974 Proc. Japan Acad., 47 (1971) [Vol. 47,

217. Markov Semigroups with Simplest Interaction. I

By Yoichiro TAKAHASHI
(Comm. by Kunihiko KODAIRA, M. J. A., Oct. 12, 1971)

In this paper we will give a formulation of semigroups with
simplest interaction (briefly, interaction semigroups) in an analogous
way to that of branching semigroups. The most important examples
and models of this class of semigroups are the solutions of spatially
homogeneous Boltzmann equations with finite cross-sections, which will
be proved in Part I1 to be the reversed processes of some branching
processes. The key idea to reduce such a nonlinear evolution equation
to a linear one is based on the fact that the former equation is the
equation on the maximal ideal spaces of a certain commutative Banach
algebras. Another example is Burgers’ equation which can be solved
along this idea.

§0. Notations.

0.0. Let Q be a compact Hausdorff space with a countable basis,
Q" the n-fold direct product of the space, Q, the n-fold symmetric direct
product for each positive integer n, Q*:LZJ1 Q" and Q*=Lg)1 Q,. All of

these spaces are compact except Q* and @, which are locally compact.
For any topological space X, ((X) denotes the totality of continuous
functions on X with usual topology and H(X) the totality of Borel
measures on X with finite mass for each compact subset in X.

0.1. For each n=1, R, is the restriction map from C(Q*) onto
C(Q™ and I, is the operator from C(Q") into C(Q*) defined by

I.f= {g Z; gn for feC@".

The image of I, is in C,(Q@*) the totallity of elements is C(Q*) which tend
to zero at infinity and 3] IR, is the identity on C(Q*) and C(Q*). S,
is the symmetrizing operator on C(Q") i.e.

Suf (@, - -, xn)——_%];"; S@yays o5 Togmy)
(f € C’(Qn), (%1, B} xn) € Qn)

where the summation is taken over all the permutations of {1, - . -, n}.

The image of C(Q™) by S, may naturally be identified with the space

C(Q.), and the images of C(Q*) and Cy(Q*) by S= > I,S,R, with the
n=1

spaces C(Q,) and C(Q,), respectively.
The following operator M from C(Q) into C(Q*) is an essential one.
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Mf@, - a)=f(x) - f(®,) on@Q, (n=1).
The image by M of the open unit ball in C(Q) is contained in C,(Q¥).

0.2. The operator I*, R¥*, S¥, S* and M* are defined similarly for
MAQ™), HQ*), ete. S* and S* are the transposed operator of S, and
S respectively, but the others are not.

0.3. The space C(Q,) is endowed with the structure of commuta-
tive algebra without unit by the multiplication % defined as follows:
For ¢ and  in C(Q,),

Gri=3 LS, ¥ ROSE)]

i+j=n
where ® denotes the tensor product. The space Cy(Q,) fails to be an
algebra. An interesting subspace of C(Q,) is the space

=166 0@ 3 IRl < o]
and it becomes a commutative Banach algebra with unit whose maxi-
mal ideal space can be identified with the closed unit ball of the dual
Banach space of Cy(Q,), though it is not used in Part I and Part II.
0.4. The space M(Q,) is also endowed with the algebra structure
by the multiplication % defined for ¢ and v in H(Q,) by
po=5 181 7 ®REWSED)|.

i+j=n
§1. Definition of interaction semigroup.

1.1. Let X be one of the spaces C(Q,), C)(Qy), 4 or the Banach
space C,(Q,) of all bounded continuous functions on @, vanishing at
infinity.

Definition. A semigroup (Tt)tgo of linear operators on ¥ is called
an interaction semigroup if it satisfies the interaction property: if ¢
and v are in & and if ¢« belongs to 2, then,

(1) T(pxy)=T,p« Ty  for any t=0.

1.2. Remark. a) This property (1) is in a close relation to the

branching property :
(2) TMf=MR,TMf  for any t=0
if f is an element of C(Q) such that Mf is in . (See Theorem 2.1.)

b) It is easily proved that (1) is equivalent to the relation
(1) T, M= T,
on {¢ € X: M@ e X} where M¢=szl¢" and ¢g"=¢x - - - x@ (n times).

c) IfX=4or C(Q,), then (1) implies that each T, is a continuous
operator on X.

1.3. Definition. A semigroup (Tt),go of linear operators on 2 is
degenerated if there is a semigroup (S;);s, of linear operators on C(Q)
such that, for any f, - - -, f in C(Q),

(3)  TAd.fox- - -+ f)I=LIS )% - - #(Se fu)] for any £=0.
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1.4. Remark. If a semigroup (T, associated with some
Markov process X with state space Q, is degenerated, then X is equiv-
alent to the n independent copies of some Markov process with state
space Q on each Q,.

§2. A characterization.

2.1. Theorem. Let (T, be a semigroup of bounded operators
on Cy(Q,) and (T}),, its dual semigroup on Cy(Q,)’.

(i) The branching property (2) for (T,);s, is equivalent to the
condition: if ¢ and v are in C(Q,)" and if pxv is in Cy(Q,)’, then,
a= T;k(y xY)= (Tt* ,u)*(T,*v) for any t=0.

(ii) The interaction property (1) for (T‘t)tgo is equivalent to the
condition: if m is in (H(Q) and of total mass ||m| <1, then,

(2%) T*M*m=M*R¥T*M*m  for any t=0.

(iii) (fl—’t)tgo satisfies both of the interaction and branching prop-
erties if and only if it is degenerated.

2.2. Remark. The condition (1*) is equivalent to the relation:
a*) THM*=*Tx*
on {#el)(Q, :|xr|<1} where M*p:yél,u” and pr=p*...*p (n
times).

2.3. <50 < D, ete. denote the integrals over the sets Q,, Q.
etc. here and hereafter.

Lemma. 1) If p and v are in C(Q,) and if f is C(Q) and of
norm<1, then,

e, MF yo, =<ty MF 5o, (0 M dq,
2) If ¢ and ¢ are in Cy(Qy) and if m e Cy(Q) is of norm<1,
MFm, @ x4 g, = M*m, ¢ LM*m, ),
3) Let A, pand v bein C(Q*). If, for any f in C(Q) of norm<1,
the equality
s MF o, =t MF 9o, v, M ygn
holds, then,
A=Uxyp.
4) Let ¢, v, x bein C(Qy). If, for any m in HM(Q) of norm<1,
the equality
¥, YD, = MM, 3o (MM, ¥yq,
holds, then,
A=

Proof. It suffices to note that all the integrals in the statements
are absolutely convergent.

2.4. Proof of the theorem. (i) and (ii)

(i) is a known result (cf. S. Watanabe [4] for example) and can be
proved similarly as (ii). For (ii), we first assume that (Tt),go is an
interaction semigroup. Letp=1landf, ---,f, € C(Q). Then, using2)
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of the lemma,
(TEM*m, Ao f)% U f5))q,_

={M*m, (_Ttllfl)* cee *(Ttllfp)_>0*

=M, TL £y, - <M*m, T.L, fyde,

=(M*R¥TFEM*m, I, fix- - -*I, fp)q,
for any m in HM(Q) of norm< 1. Consequently (2*) holds. Conversely,
if (2%) holds, then, for any ¢ and v in C(Q,,) such that ¢ =y is also in
C(Qy), by 2) of the lemma,

(M, TP x¥)yo,=M*RETEM*m, *1Dgs
={M*m, T pye M¥m, T.f)q,
Applying 4) of the lemma, we have
Hence the proof of (ii) is completed.
2.5. Proof of (iii).
The “if” part is obvious. We assume that (1) and (2) hold for
(T)is0. It is easy to show that
(4) Lty (Mf)*(Mf)>Q*:kZZ:1 B+ 1D pt IR M f 5
for any ¢ in C(Q,) and f in C(Q) with || f||<1. From (1), (2) and (4),
it follows that
ngl (E+1)<p, TcIkRka>Q*=j§;1 G+, LR T M [,
and that
LR, T.I,R,=0 if j#k.

Consequently T‘:Z;; I,T*R, where Tr=R,T.,, which is equal to

T'®---®T: on C(Q,) by the interaction property (1). Hence we have
proved that (T,)t;.) is degenerated.
§3. Non-interacting part.
3.1. Theorem. For any interaction semigroup (T);s, 17
= Zg]l I,R,TI,R, forms a degenerated semigroup ; more precisely B, T.I,
»

=T'Q®- - QT with T'=R,T\I,.

3.2. Definition. The semigroup (7?).s, is called the non-inter-
acting part of the interaction semigroup (T,),go.

3.3. The theorem follows immediately from the lemma: If we
define a function F(a, 8) on {(«, 8) € C*: |a|<1 and | B|<1} by {M*(am),
T.M(Bf)>, for fixed m and f in the open unit ball of Cy(Q) and Cy(Q)
respectively, then it is analytic and satisfies the functional equation

Fa,B=3, (ﬁ_z%(a, 0))

In Part II, we will give the definition of the Markov processes with
interaction, their decomposition and construction and the relation to
the branching Markov processes.

n
.
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