬂ) dt>——>un(x),

which shows that u, is excessive (Proposition 2.4). Therefore u is
also excessive (Proposition 2.2). Thus our theorem has been proved
completely.

In conclusion we shall add one comment. Since it is shown that
every RSP satisfies the quasi-continuity from the left,'® any Borel
subset A of S is admissible.! Combining Proposition 2.5 and the
theorem just proved, we see that the relation u=>H, u holds for every
Borel subset A of S'™ if u is superharmonic (or []-superharmonic).
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