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107. A Remark on My Paper “A Boundary Value Problem
of Partial Differential Equations of Parabolic Type”
in Duke Mathematical Journal

By Seizd IT6
Department of Mathematics, University of Tokyo
(Comm. by Z. SUETUNA, M.J.A., Oct. 13, 1958)

§ 1. Introduction. Recently Dr. T. Shirota kindly called the
author’s attention to the following fact; —in the author’s paper [1]
published in Duke Mathematical Journal, 24, the continuity of »,(¢, x;
s, y) —and accordingly that of the fundamental solution u(t, x; s, ¥)—
in yeB is not obvious in the case where «a(t,&) takes the value zero
for some (t,&> and is not identically zero. The same situation occurs
in the author’s another paper [2]. In the present note, instead of
completing the proof of the continuity of the fundamental solution,
we shall slightly modify the argument in [1].

The argument in the present note may be adapted to [2]. By
the way, we state the following correction to the paper [2];—
[1—p,(s, y;t,2)] in the numerator of the right-hand side of (3.24)
n [2, p. 63] should be replaced by p.(s, y;t, ).

&2. Construction of the fundamental solution. We shall use
notations stated in [1] without repeating definitions of them. We
first notice that, if «(¢, &) identically equals zero or is bounded away
from zero, p,(t, x; s, ) has desired regularity and accordingly u(t, «; s, ¥)
does.

For each n>1, let x,(2) be a monotone increasing function of class
C® in 2¢[0,1] such that

(1) 1.(AD)=1/(n+1) for 21<1/(n+2)
=2 for 2>1/n.
We define a,(t, &) and B,(t, &) on [s,, t,] X B for n=0, 1, 2, - - as follows:
(2) fab 9=0, a(t)=nlabe) (@21
cand B, &)=1—a,t, &) (n=0,1,2,--:)

where a(t, &) is the function stated in the given boundary condition
(B:) in [1]. Then, for each n>0, we may apply the argument in [1]
to the parabolic equation Lf+h=0 associated with boundary condition:
(B:mp) a'n(tv E)f(t, $)+18n(t’ 5) I:af(t’ E)/anz,e] =90(t, E)r
and obtain the fundamental solution u,(¢,x;s,y) with all properties
stated in [1] where (B!) is replaced by (B,,).

Let f(x) be an arbitrary continuous and non-negative function on
D and put
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(3) fte)= [utzs i@l (@20
and ’

(4) 2ty E)=a,(t, &) fit, &)+ B.(t, &) %} (v=n>0).

(733

Then B,o,n=(a,fv—a,B,)fr=(a,—a,)f,, and hence

[an(tr 5) _a'v(ty 5)] [1 —a'v(t7 S)] - lfV(tr f)
(5) eult, §)={ if a(t,&)<1/n
0 if at, &)>1/n
and
—a(t, )[1—ay(t, £)]7'/(t, &)
(6) 900v(t,f)={ if a(t,E):\:l
af(t, &)lom, . if a(t,&)=1

for y>n>1. Furthermore, since f,(t, x)—f.(t, x) satisfies the equation
L[ f,—f.]=0 on (s, t,) X D, initial condition: lim [ f,—f,]=0 boundedly
?

on D, and boundary condition (B ,) with t/)=;08m,, we have (see part iii
of Theorem in [1])

At m)—Fit 0)= [ de [t e, )L1+(, 8)]

_aun(tr X5 T, S)/anr,e}¢nv(7’ E)d{.é
Since wu,(t, x; s, ¥) is non-negative ((1.5) in [17]) and satisfies the boundary
condition of the form (4.12) in [1] as a function of (s, y>, the value
of the function in { } in the right-hand side of (7) is always non-
negative, while ¢,(z,&)>0>¢,(z,£) for y>n>1 by virtue of (5) and
(6). Hence we have

Fol ) <At )< Sfo(t,z)  for v>n>1,

(7

and hence
w,(t, 25 8, Y <UL, x5 8, Y)<u,(t, 258, 9)  for v>n>1
since f(x) is arbitrary in (8). Therefore
(8) ut, @ s, y)=limu,(t, 2 s, )
exists and does not exceed u,(t, %; s, ¥).
It follows from (8), (5) and (7) that

u(t, x; 8, y)—u,(¢, ; 8, y)= f sz f {u, (&, z; 7, &) [1+ ¥ (z, &)]
8 B

(9)
—ou,(t, x; 7, &)/om. }D,.(z, & s, y)di&
where
D,.,(t, &8, 9)
(10) :{ La,(t, &) —aut, E)1[1—anlt, &) 'uult, &5 5, 9)  if a(t, £)<1/n
0 if a(t,&)>1/n

for y>n>1. Letting v—> oo, we obtain
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u(t, z; s, y) —u,(t, %; 8, ¥)
(11) = [Tde [{u,(t, %2, O[1+T(z, )]
J*]
—ou,(t, x; 7, £)fon, }@,(z, & s, y)dLE

where
2, s,v)
(12) - { [a, (¢ &) —a(t, )] [1—a(t, &)1 u, & s, y) if a(t,§)<1/n,
0 if a(t,&)>1/n

for n>1. Since wu,(t,x;s,y) has all properties stated in Theorem in
[1, §1] where (B!) is replaced by (B;,), it follows from (11) and (12)
that u(t, x; s, y) satisfies (1.1-7) and (8.13) in [1]—we shall prove
only (1.2); all other properties may be proved more easily.

Part i) of Theorem in [1] and (11) imply that wu(t, x;s, y)—
u,(t, ; 8,y) satisfies the boundary condition (B, ) with ¢,(¢ &)=
0,.(t, & s,y) for any fixed {s,y). Hence, at any point {t,&> where
a(t, £)>0, u(t, x; s, y) satisfies (1.2) in [1] as well as u,(¢, x; s, ¥) since
a,(t, &)=a(t, &), B, &)=PpH(, &) and ¢,(t,&)=0 for sufficiently large .
At any point <{¢,&) where a(t,£)=0, we have a,(t,&)=(n+1)"' (from
(1) and (2)) and accordingly

(D) ut, & 5, ¥)+1— (1) 2L E 5 1)
(%3
=@n(t’ & s, y):(n—l— 1)-1u(t’ & s, 'Z/)
Hence we get du(t, &; s, y)/om,,.=0. Thus we obtain (1.2) in [1].

Similarly we may construct a function w*(t, x; s, y) satisfying (1.
1*, 2% 4*) and (3.13*) in [1] and, repeating the argument in [1, §4],
we may show that u(t, x; s, y) has all required properties.
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