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112. On the Mass Distribution Generated by a
Function of P. L. Class

By Osamu ISHIKAWA
Mathematical Institute, Tokyo Metropolitan University
(Comm. by Z. SUETUNA, M.J.A., July 12, 1954)

§1. Introduction. Let f(z,y) be a subharmonic function in a
planar region G, and u(e) be the completely additive, non-negative
Borel set function generated by f(x,y). Let c(x, y;r) be the circle
of radius r with center (x,y) included in the region G with its
boundary.

We shall introduce the functions:

. . . 1 27 T .
A(f; o, y;7)= —a f Of Sf(@+pcos b, y+psinb)pdpdd,
I(fiz, y;7)= 1 [mf(x+rcos0,y+rsin0)d0.
2 .«

[

Saks? proved the following important theorem:

Theorem A. If f(z,y) is subharmonic in the region G, then, for
almost all points (x,y) in G, we have

1;51;%[44@; %, y; 1)~ F@, )] = Dyu(z, ),

lim [ 1(fs 43 7)—f(@, 1) ]=Dun, ),

where Dyu(x, y) denotes the symmetric derivative of u(e) at (x,y), that
28 to say,
D,u(w, y)=1lim KLC@ Y5 p)] yie )]
p>0 ™

C(z, y; p) being the circle completely included in G.
Recently M. D. Reade® proved the following

Theorem B. If f(x,¥y) ts a function of P. L. class in G, then,
Jor almost all points (x,y) in G, we have

lim S E(fs v ) A% ,0;1) ] =@, D@, V),

where o(e) denotes the mass distribution genmerated by log f(x, y).
In this paper, we shall generalize this. We shall prove in §2 some
lemmas and in §8 our main theorem.

§2. We prove some lemmas which will be used in §3.
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Lemma 1. Let p(x,y), q(x,y) and p(x, y)e@,y) be subharmonic
wm G, and put

27 r
Alpg; x, y; r)= 1 f fp(x-}-pcos&, y+psinf)g(x+pcos b,
o

e .
Y+ psin@)pdpdb.
Further, let py(e), ple), pp€) be the mass distributions generated by

o, y), @, y) and p(x, y)a(@,y) respectively.
Then we have

(1) ljgl [L(p; @, y; r)L(q; @, y; ) — A(pg; x, y; )]/
— 9@, Y)D,py(x, ¥) Zp(xy Y)Dypao(, Y) ___é_Dst(x, ¥,

a.e. in G.
Proof. By the definitions we have

L(n)L(g)— A(pq)=% ([ L) + @, 1) [LL@)—a@, )]

+ [ L(p)—px, ») [ L(9) +o(@, )1} — {A(pg)—pa},
and then

2y  LOL@- 4w :_;_[L(p) + 0, ¥) ]%[L(q)—Q(x, )]

9,.2

+ %[L(q) +q(, y)]%[L(p) — (@, )]

— 1 5 LA~ (@ vt ).
By Theorem A, when r—0,

(3y HL@=a=n] p, gy ALO-P@9]

. =D, Y)
r r

%[A(m) — P91 >Dip (T, ¥)

a.e. in G.

Since p(x,y), q(x,y) are subharmonic, L(p) and L(g9) converge to

p(x,y) and q(x, y) respectively a.e., as r — 0. Therefore by (2) and
(8) wet get

lim L(p)L(q)Z— Apg) _

r>0 r

{p(z, y)Dsf"q(x’ Y) +Q(w) y)Dsl"p(w: ¥}

1
4
1 .
"gDsl"pa(x’ y), a.e. 1n G’
which is the required.

Lemma 2. If p(x,y), o=, y) and p(x,y)q(x,y) are subharmonic
in G, and if e is a Borel set completely included in G, then we have
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k@)= [ [ 0o, v)dufe)+ [ J e widuten

+ f f ( o ow oy oy
Proof. Let D be an arbitrary domain such that D C G.
Evans® and Riesz® proved the following facts: If we put

Ay(p; @, y; r)=A(AD); @, y;7), Ax(D; @, y; 7)=A(4:(D); @, ¥; 1),

Ayfq; 2, y; M=AA(Q); @, ¥; 1), AQ; @, y; )=A(A4:(Q); @, y; 7),
then there exists a positive decreasing sequence {p,} (p} 0) such
that the three sequences

(4)  w(e)= f f AA4(p; @, y; po)dady, wi(e)= f 4Ay(q; @, ¥; po)dady
and

(5) por(e)= f f AL Ay(p; @, Y5 pn) X Ay(Q; @, Y5 p,) Jdady

converge to u,(e), u.e), uple), respectively as n — oo, where ¢ denotes
an open set e(¢ C G) and is p,-, pg pe- regular.

Now let B denote orientated, w,-, w,, pp~ regular rectangle con-
tained in D and put A(p;«, y; p) =U"(x, y), Asx(g; @, y; r)=B"(z, y).
Let us now estimate 4A™B™). Since

829[;")?(75) :QIS:;)%(”) +292{;n)%;n) +Q[§;)%(”),
X
n n)
8291(8 )}28( — 9 %’]J&) + 2%(”)%(”) +9I(n)§5(n)
Y
we have
(6) (s‘)I’n)%('n)) g‘[fn)(%;;) +23(”)) __I_EB(%)(S)I%) +%‘[(n)) _1_2(%‘[(%)%(") +Q[(n)$(n))

— Y g P + 2(%[3%)%;7:) + s‘)I(yn)%SJn)) + B 4™,
By (4), (6), (6), we obtain

o B)=1im f f A By +lim f f B LA™ dwdy
R R

n >0

n>o0

+21im [ [ QS+ A B dady,
[
and by (4) and (5),
(7)) pu(B)=Mim | | AVdude,)+1im BAuS(e,)

-t [ i

n»o0

+2 lim f f (UCOBL + ATV dardy.
R

After Frostman,” we have
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(8) lim [ f wrdu(e)= [ [ p@, Hdues),
n»o0
R

lim f f B ps(e,) = f f q(@, y)du,(e,),

and after Evans®

@) [ S

(3 2T e

By (7), (8), (9), we get the following relation.
W) B = [ [ p@ nipten+ [ f a(e, Y)dpsley)

+2 f f ( op 9, 9p @‘1.> dwdy.
ox 89(; oy oy
By the reasoning of Reade,” we can see that this relation holds
good for any open orientated rectangle contained in D.
Hence the relation (10) holds good for any Borel set contained

in D. Since D is an arbitrary domain (D C @), Lemma 2 is com-
pletely proved.

§3. We can show now the main theorem:

Theorem 1. If p(x,y), q(x, y) and p(x,y)q(x, y) are subharmonic
m a domain G, and if pyle), ue) are mass distributions generated
by p(z,y), q(x,y) respectively, then we have

}i}gl % [L(p; , y; ) L(q; , y; 7)— A(pg; 2, y; 7)]

op oq , Op 8q> .
= [pd, d, (7 B I N a.e. in G.
2 [p pq+qdspy] — o o + oy oy

Proof. By Lemma 1, we get
lim f‘; [L(p; , y; ) L(g; , y; ) — A(pg; =, y; 7)]
=pDspiq+ @Dgpty— % Disprpg, a.e. in G,
and by Lemma 2

op 9q , 9p 8q> .
D, D, D, +2( TR a.e. in G.
Hog=qDspy + DL, o0 Ow + oy oy

Therefore the required result is immediately obtained.

§4. We shall assume that p(z, y), q(z, y) are functions of P. L.
class in G. Then u(z, y)=log p(x, y¥) and
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v(x, y)=log q(x, y) are subharmonic in G. Let o,(¢) and o, (e)
denote the mass distributions generated by u(z,y) and v(z,y) re-
spectively.

By a theorem of Beckenbach, if p(z,y), q(z,y) are functions of

P. L. class, then we have for any circle C(z, y; r) completely included
in G,

A(pg; =, y; ) < L(p; «, y; r)L(q; ©, y; 7).
We shall discuss the value of

ljgl % [L(p; x, y; rL(q; =, y; r)— A(pg; , y; r) ]

in terms of o,(¢) and ofe). For this purpose we need a lemma
which was proved by M. D. Reade.?

Lemma 3. If e is a Borel set (¢ C R) and p(z,y) is ¢ function
of P. L. class (log p(zx,y)=u(z, y)), then we have

pp(€)= f f exp u(x, y)da(e,) + f f [(g:>2+<g§>] p(x, y)drdy.

Therefore

A)  Dantov)=p YDafe +0] () +(54)]
Similarly
(12) Dy, 1) =0(@, 1) Dy (@, ) +q[(§—;’)2+ (%)]

Hence we have the following

Theorem 2. If p(x,¥y), q(x, y) are positive functions of P.L. class
m G and if o,(e), oe) are mass distributions generated by log p(x,y)
and logq(z, y), respectively, then we have

lim %EL@; @, y; (G @, y; ) — A(pg; x, y; )] :%z)q{psap(x, Y)
A [(gop _ 00\ (,Op_ Cq } i
+Dsa'q(x7 y)} + g {(q oz pax ) + (q ay P ay ) 5 a.e. 1n G.

Proof. By Theorem I, we get
a8  P=lim 2Lwiw, i )L 2, 4 1)~ Awg; 2, 55 7)]
:%[m, Y)Dypi (@, ¥) + (@, ) Dy, )]
_.<_a£ §q7+_8p §l>’ g.e. in G.

or or oy oy
(11) and (12) give us
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Al )

ologp ) (8 logp } ( op 9q ap oq >
D.g.+p( Z208P Y 4 o 08P P 4
+q{p s%+p< ox > ox 8x oy oy

=y [pe@ay+ Do)+ 4 {( 30 +(2’; FerlG) + (5]
_ (?210, 9, °p 9@,)
oxr Oox Oy oy

1 1 op oq \ op 2q
= DS -Ds -+ ;.,,_,{ A — ,77,) < A A> },
2pq( o+ Dyoy) (qaw po)t qay pay

which is the required.
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