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1. Introduction. Let f(x, y) be a subharmonic unction in a
planar region G, and (e) be the completely additive, non-negative
Borel set function generated by f(x, y). Let c(x, y; r) be the circle
of radius r with center (x,y) included in the region G with its
boundary.

We shall introduce the functions:

A(f x, y; r)- 1 r:, r,

j J f(x + cos e, y + sin t)pdpdO,

1 ,(o.I(f x, y; r) ---- f(x + r cos t, y + r sin 0)dt.

Saks) proved the following important theorem:

Theorem A. If f(x, y) is subharmonic in the region G, then, for
almost all points (x, y) in G, we have

limo8.[A(f;r x, y; r)-f(x, y)--Dt(x, y),

lim0.-[I(f; x, y; r)--f(x, y)--Dt(x, y),

where D(x, y) denotes the symmetric derivative of (e) at (x, y), that
is to say,

Du(x, y)-lim tC(x, y; )

C(x, y; ) being the circle completely included in G.
Recently M. D. Reade) proved the ollowing

Theorem B. If f(x, y) is a function of P. L. class in G, then,
for almost all points (x, y) in G, we have

lim 4-4-[P(f; x, y; r)-A(f; x, y; r)--f2(x, y)Dsa(x, y),

where a(e) denotes the mass distribution generated by log f(x, y).
In this paper, we shall generalize this. We shall prove in 2 some
lemmas and in 3 our main theorem.

2. We prove some lemmas which will be used in 3.
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Lemma 1. Let p(x, y), q(x, y) and p(x, y)q(x, y) be subharmonie
in G, and put

A(pq; x, y; r)- j J p(x + cos e, y + p sin e)q(x + cos e,

y + g sin 0)dpdO.

Further, let t(e), q(e), q(e) be the mass distributions generated by
p(x, y), q(x, y) and p(x, y)q(x, y) respectively.
Then we have

( 1 ) lim [L(p; x, y; r)L(q; x, y; r)-A(pq; x, y; r)/r
’-0

q(x, y)Dt(x, y)+a p(x, y)D,tq(x, y) -Dq(x, y),

a.e. in G.
Proof. By the definitions we have

1L(p)L(q) A(pq) [L(p) + p(x, y) [L(q) q(x, y)

+ [L(p)- p(x, y) [ L(q) + q(x, y) A(pq)- pq},
and then

2 L(p)L(q)- A(pq) 1 [L(p) + p(x, y) 4
-[L(q)-q(x, y)_

r 8

1 4+-[L(q) +q(x, y)-rL(p)-p(x, y)

1 8 [A(pq)_ p(x, y)q(x, y).
8 r-By Theorem A, when r-> O,

( 3 ) 4[_ L(q) q(x, y) .-Dlq(x, y),
r

8 A(pq)- pq] ->Dq(x, y)
r

4[_ L(p)__p(,,y)-Dg(x, y)
r

a.e. in G.
Since p(x, y), q(x, y) are subharmonic, L(p) and L(q) converge to
p(x, y) and q(x, y) respectively a.e., as r- 0. Therefore by (2) and
(3) wet get

lim L(p)L(q)-A(pq) 1 [p(x, y)D(x, y)+ qx, y)D(x, y)}
ro r 4

--Dd%q(x,y), a.e. in G,

which is the required.

I.emma 2. If p(x, y), q(x, y) and p(x, y)q(x, y) are subharmonic
in G, and if e is a Borel set completely included in G, then we have
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iq(e)--ffp(x, y)dlq(%) +ff q(x, y)d#(%)

4- 2ff( P q-+-- q )dxdy.x x y

Proof. Let D be an arbitrary domain such that D G.
Evans) and Riesz) proved the following facts: If we put

A(p; x, y; r)A(A(p); x, y;r), A(p; x, y; r)A(A(p); x, y; r),
A(q; x, y; r)A(A(q); x, y; r), A(q; x, y; r)A(A(q); x, y; r),

then there exists a positive decreasing sequence } (0) such
that the three sequences

( a ) AA(p; x, y; p)dxdy, ,)(e)-ffAA(q; x, y; p)dxdy

and

(5) i)(e)--J J AAs(p; x, y; g) As(q; x, y; )dxdy

converge to (e), q(e), q(e), respectively as n ->, where e denotes
an open set e( C G) and is -, q-, - regular.
Now let R denote orientated, /-, q-, - regular rectangle con-
tained in D and put A(p; x, y; )-).()(x, y), A(q; x, y; r)-.)(x, y).
Let us now estimate A(()B)). Since

we have

(6)

q(R)- lira ffV"t<"dx,dy + lim ff!8<"A’dxdy

+ 2 lim (I?)c)+N )dxdy,

and by (4) and (5),

(7) ffl -d (%) + lim ff/q(R)-lim (,

+ 2 lim ()"c.c,, +, )dxdy.

After Frostman,) we have

By (4), (5), (6), we obtain
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( 8 lira ffI)dt)(%)=ffp(x, y)dtq(%),

t- y y dxdy

-ha x/ y y- dxdy.

By (7), (8), (9), we get the ollowing relation.

R

+ eff + ) dxdy.

By ehe reasoning of Reade,) we can see Chat ehis relation holds
good for any open orientated rectangle contained in D.

Hence he relation (10) holds good for any Borel set contained
in D. Since D is an arbitrary domain (D G), Lemma 2 is com-
pletely proved.

3. We can show now ehe main theorem"
Theorem 1. If p(x, y), q(x, y) and p(x, y)q(x, y) are subharmonic

in a domain G, and if (e), q(e) are mass distributions generated
by p(x, y), q(x, y) respectively, then we have

lira [L(p; x, y; r)L(q; x, y; r)-A(pq; x, y; r)J
r+O T

ProoL By Lemma 1, we get

lira [L(p; x, y; r)L(q; x, y; r)-A(pq; x, y; r)]

=pD+qDq-D, a.e. in G,
and by Lemma 2

Therefore Che required resul is immediately obtained.

} 4. We shall assume tha p(x, y), q(x, y) are funetio of P. L.
class in G. Then u(, y)=log p(x, y) and
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v(x, y)--logq(x, y) are subharmonic in G. Let a(e) and aq(e)
denote the mass distributions generated by u(x, y) and v(x, y) re-
spectively.
By a theorem of Beckenbach, if p(x,y), q(x,y) are functions of
P.L. class, then we have for any circle C(x, y; r) completely included
in G,

A(pq; x, y; r) L(p; x, y; r)L(q; x, y; r).

We shall discuss the value of

lim 4
o r- L(p; x, y; r)L(q; x, y; r) A(pq; x, y; r)

in terms of a,(e) and a(e). For this purpose we need a lemma
which was proved by M. D. Reade.)

Lemma :. If e is a Borel set ( R) and p(x, y)is a function
of P.L. class (log p(x,.y)--u(x, y)), then we have

ffexp u(x, y)da(%) +ff!(-xU)"+ (--)l p(x, y)dxdy.

Therefore

(11)

Similarly

Hence we have the following

Theorem 2. If p(x, y), q(x, y) are positive functions of P.L. class
in G and if a,(e), a(e) are mass distributions generated by log p(x, y)
and log q(x, y), respectively, then we have

lim 4[L(p; x, y; r)L(q; x, y; r)-A(pq; x, y; r)] --12-pq Da,(x, y)
r->O ,2

+ Dw(x, y)} + q-pq + qy- y/j,
a.e. in 6.

Proof. By Theorem I, we get

(13) P=lim L(p; x, y; r)L(q; x, y; r)-A(pq; x, y; r)

1 p(x, y)D,q(x, y)+q(x, y)D,,(x, y)
2

x x Sy y
(11) and (12) give us



No. 7] On the Mass Distribution Generated by a Function of P. L. Class 537

2 x y

x y y

which is he required.
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