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1. In the previous two papers [2, III, IV], we have studied
the Hilbert transform from a point of view of the interpolation of
operation and its applications. In [2, III] we have given a negative
example as to the existence of this transformation, so we introduce
a modified definition for a function of the more extensive class. In
the book of N. I. Achiezer [1, p. 126] we find a modified definition,
but this definition does not seem to be appropriate for the case p>2,
because in the class L? (p>2) the Fourier transform does not neces-
sarily exist. Here we introduce a new definition —a generalized
Hilbert transform of order 7:
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where r is any positive real number.

In particular f,(x) means the ordinary one. Let f (x) belong to
L? (p=1) and r=n (n=1,2,---). Then we have

(L.2) Ful@)=Fo@)+C, (a4 - -+,
where
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The present paper consists of two parts. In the first part we
shall treat the integrability of (1.1) after [2, III]. In the second part
we shall prove the reciprocal formula, and this plays an essential role
in the study of the analytic function in a half-plane, as before [2, IV].

Chapter 1. Integrability of the generalized Hilbert transform

2. Let f(x) be a real or complex valued measurable function
over (—oo, ), In order to make some variety we introduce the
measure function as before

2.1 a, =a<l).
(2.1) e, )= f o 0Se<D
By L% (p=1) we will denote the class of functions such that
1 - 1
22) (ST 1r@pdua,) =( [T1r@lrde) <.

Then if we put
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7 1 = f(t) _dt
(2.9) el I e

this defines a linear operator of f, and T.f may be considered as an
ordinary Hilbert transform of f(¢)/(t+17)".

Thus we have immediately the following theorems.

Theorem 1. Let f(t)/(t+1)el: (p>1, r=0, 0=Za<1) then the
operation T.f can be defined and we have

= | f@)[? N f@)

(2.4) Io T4 Io dp=<A4, f 1+le’”’
: | fol@)—Fr, (@) |

(2.5) lim L T de=0,
where

7oy (@) F@)  de
(®9) Tonl®)= ) Gy o=t

Theorem 2. Let f(x) be a function such that
|f ()] log*[(14]x[®] S]]
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where r=0, 0<a<l. Then the operation T,f can be defined and we
have

= | fl@)| = | £ log* [(1 4]z ])*"| £1]
(2.8) L 1+ (=] dﬂéAf 1+ ol dp+B,

29) im | |f,,,1<:o2l {(xﬂdﬁ, 0,

where A, B, are absolute constants.
Theorem 3. Let f(x) be a function such that

(2.10) 11 1og " [A+H{2 "I F1T g oo
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where r=0. Then we have

(2.11) fw:'lﬁr(m)l dwéAfmlf’IOg [A+|=D*"1f 1 dax+ B,

+lz| 1+|=|

: lFrl(w) Frv(wn —_
(2.12) lim i T da=0,
where

= —7 (m_ Ki(x) f@® 4

(219) Foa@=i -2 [ L
(2.14) K(x)=1/z if |x|=1, =0, elsewhere,
(2.15) F(2)= lim F, ().

Theorem 4. Let f(x)/(x+13)" belong to L, (0<a<1). Then the
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operation Trf can be defined and we have

(2'16) J 1+I ‘1‘4"7 ﬂ< s{aﬂﬁ(l_a)}\ Yeo 1+‘ l ,>
ifr r)(x)_f (x) Il ‘
(2.17) llmf WP dp=0,

where 0<e<1, 6>¢(1—a) and A is an absolute constant.
3. In the sequel we also define a modified discrete transform,

that is for any sequence X=(-:-,x_y, %, %;,-+-) we define X, by the
following formula:

(3.1) X,=( o, 0,50, 50, +),
) — r L, 1
8.2) T =(n+1) m;_wm g
where the prime means that the term m=mn is omitted in summa-
tion. Since {#3’/(n-+7)} is an ordinary discrete Hilbert operation of
{x,/(n+17)7}, we have the following theorems:
Theorem 5. Let X be a sequence such that

(3.3) f;oﬁl%“<“ (0>1, r=0, 0=a<1).
Then X, can be defined and we have
© 55.7‘) 4 s x, P
(3.4) N W =4,.3 _H_‘W'l__
Theorem 6. Let X be a sequence such that
(3.5) 2 |2, | log* [(L+|n|)* "] =,|] < oo
1+|n|

Sfor r=0, 0<a<1. Then the operation X, can be defined and we have
(3.6) i‘_ﬁfﬂ__<Az |2, log* [A+|n |21 | p

“= 1+|,nlr+a - 1__|_|,n|r+a
Theorem 7. Let X be a sequence such that
(3.7 Ix [log*[(14]|n|)*"|x, |]
= L+[nl

Jor r=0. Then we have

(3.8) ZJ& <A2 [, log* [(14-|n|)* 7|2, |] 4B

= 1+[n 1+[nl
where
1e x
3.9 x(r)* — x(r) n
(39) Ty
Theorem 8. Let X be a sequence such that
3.10 S ol =0, 0=a<1).
(8.10) E T fafer > =0 0=asl)

Then the operation )?r can be defined and we have
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0 ol N A o Ix ' 1-s
3.11 4 (5o ,
( ) g 1+|n|r+5+a = 8{5—6(1—&)} \g 1+|n'r+a>

where 0<e<1, 6>¢(l—a) and A is an absolute constant.
Chapter II. The reciprocal formula and analytic functions
in an upper half-plane

4. Let g(x) be a real valued measurable function over (— oo, co).
We introduce some notations:

_ () [~ g(t) dt
(4.1) Cr(zy g)‘_ 27”: J (t—‘—?:)r t-—z’
_ (242 [~ _g@) ydt
(4.2) Pr(z, g)_' r IQ (t _I_?:)fr (t _x)z_l_yz ’
(4.3) ﬁr(z’ g) - (z + ’l:)r i g(t) (t — m) dt

J, (i) t—a)+yt
If we put »r=0 we have C(z,9), P(z,9) and ﬁ(z, 9) in [2, IV]
respectively. We have also
(4.4) 2C (2, 9)=P(z, 9)+1iP (2, 9).
By analogous arguments follows:

Theorem 9. Let g(x)/(x+1)" belong to LE (p=1, 0=a<1). Then
we have

(4°5) (S)"lll'? Pr(z; g):g(x) (y—>0), a.e. Z,
Y->
im [C1P29)—9@| 4 _

46 lim [ dp=0.

(*9) JE,‘L NPT

Proof. The (4.5) is trivial. As to (4.6) we have
oo dﬂ
4.7 P,(z, 9)— I/ L
an [P o-@ Pl

—o0
»

<o [lerr =@+ s

1~ g(®) y dt
?L(

1+[a]” t+iy G—a) o
o (Pl 1 7 gkt ydi o) P
1+jef? Iz J_ (e+t4+0) t*+y* (i)l

=] »
< s [LODL oo 'lrp dpu-+o(1)

=o(1), (y—>0).
Theorem 10. Let g(x)/(x+17)" belong to L: (p>1, 0=a<l), or
g(@)/(x+1)" and g,.(x)/(x+1)" both belong to L, (0=<a<l). Then we
have also

(4.8) (S)lim P (z, 9)=0,(2), a.e. 2,
Y >

im (1P 0) 0@ 5,
4.9 1 ‘ dp=0.
( ) ;—m 7. 1- lerp ©
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Instead of this theorem, it is enough to prove the next one:

Theorem 11. Let g(x)/(x+1)" belong to L% (p>1, 0Za<l), or
g(@)/(x+1)" and g,(x)/(x+1)" both belong to L, (0<a<1). Then we have
(4.10) P.(2,9)=P.(2 3.

Proof. Since it holds that Py(z, 9)=P(z, §,), we have

5 (s gy I [ (o) _du \__ydt
41D Pz g)=—-- S/ ( (utiy t—u>(t—w)2+y2

=P ,(Z, 6r)

By Theorems 9 and 10 we have

Theorem 12. Under the assumptions of Theorem 10, we have
(4.12) C.(2, 9) = C\(2, 19,).

Theorem 13. Under the assumptions of Theorem 10, we have the
reciprocal formula
(4.18) (@) (x)=—g(x), ae. @

We take this property as a base of our arguments as before.

5. In this section we establish the representation theorem of
Cauchy and Poisson type, under giving the boundary function.

Theorem 14. Under the assumptions of Theorem 10,

(5.1) f(2) =2C.(z,9)
defines an analytic function on the upper half-plane and
(5.2) (S)-Eg f(R)=f(x)=g(x)+1ig,(x), for a.. x,

and f(z) is represented by its Cauchy and its Poisson integral re-
spectively.

Theorem 15. Let f(z) be represented by its Cauchy integral with
limit function f(x), such that f(x)/(x-+1)" belongs to LE (p=1, 0=«
<1), them we have

(5.3) Gf),=8f and (3f),=—%.

Theorem 16. Let f(z) be analytic in the half-plane y>0. Let
f(z) have the limit function f(x) such that f(x)/(x+1)" belongs to
Lt (p>1, 0=<a<1). Furthermore this limit exists as an angular
limit on a point of a set of x with a positive measure. Then f(2)
can be represented by the formula
(5.4) F(&) = Cu(z, 1)

Theorem 17. Let f(z) be analytic in the half-plane y>0 and
have the limit function f(x) such that f(x)/(x-+1)" belongs to L? (p=1,
0=a<1). Then whenever f(z) is represented by its Cauchy integral

of order r, it is also represented by its Poisson integral of order r
and vice versa.

6. In this section we treat an analytic function in the upper

half-plane of the so-called % class. That is an analytic function in
y>0 such that
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(6.1) 1£@a=( [ 1 £+in) ) <const.

for 0<y< =,
Let f(2) be analytic and f(2)/(z+%)" belong to £, then if we
consider f(2)/(z+17)"*? instead of f(2) we have by similar arguments
Theorem 18. Let f(2)/(z+1)", r=0 belong to H2 (p=1, 0=a<1)
there exists a limit function f(x) such that f(x)/(x-+1)" belongs to
L2 and furthermore this limit exists as an angular limit.
Theorem 19. Under the assumptions of Theorem 18, we have

(6.2) f(@)=o0(2]"), as 2>, unif. in y=7>0.
Theorem 20. Under the assumptions of Theorem 18, we can write
(6.3) f(z) = B,(2)H(?)

where H(z) belongs to the same class of f(z) and does not vanish in
the upper half-plane and
6.4 B()= 1 ?=% 2&—1
(6.4) 2) (3 2—2, 2,41
with {2,} a sequence of zeros of f(2) in y>0. This product has
properties:
(6.5) | B (z)|<1 for all y>0,
(6.6) (S)—ligl B,(z) =1, a.e. w.
Y
Theorem 21. Under the assumptions of Theorem 18, f(2) s

represented by its Cauchy and its Poisson integral. As for real
part of f(x) we have also

(6.7) f(2)=2C,(2, Rf)=P,(2, Rf)+iP (2, Rf).
Theorem 22. Under the assumptions of Theorem 18, we have
6.8 Ii > | fle+iy)—f(@)[? =0.
(6.8) ;E}L Tta]? dp=0
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