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49. On the Extensions of Finite Factors. 11

By Zir6 TAKEDA
Ibaragi University
(Comm. by K. KuNUGI, M.J.A., May 7, 1959)

Since extensions of a continuous finite factor A are closely related
with extensions of the group K of all inner automorphisms of A [2],
some fundamentals of the cohomology theory of groups reflect upon
constructions of extended factors. In this paper we shall show that the
effectiveness of a group G of automorphism classes for the construction of
extended factors is decided by the fact that a three-dimensional cochain
associated with G is coboundary or not. In general, the group K has
no central element other than 1 and so, by a proposition of group
extensions, the extension of K by G is uniquely determined within
equivalences. On the other hand we shall define an equivalence relation
in factors extended by G analogously to the one for extended groups
and then show that the equivalent classes of extensions of 4 by G
are one-to-one correspondent to the second cohomology group H*G, Z),
where Z is the unit circle in the complex plane and G is assumed to
act on Z trivially.

1. We use the same notations as in [2] as possible. By A we
mean a continuous finite factor acting on a separable Hilbert space and by

o the group of all x-automorphisms of A. Denote by K the group of
all inner automorphisms of A. K is a normal subgroup of . Put ¥

the quotient group %A/K. We take up an enumerable subgroup G of
A. We call G a group of automorphism classes. For every element
acG we choice a representative @ in the coset a of the quotient /K,
then for every « and B there occurs m,, ¢ K such that E-E:c@-ma,ﬁ.
This satisfies relations:
(1) (k) = (fyna-e for keK
(2) Mo,y Mp,r = Mag,; M, p
where k*=a ‘ka and k™"=m'km (mecK). We call such a system
{m.,s} a factor set of imner automorphisms of A. If a factor set
{m,,,} satisfies m,,.-1=1 for every a, it is normalized. In this paper
we consider only such a group for which normalized factor sets exist.
For a factor set {m,,;}, we get an extension K of the group K by G,
which we show by K=(X, G, m,;) [1, 2].

Let KV =(K, G, m{%) and K®=(K, G, m;) be two extensions of a
group K by a group G with respect to different factor sets {m{%} and {m$;}
respectively. If there is an isomorphism between K’ and K® satisfying
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(i) 1QkeK® <>1QkeK® (i.e. the identity mapping on K)

(ii) a®@keKP o>a@he K®,
these extensions are said equivalent. It is known that K% is equiv-
alent to K® if and only if there exists n,¢K (acG) such that
(3) Aoy =C 1 Nay  MGH=NiMEGMEN
(where nﬁ:ﬁagna,@_m). Hence we say that two factor sets are equivalent
with each other if they are connected by the relations (3).

For an inner automorphism k of A, there is a unitary operator
veA such that z*=v*xv (xeA), but this v is not determined uniquely.
Every unitary operator w satisfying w*v=y-1 (y is a complex number)
induces the same inner automorphism k.

Now let v,, be a unitary operator in A which induces the inner
automorphism m,,; then by (2) we get in general
(4 ) Va,61Vp,r ‘X(Of, ﬁ’ T)zvaﬁ,rlvz,ﬁ
(where x(a, 8,7) is a complex number such that |x(e, 8,7)|=1). If
V.5 is suitably chosen to satisfy
( 5 ) X(a, ‘8’ T)=1, ’01’121, va,a-lzva_l,azzal
for every «, 8,7 (4, is a complex number), we call {v,,;} @ normalized
factor set of unitary operators of A. Using such a normalized factor
set, we are able to construct an extension A=(4, G, v.,;) of the factor
A, which admits a group of inner automorphisms isomorphic to K
=(Kv G; ma,ﬁ) [2]'

2. For any case does there appear a normalized factor set of
unitary operators? We discuss it in this section.

Let Z Dbe the unit circle of the complex plane and we assume
that G acts trivially on Z, i.e. 2°=2z for every z¢Z and acG. Put
C¥@, Z) the group of 3-dimensional cocycles on G with values in Z*
and by B*@, Z) we show the subgroup of coboundaries of 2-dimensional
cochains, that is, the collection of cocycles ¢(a, 8,7) which may be
expressed as

_ SfaB, nSf(a B)
o P D=, 807G D)
by a Z-valued function f(a,8) on GXG. The quotient group
C¥G, Z)/B¥G, Z) is usually called the third cohomology group.

LEMMA 1. The element of the third cohomology group which
contains the cocycle y(a, B, 1) in (4) depends upon only G and is in-
dependent from the choice of representatives a and unitary operators
Va,pe

Proof. Let a be a representative of acG and a’ be another one
then there is an element %, in K such that a’=an, and we get

*) A Z-valued function ¢(e, 8,7) on GXGXG is a cocycle if it satisfies ¢(8, 7, 8)-
wle, Br, 0) ¢la, B, 7)/¢(aB, 1,0) ¢(e,B,13)=1 for every e,B,7,d. %, B,7) in (4) is a
cocycle,
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a' B =an, Bry=aB-m, min,=af -niim, min,.
We show by a* the image of a by the automorphism a’. Put w,
the unitary operator which induces the inner automorphism =, then
Wi, wiw, induces niim, min, Put VL =wkv, wiw, then w.v.
=0, WhW, =10, ,wws and

WapyVip,r [V, p]7 = Vaap,y Wy W[Vl 517 = Ve, , W, [ WV s ]

= Vap, ;W [Va, yWsWE ] = Vg, W, VL s [wwE ]

=Vap,  VE, W, [WWE ] =0,5,05,,%(ety B, 7)W, W5 (WE)"

=va,ﬂrwﬂrv;§,r(wﬁ')r’1(a’r B, 7’)=”a,ﬂrwﬂrw£ﬂr>,v;,ﬂ((“; B,7)

=waﬂr;v¢,x,ﬂrvf9,r7((a’ 8, 7).
This means v/ 5,0 ;=v} 5,5, 2(a, B,7). That is, we know that if we
employ a suitably chosen system of unitary operators {v,. ,} and {v. s,
there appears the same cocycle x(a, B,7) corresponding to different
systems of representatives {a} and {a'}.

Next we fix a system of automorphisms {a}, then inner auto-
morphisms m, , are determined consequently. If {v,,} is a system
of unitary operators such that each v, , induces the inner automorphism
m,, of A and {v,,} is another such a system, there occurs a 2-dimen-
sional cochain f(a, 8) with values in Z to satisfy v, ,=f(a, B)v.,s.
Then by

Va5V, (@ By 1) =Vap, Vhpy  Vopr V1% (@5 Py 1) =g, 05,

Sf(aB, 1) f(a, B)
T 6, NP

This means that the coeycles x(a,8,7) and ¥'(a, B,7) are
cohomologous. Combining with the first step of proof we get the
conclusion.

THEOREM 1. A mnormalized factor set of unitary operators is
associated to a group G if and only if the cocycle x(a, B,7) in (4)
Sfor arbitrarily chosen {v,} is a coboundary.

Proof. If a normalized factor set {v.,} is associated for suitably
chosen {a} and {m,,}, then x(a, 8,7r)=1. Thus if we put f(a, f)=1
for every pair «,

we get

2V(a, B, 7)= 7).

_ f(aB, 1) f(a, B)
s B 0=, BV 7 B D)
Hence by Lemma 1, the condition is necessary.
On the contrary, we assume that yx(a, B, r) satisfies the condition
stated in the theorem. Put v, ,=1/f(a, B):v.,; then

a _ fla, BN, 1) =1.
x (e, By 7) (@B e B) xa, B, )=1

Hence v/ 4,0}, =k, Vi 4 especially v),=v,, vl .=v/%. We may assume
v{,=1. Furthermore, since
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f(ar 1)f(a_lr a) -1 _
F(L, @),y K =D
fLaf@a™) _,
Sfla, 1) f(a™, a)

Vo Vet o =V] V1 18 Vo1 o=, 1=2,1

because M, ,-1=m,1,=1. Hence {v,,} is a normalized factor set of
unitary operators satisfying the required condition.

3. Hereafter we treat only groups G for which the condition of
Theorem 1 is satisfied. Hence we may assume the existence of both
extensions of A and of K by G. We show the uniqueness of the
extension of K within equivalences.

LEMMA 2. The group K of all inmer automorphisms of a finite
factor A has no central element other than the identity.

Proof. Let k& be a central element of K, that is, kh=hk for
every heK, Put u, u, the unitary operators which induces k, & re-
spectively. Then uwfuFew,u,=uFuiru,u, for every xcA. Hence we
get w,uuiuF=2,1 (2, is a complex number) and SO UFu,U,=2,U,.
For the trace 7 of 4, z(u,)=r(u}u,u,)=i,z(u,). Thus if z(u,) 0, 2,=1
i.e. UpUy="UpUy.

Now let ecA be a projection such that z(e)=x4, then 2¢—1 is a
unitary operator and r(2¢e—1)30. Hence (2e—1)u,=wu,(2e—1) ie.
e=ujfeu,. If r(e)=1%, there are two projections e, e, satisfying e=e¢,+e,,
e ~e€, e.le, e =ureu, and e;=ujfe,u,. That is uieu,=e, and so k
preserves invariant every projection of A. This means that k is the
identity automorphism.

COROLLARY. The extension of K is determined uniquely by G
within equivalences.

This follows from Lemma 2 and the general theory of group
extensions [1, § 52 Extensions of group without centre].

4. By the above corollary, we know that each normalized factor
set of inner automorphisms associated to G is always equivalent to
another one. Thus two factor sets {m$}} and {m®} such that

a-f=aB-m, a-B=af - mS
MG = MG, =M, MY, MTpymE =m,mSY,
are connected by
a'=an, (n.cK), m&P=nimPmnin,.
Denote by {v%%} and {v$%} the normalized factor sets of unitary

operators corresponding {m%} and {m$}} respectively and by w, the
unitary operator which induces %., then we get the relation

(6) V=", BYwisve s waw,

where Y(a, B) is a two-dimensional cochain on G with values in Z.

va l/va N1
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LEMMA 3. Y(a, B) is a two-dimensional cocycle, that is, it holds
the equality (e, Br)¥(B, r)="(aB, r)¥(a, B) for every a, B, 7.

Proof. By the assumption

Vnr =Y (@, Br)wks v, wi wy,
v, =v(8, )wﬂrv%‘,’rwﬂwr
v, =¥ (ab, PIWEs VG, WesW,
v@)ﬂr,—wr /Us?ﬂrwr wi(Y(a, Pws, vgl)ﬂwﬁwﬂ)rwr
Since v{%, 080 =083, 084, v&,08 =08 WP, we get
e, Br)¥ (B, r)="(aB, 1)¥(a, B). q.e.d.

In the equality Y¥(a, fr)¥(B, r)="(aB, r)¥(a, B) putting a=1, f=1
and y=a, we get ¥(1,a)=v(1,1), for =1, y=1 or B=a’?!, r=a,
Y(a,1)="Y(1,1) or Y(a !, a)=V¥(a, a~!) respectively. Thus if {v,,} is
a normalized factor set of unitary operators and Y (a, 8) is a cocycle
satisfying V¥(1,1)=1, then {Y¥(a, f)v.,,} is a normalized factor set of
unitary operators again. We notice too that the element of the second
cohomology group H?*G,Z) which contains the cocycle Y(a, 8) is
independent of the choice of w,, because if w,=p(a)w, pla)cZ), the
corresponding V'(a, ) determined for w/ satisfies Y(a, 8)=vY'(a, B)-
pla)p(B)/p(aB).

Similarly as for extensions of a group we define an equivalence
relation for extensions of a factor. Let AV =(4, G, vY) and A®
=(4, G, v3;) be two extensions of a factor A by a group G with respect
to factor sets of unitary operators {v(%} and {v%®;} respectively and
D, D® be the algebraic crossed products for each case [2]. If
there is a *-isomorphism between D and D® satisfying

(i) 1®aeD? - 1Q®aecD?® ie. the identity mapping on A,

(ii) a®aeD? - a®beD?®

(iii) P(@®a)(BR)*)=c®(a®c)(BRA)*) if a®a<a®c¢ and

BRb< R,
(where =, z® are the traces of A, A® respectively), we call A
and A® are equivalent extensions of the factor A.

LEMMA 4. Two extensions AY, A® of a continuons finite factor
A by a group G with respect to normalized factor sets {v%} and {v}
are equivalent if and only if the cocycle ¥(a, B) in (6) is a coboundary.

Proof. Necessity. If A® is equivalent to A®, a®1eA® is
mapped to a®u,cA”. Since a®1 is a unitary operator in A®
a®u, is a unitary operator and so u, is a unitary operator in A.
a®a,=(@®1)(1®a,) is mapped to (a@u,)(1Xa,)=aRu,a,. Hence

(@®@1)(BOL) > (a@u) (B us)=aBfRvisulu,.
On the other hand
(a®@1)(BR®1)=aB@v—> af & Uagv$.
Thus we get
v = UV RULU .
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This shows Y¥(a, f)=1. Therefore the cocycle ¥(a, 8) which appears in
(6) for other different choice of {w,} is a coboundary.

Sufficiency. If Y(a, 8) is a coboundary,

o= (p(a)p(B) pla ) vl
We replace p(a)u., p(B)us plaB)u., with u,, us u.s respectively, then
the above equality changes to
Verp = UIVLHULU
We may define a linear mapping from D® into D such that
a®@aeD®—>aQ@u,aeD?,
Clearly this is one-to-one and maps D® onto D, Since u,=1, the
mapping is identity on A and preserves multiplication and *-operation.
(a®a.)(f®bs)=aB@vPalbs~> af® uavsuiabuds=aBfviulalugb,.
On the other hand a®a,>a®u.a., L®b;—~LRugb, and
(@ @ U@a)(BO Usbs) = aBR VD s(Ualha) U gby = f R VUL iU 5.

Hence multiplication is preserved.
(@®a)*=a'®@a“ " ®X, > a @ u -0 FOk = ®a“"*ua—w§fi"11,
a®a>a@u.a and (a@ua)* =a '@ (ua)" *v®* =a " 'Qa *us *olx .
Since vfj{j‘_1=uj_luz“*v§fl"ilu1 and u,=1, the mapping preserves x-
operation. The condition (iii) concerning the traces remains valid
doubtless. Therefore A® is equivalent to A®. q.e.d.

Since the factor group H¥G, Z)=C¥G, Z)/B¥G, Z) is known as
the second cohomology group, we get

THEOREM 2. If it is possible to construct extensions of a con-
tinuous finite factor A by a group G of automorphism classes, then
the equivalent classes of those extensions correspond omne-to-one to
the second cohomology group H¥G, Z).

References

[1] A. G. Kurosh: The Theory of Groups, 2, Chap. XII (1956).
[2] M. Nakamura and Z. Takeda: On the extensions of finite factors. I, Proc.
Japan Acad., 35, 149-154 (1959).



