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123. Fourier Series. II. Order of Partial Sums

By Masako SATO
(Comm. by Z. SUETUNA, M.J.A., Oct. 12, 1956)

1. Introduction. Let f(f) be an integrable function with period
27 and its Fourier series be
Go_
2
By s,(x) we denote the nth partial sum of the Fourier series. We
put as usual @, (u)=Ff(x+u)+f(@—u).
H. Lebesgue [1] has proved the following
Theorem 1. If, for a fixed =,

+ f} (@, cos nt +b, sin nt).
n=1

(1) [ 1900 | du=o(t)
as t—0, then 0
(2) s, (x)=o0 (log n).

S. Izumi [2] proved
Theorem 2. The conditions

3)  [pmdu=owy, (4) [‘lp.w)ldu=0@) ¢~0)

do not imply (2) in general.
Then there arises the problem: What condition with (3) does
(2) imply? As an answer of this problem we prove the following
Theorem 3. If (3) holds and

(5) S (fErm—fE—uwpydu=oty @)

uniformly in & in a neighbourhood of x, then (2) holds.

This is proved by the same idea as in the proof of Theorem 7
in [4].

On the other hand O.Szasz [3] proved that:

Theorem 4. If

(6) Of‘l%(undu—_—o (t/log%) (t—0),
then
(7 s,(x)=o0 (log log n).

Analogously as Theorems 2 and 3, we prove the following theorems.
Theorem 5. The conditions

(8) [ () du=o(¢ log 1),
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(9) Oftlgvx(u)ldu:O(t/log%-)

do mot imply (7) in general.
Theorem 6. If (8) holds and

@) | FE+u)—FE—u)) du:o(t log log-%—/log%) (t—0)

0
uniformly in a neighbourhood of x, then (?) holds.
This may be proved similarly as Theorem 3, and we omit its
proof.

2. Proof of Theorem 3. We have
s,@)="1 f #.(8)- 1 dg+o(1)

=__[f +f}+o(1) —[I+J]+o(1).

a/m

By integration by parts, we get
< sin nt. "99?”’,7} = ( o ):
|1]< f |¢(t)1| 7 |dt—o nf dt)=o(1),

where @,(f)= f p.(u) du=o0(t) as t—0. We now write

0

J= f ,(t)fl&ﬁt dt=J,—J,+o(1),

/1

where
_(”2”/2 w/n ¢x(t+2k'n'/n) — @t +(2k—1)m/n) sin nt dt,
! =g t+2k’n‘/’)’b
(n-1)/2 1 1
= 2k—1
A Z.‘{ [ P&+ ( )"T/n)( b okt (2 1)W/n>sm nt dt

and further we divide J; into two parts as follows:
g [ Ptk 2o /) — ¢+ 2k~ L)

sin nt di
. 2kmn
(& + 2kmn) 2k mn
=J 1 J 12¢
We shall first estimate J,;. We have

(n—1/2 n

Tu= 2 zzc_wu " (f @+ 2o m) — f @+ 6+ 2k — Lym/n) sin nt dt

k=1

- fﬂ m(f(w —t—2km/n)— f(@—t—(2k—1)m/n)) sin né dt]

(n—1)/2

n

k=1

—,?; [Jh+J2]

and
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Jh= f " @+ o) — f (@ + (2 — 1) /n—£)) sin nt dt

0

# [T (F @+ 2l (mfn—8)) ~ £ o+ oLy + e —2) sin vt e

= [T (fErty-pE—t) sinnt db— [T(F& 1)~ f(E—) sinnt de,

/20
where £=x+2knw/n, +=t—m/n. By integration by parts and by the
condition (5)

f T ()~ F(E—t)) sin nt dE = [sin nt f "FE+u)—FE—u)) du]

w/2m
0 0

—n [ " cos nt dt / (FE +u)— f(E—w)) du

0

—o(1/n)+0 (n f " dt) —o(1/n),

and also )
f (F(E+)— £( —t)) sin nt dt=o(1/n).
(n=1)/2 n °
Hence > Ji=o0 (log n).
=1 2k
n-1)/'
Similarly we also get CE_’?2——7—7‘—J31=O (log %), and thus we have

=1 2k
proved that J,;=o (log n).
On the other hand we write
n—1), w/n —_— p—
Ta= SV 7" [ f f@+t+2km/n)—f@+b+@k—Dym/n) , o0 0 o

= okm ) t+2km/n
n ™ f(@—t—2km/n)—f(@—t—(2k—1)m/n) t sin nt dt]
) t+2kmin
_(n—l)ﬂ -n— 1 9
= 2 —2kW[J12+J12]°

Hence by integration by parts and by the condition (5), we have
w/n (2kr[n) sin nt +nt? cos nt + 2kt cos nk
Jh=— F, @)~ dt
: f ® &+ 2k n)?

and hence

(”;2_11’22_”:#. J;z:(“;zjﬂ (%)3 [ " (%) (nt? + 4¢K) dt —o(1),

where F,(t)= f “(F@ 4w+ 2y — F@ + u -+ @ —1ym/n))du = o(1/n)

uniformly for « and &k as n—>w (0<t<m/n). In the same way we
n=1/2

get S| 5%“’72:"(1)' and we thus have J,,;=o(1).
k=1 T

Finally we shall prove J,=o (log ). By Abel’s lemma
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—_(n--l)/:% T/ N 1 _ 1
Jo= 121 [ j=k<t+2j'77'/n t+(2j—1)ﬂ'/n>
(@, + @k —1)m/n)— @, (t+ (2k—3)m[n)) sin nt dt

w/n n 1 1 .
+ — : y
«of jz="1(t+2jqr/n t+(2j—1)rn-/n>¢‘”( +or/n) sin nt di

=4, 91+ 20
say. Then by integration by parts
o= g i ( 7 cos nt
=1omy RN +2fm/n)E + (2] —L)m/n)

_ sinnt (264 (49 —1)m/n) >
@+ 29m[n) ¢+ (25 — 1) /n)?

- [ (et @he—Dym/m)~ .t 2o — By /) o,

whence

m—1)/2 T /n N 3 3
Ty = s <—”‘7+%>o<l> dt=o0 (log n)
J J n

by the condition (5). Furthermore, we have also by integration by
parts
Jp=—T w2 < n cos Nt
=\ (@ +2m/n) ¢+ (25 —L)m/n)

_ (2t+4j—1)m/n)sinnt ¢ _
a5ty ) ot mim)

and then applying the condition (3)
Tal=alsi® [al [ du|
al=d 325 [T ] [t min) +f@—u—mim) du,

éAnzjﬂ/ndt‘[Jt+ﬂ/n—[m/n~£co/n +!:m_t Jf(x~+ u)du}:o(l)

where A is an absolute constant. Thus the theorem is proved.
3. Proof of Theorem 5. Let
=3, l»‘lc::'?’wk_1 (k=2,38,---)
and f(f) is an even function such that

f()=¢i/log 2’“ in (2 — 1)m/u, <t<2jm| i),

&
)T

k=1 j=k
n . J

=~ /log 1= in (@m/ue<t<(2+Lym/p),
25

where 7=1,2,--+, ((ue/pe_1)—1)/2, k=1,2,--+ and 0<&f<1, &0 as
k— o for each 5. For example, we take
g=1k Q=<j=<k), &=1(j>k).
Then, if o/p,<t<m/w,_;, then there is a j such that
(25 — Dymr/ p <t < (2 + 1)/ s
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For such ¢
J rwiu= [ fardus [ fdu
/My /M1
where
™ fw)du=0
T 1
and

l [ ’ f(u)du\:‘ A f(u)dul

/g Q=17 /uy,

= & _ & < 29/, )
i log (ue/2jm) " 25 \ p, log (ue/247)
Thus we have

ftf(u)du:-—o<t/g’10g%) t—0).

We have also

t ¢ du 27
=A | .22 < At/log~—
of e of log (27/u) / *®
On the other hand
2 " sin nu
== - — d 1 .
0= 7 [ £ S5 dukolt

For n=y,, we put

=2 ([ [T [ Yot

/g /g1

=21+ J+K]+o(D).
m
We have then

4\:/}%
HE M qu=o(1),
of og 1/u

Mg g, sm p,ku g1 |sin | d
J=[" du=— [T ) | 1SR B

/g 7/

and then

/W1 du
> % > Alogl
IJI=Af log @) og log ;.

/gy

Finally
K= [7 /"l qu< log = Alog log log .
U

M-
Accordingly
|5,,(0)| = A log log s,
i.e. 5,(0)%o0(loglogn) for infinitely many n. Thus the theorem is
proved.
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