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1. The object of this paper is to find the condition of almost
everywhere convergence of the series

~0

(1.1) 2 18.@)— f(@) 1%,

n=1
where s,(x) is the nth partial sum of the Fourier series of f(z).
Concerning this problem, S. Izumi [2] has shown the following:
Let p>1, p=k>1 and ¢ be any positive number. If
™ 1/p 1 Q+e)/k
— — » < 1/k =
ait)=sup { [TIf@ru—f@rde | =4 (g 1)

then the series (1.1) converges almost everywhere.

Related this theorem we shall prove some theorems.

Theorem 1. In order that the series (1.1) converges almost
everywhere, one of the following conditions is sufficient:

(1.2) S I[2 0,12 < 0, for 22p>k>1, v>plk—1,
=1

(1.8) Ai'zk[mpa/z%)]fz w, for 2>p=k>1,
=1

(1.4) 22w, (1/2)]P< o0, for p=k=2.
A=1

2. Proof of Theorem 1. We have
8u(@) — f (@) = 71; f " oa(t) sin (0 +1/2)t/(2 5in t/2) dt
0

2sint/2
= Pu(@) + Qu(@),
say, where ¢, (t)=@(t)=f@ +1t)+ f(x—1t)—2f(), and P,(x) and Q.(x) are
the nth Fourier coefficients of the functions @.(¢) cost/2/(2 sin ¢/2)
=@,(t)p(t) and ¢,(t)/2, respectively.
Let 1<p<2 and p’ be its conjugate, then by the Hausdorff-Young
inequality, we get®

{ni_JPn(w) sin nk]p,}v/p'gA{fﬂlgD(t +h)pE+h)—pt—h)p(E— h)l"dt}

=1 (7 ). Co8t2 11
== of @) sin nt dt + - Of 5 @.(t) cos nt dt

1) Cf. N. Matsuyama [3].

2) We denote by A an absolute constant, which is not necessarily the same in
different occurrences.
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=a{ [Tiptt+0)—pt—DPipt+ B de
+ [ipt+ b= pe—Birlpt— By}

=a{1@+ 1@},

Then we have

[ 1@) do= f da [ lpult B)= gt P

<A f 2B\t + R dt< Awt(h) f (t+h)? dt
< Aw? (B,

[r@an=a “dx{ J "L f “}dtzA(Bl—kBg),

-7 —aT

and

where
B~ [Tds f e+ 2= ) de<A [ f et dt

<A f 2(t) £ dt
and
B [ o [Tt + 2~ pOip o) dt

<a{ [“oyty ¢ dt+ f “do f “Ip(t+20) ~p OO dt}

{f (t)t”dt+Ah”f ”(t)t‘“’clt}.

Collecting above estimations, we get

.[ {E P.(w) sin "klp} dr< f I(x) dac + f "I(x) do

-

N

H/\

h Tt
Al WR T+ [l AR [ o)t di .
i | [ ol
Let A= '77'/2(“” then
»/,
@.1) fJ’ IPn(x)]”'} pdx

n=27~ 14
< A{wg(h)kl"’ +f " OB Pt + P / "wg:@)rzmt}.
0 f
For the proof of Theorem 1, it is sufficient to show that the series
Z "IPu@)I* do

is convergent, since the correspondlng series containing Q.(x) is
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estimated similarly. If we suppose 2=p>k>0, then p'/k>1, where
1/p+1/p' =1.
Hence, by the Holder inequality and (2.1), we have
Z "\ Pulw) * dw= f |Pu@)* dw

7\'" —9A—1
g n 2>~ +1

S8 {8 wer}{ £

n=2A—1+1

i:: QA1 =1t/p) [ f "{ ZZA | pn(x)lp’}p/p’dx]k/p

H/\

n=2A—14+1

oo

asyzemfagmy e ( [y e ar)”

A=
g k/p
+24 [Con(t)t dt
([wsremar)”|
— AP+ S+ 5P,

where S{® is finite by the assumption (1.2). By the Hélder ine-
quality,

Sgk)éA{;: (1 + 1)—1-k/(p—k3 }lﬂk/p {g QAL~k/p’Ip/k (2 + l)Tfncog(t) t? dt}k/p

H/\
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S ” =t &/D
A{Z OIE) T dE ST (A1) m}
v =1

=1
ﬂ/2v+1

IA

53 k/p
A{z w[zmp(l/zv)]ﬂ} %o
y=1
since yk/(p—k)>1. We have also
sp=alS ooty 3y [ o e )

/2V+ 1

IA

AlS [ oyt arsyponw 1)1-}"/”
A=V

Lv=0
7:/2\""1

IA

A{i 2v(2p—1) w:(]_ /2v) OWw/k+1-20) (XJ + l)r}k/p
V=0

IA

A{:'go(u 1) 2% wy(1/2%) ]v}’”"’< o

since p/k+1—2p<0. Thus we get the theorem for the case 2=p>
k>1.
For the case 2=>=p=k>1, we have, since 2>=p>1 and so
?'/p=1,
5 1p@ra=3 [Pera=5 [ 5

1
w m= 27\ +1

an(x)l”}dx
[ S rer” | $17 e

n=2A~141 n=22-1+1

IA

Aizm‘f’/"”{ n(h) b2 + f 5(¢) £ dt + h? f 5(2) t‘“’dt}

A=1
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—afsp+59+50),

where
SP=<A S 2%, (1/24) < oo,
A=l
sp=a3y [T aw a3 zer
y=1 A=1
.,g/g‘v+1
2 PPDLN1/2)  (p%2)
§A< v:l
32 0y(1/2) (p=2)
> 2 wi(1/2%) (p=2)
éA v:ol
352 al(1/2) (r=2)
and

A=1

) A 7 /2Y )
spaizer» Sy [t e azd S 2en1/2)< .
V=0 A=1
q /vl
Hence we get Theorem 1.
3. Using the above argument, we can easily get the following?®’
Theorem 2. In order that the series

o0

> 1| su(a) —f(2)[*

converges almost everywher;'el, one of the following conditions is suf-
Jicient:
8.1)  SI[RG (12 P< o0, for 22p>k>1+8,
- y>plk—1,p>1,k>0
(3.2) SN2 (1/2P< o0, for 2>p=k>1+8,

A=1
(3.8) g -2 (1/29]P < 0, for 2=p=Fk, 1>p.

Especially, if we consider the case 8= —1 in Theorem 2, then
we find the condition for the almost everywhere convergence of the
series

S 1@ —f @) /m,

which relates a theorem due to T. Tsuchikura [4].
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