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1. In 1965 Bombieri [1] improved almost ultimately the large
sieve of Linnik and Rényi, and as an application he derived an astounding
result on the average size of the remainder term in the prime number
theorem for arithmetic progressions. Recently Jutila [4] has proved
an analogous result for short arithmetic progressions, i.e. he considered
the estimation of the expression

11  DQ;z, k=) max|v@+h;q, D—vw;q,D—— |,

9=Q (L, p)=1 o(q)
where (2 ; q, 1) is the usual Cebysev function for the arithmetic pro-
gression =1l mod ¢ and Q,  are appropriate functions of x.

Both results of Bombieri and Jutila have been obtained by reduc-
ing the problem to the estimation of the total density of zeros of ‘many’
L-functions. But Gallagher [2] has found a way to prove Bombieri’s
result without using the density theorem. In [4] an opinion is ex-
pressed that it seems difficult to prove a non-trivial estimation of (1.1)
on the similar line. The purpose of the present paper is to offer such
a proof.

Our main tool is the following beautiful inequality of Gallagher
[3]: If

Zn: n |an|2< + oo,
then we have

1.2) ST r

Q<@ ymodgq J -T

e mn-t| dt @ T +m)|a P,

where > * denotes a sum over all primitive characters mod q.

2. Before entering into the proof we list up here some definitions.
Let A(n) be the von Mangold function and let

Y@, )= ?;] x(m)A(n).
Let p(n) be the Mobius function and let
H(s, )= SZ@:aT pm)y(mn=:.
Let M be the number defined by
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M =max max max L(l +it, x)l
4<Q zmodg ltIST 2

Further we restrict the size of Q*T by log Q*T<log x, and we set
9(s; x)=((x+h)*—x°)/s.
3., Itis easy to see that
o D(@Q;z, W log® & Z ; Z* W@+ h, ) — (@, 1)
' tlogz| 3 A(n)—h|+Q(log ).

xE<n<r+h
Following [2] we have the integral expression

Y@+ R, ) — (2, ) +0(ﬁ(log x)* + log x)

1 at i I
= 1-— H(s, 1)) , 2)d
(3.2) 2m ( L(s, YH(s, 1) (3 19(s; x)ds
1 B+iT  fa+ilT  pa—iT
= _ PGs, :
271"& B-iT Iﬁ+iT j } (S x)g(s x)ds

=11(X) + Iz(X) + Is(X) + I4(X)y say,

where a=1+(log x)~%, =1/2+42 (log x)~! and
P(s, x)=L(s, x)L'(s, Y)H*(s, x) —2L’(s, ) H(s, ).
4, The sum
“4.1) 2 = Z* PEG]
1<g<Q @ xmod

does not exceed the constant multiple of

M?ha="? log x ¢ dy ST D0k rHTIH(S, prdt

B—iT

1 Y? qSyimoag

+ha([F s s (s, ppat]

1 Y aSyimodq Jp-1iT
Q B+1iT 1/2
><{ W 5 s f IHG, X)th}
1 Y® q<yxmodqJp-iT

Here we apply the inequality (1.2) to the integral involving H(s, ) and

we get
Q B+iT
j W 5 s L_wlﬂ(s, P dt

1 yz q<y y mod q

< t;y Z WPT+nm)n L QT log x.

This gives that the sum (4.1) is
4.2) K M*Q*Thx~V* (log x)*.
5. We have by the convexity argument
|L(s, )| M**~ log x, [L'(s, x)| K M**~" log*
uniformly for 1/2<o<a. Hence we have

> = Z* 001

1<g<@ @ xmod



No. 7] Mean Value Theorem in Prime Number Theorem 6565

GRVN (Ing)?'f (M)l do IQ W 52 s |Ho+iT, PP

y g<y y mod ¢

Q”z (log 2)* j ( ) j W s s | F(g 44T, x)lz}

1 Y? ¢y mod g

By the large gieve of Bombieri [1] we have
Q .
W s s |H(o T, PP<{Q-+@Tr0=)(log 2
1 yz ¢<y y mod ¢

Hence we see that the left side of (5.1) is
(5.2) Qx Q% (1o x)vj (M4Q4TZ)1 "do

Obviously we have the same estimation for the sum where I(y) is re-
placed by I,(y).

6. Now let consider the sum

2 - Z* LGOI
1<g<@ (@ ymodgq

We divide this into two parts R, and R, according to 1<¢<(log x)*
and (log )< q < Q respectively, where K is taken to be sufficiently
large.

With the aid of (1.2) we have

R h(log 2)*X 37 ST* I”ZH—L(S, DH(s, 7P dt

9<Q ¥mod q J a—

(6.1 < h(log x)*~¥ anZs (Q*T +n)d*(n)n=

< h(log 2)*-%,
where d(n) is the number of divisors of n.
In order to estimate R, we appeal to Siegel’s theorem [Satz 8.1 of
Chap. 4;5] and Tatuzawa’s theorem [Satz 6.2 of Chap. 8; ibid] from
which we have, on the condition 1<¢<(log x)%,

L’ 2
T (s, x)‘<< (log x)

uniformly for 6 >1—(log x)~**=1,|t|<T. Hence we have
I( )— 1 p+ 1T a+iT a—4T
== 27t {L— LMT_L w}

X (1—L(s, Y)H(s, )

(6.2)

) ; o)ds.
T (s x)9(s; x)ds
Here we have
1/2+4T
[ - Les, pHGs, pPat< QT

1/2—-1T
and

a+iT
I ;Tll-—L(S, VH(s, 1) dt L (log x).

From these and by the convexity argument, the first integral of (6.2)
is
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6.3) < h(log )* (_M“glf) "

And again by the convexity argument the second and third integrals of
(6.2) are

6.4) < (log x)ef' (_.___M 4347" ) " do
From (6.2), (6.3) and (6.4) we have
6.5 Ri<hilog )+ (MUT ™ & og mpeer [ (HLL) g
X 7
7. Now let ¢ be an arbitrarily small positive constant and let
xte=M'QUT?, T=Qx’(log x)X.
Then we have collecting (8.1), (8.2), (4.2), (5.2), (6.1) and (6.5)
D(Q; x, h) < h(log x)* ¥ + '~ ’(log 2)*~*
5 A(n)—h\.

z<n<x+h

(7.1) L log

Here we can take
M=Q"T"¢ (log x)*

(see [§4 of Chap. 9;5]). And if k> 2%*¢, then it is well-known that
the last term of (7.1) is
(7.2) & h(log x)~4
for arbitrarily large A. This has been proved by the density theorem
of the zeros of Riemann’s {(s) but it is easy to see that the above argu-
ment of our proof can be applied to the single {(s) (i.e. @=1) and hence
(7.2) can be proved without referring to the density of the zeros.

Therefore without using the density argument we have obtained a

a proof of
Theorem.
> max [ (@ +h; g, D—(@ 5 g, ) ——'—| < h(log 2)~4
i2Q (g,h=1 (@)

with an arbitrarily large A and
xzhle—o, Q=x3/26(1~(8/8)0-e)
where 9 is restricted by (3/8)—10e>-9>0.
Concluding remark. As an easy application we have
>, d@—1D>c(e)h,

x<psx+h
where p denotes prime number and & satisfies

x Z hz x5/8+s
and c(¢) tends to zero as e— +0.
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