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47. On the Spectral-resolutions of Quasi-compact
Elements in a B*-algebra

By Yoshimichi MIBU
(Comm. by K. KuNUGI, M.J.A., May 7, 1959)

Let B be a complex Banach algebra.with unit element e. We
ghall consider the inverse of le—a as a function of 2 for a fixed ae®.
According as ie—a is regular or singular in B, we say that 2 belongs
to the resolvent set p(a) or the spectrum s(a) of a. And a non-void
set o is called a spectral set of a if ¢ is a subset of o(a) and o is both
open and closed in o(¢). For 2 in p(a) the inverse of ie—a exists; it
is denoted by R(2; @) and is called the resolvent of a. It is well known
that the resolvent set p(a) of a is open and in each of its components
R(2;a) is a regular function of 2. The following theorem is proved
in [1, pp. 105-107 (Theorems 5.11.1 and 5.11.2)].

Theorem A. Let o(a)= 0 o; where each ¢, is a spectral set of a
i=1

and ¢;0,=0 when ¢=3j. Let us suppose that closed Jordan curves
r, i=1,2,--.,n, satisfy the following conditions:

(i) For each i(1<i<mn) o, is contained in the open domain D,
which is bounded by ..

(ii) D, ~D,;=0 when i3-j.

(iii) Each I', has the positive orientation, that is, the domain D,
lies to the left of I,.

If we define

(1) i=-2—1—rfR(C; a)d¢ and a,=Ja, 1=1,2,---, n,
7y

then

(2)  SJi=e, Ji=J, JJ=0, i%i, Jikbe Xa=a.
=1 =1

Furthermore, the spectrum o(a,) of a, is ¢, in addition to 2=0, that
is, o(a;)=0,~{0}. In particular, if ¢, is a single point 2, then an
element J,(a—2,¢) is quasi-nilpotent (or nilpotent).

First, under the assumption that B is a commutative B*-algebra
(see Definition 1 below), we shall extend the above theorem to a case
in which the spectrum o(a) of @ consists of infinitely many components.
Next, by using this extension, we shall offer a new proof for the
spectral resolution theorem of compact normal operators in Hilbert
spaces.

Definition 1. A Banach algebra B in which every element a has

an adjoint a* with (aa+pb)*=aa*4Bb*, (ab)*=b*a*, a**=a, and
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[le*a||=||a|® is called a B*-algebra (see [1, p. 499]).
Lemma 1. If a is an element in a B*-algebra B such that a*a
=aa*, then we have lim||a"||"=||a|. Hence any commutative
7-»00

B*-algebra has no quasi-nilpotent element except for 6.

The proof is omitted.

Definition 2. Let B be a Banach algebra with unit element e.
An element aeB is called a quasi-compact element if the spectrum
a(a) consists of finite points or an infinitely many points 2, 45, « <, 2,5° ¢+
such that lim 2,=0.

Lemma 2. Let B be a commutative B*-algebra with unit element
e and a an element in B. If R(3;a) is regular for |1|>R, then we
have |[a||=<R.

Proof. Since R(2;a)=(le—a)*=21"Ye—a/2)™!, we have easily

(38) R(2 a)=el“+ia”2"”"‘ for [2|>]|a]l.
1

On the other hand, the right hand of the above equation is convergent
for [2]|>lim || a"||*/* and is divergent for |2|<lim || a"||'/. This implies
that {4 |1|>R}= {4 |2]|>lim||a™||*"}, that is, R=lim|le"|[""=|a]|
7-»00 7->00
(see Lemma 1). The lemma is thereby proved.
Theorem B. Let B be a commutative B*-algebra with unit

element e¢. If aeB is a quasi-compact element, a is expressible in
the form

(4) a=32J,

where J; is an idempotent element with J.J,=6, i3j and {2, 2,---}
is a finite set or an enumerable set such that lim 1,=0.

n->0

Proof. Let {1, 4;,--+} be the spectrum of a except for 0. By
the assumption of the lemma the set {4, 4;,- - -} is finite or enumerable
(see Definition 2). Suppose that the spectrum o(a) is infinite. Without
loss of generality we may assume that
(5) [4]=] 2= =[4a]= -

We have clearly li}nllnlzo. Let I'; be the circle of center A, and

radius ¢, where ¢, is a positive number such that

i:ri)d ) 2e,<Min {inf | 2,—1,, uﬁi’;fm F(2: =14, 13-
e dgeline

1 :
7 J=—— R H d, =1’2’...
(7) = f Gayde, i

For an arbitrary number ¢>0, there exists a natural number N such
that

(8) 'ZNI—Z&" “N+1|<5-
We set 6=(|Ay|+|Ax.1])/2 and let I',; be the circle of center origin
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and radius 6. We define
(9) Ja——fR(c, a) ds.

In virtue of (6) we can easily see that

(10) D, ~D,=0, i=1,2,---,N and D,D,=0, i%j,

where ®; and D, are open domains which are bounded by I'; and I,
respectively. Hence by Theorem A we have

N
(11) J1+J2+ L +JN+J5=6 (a:igl Jla_‘_Jba), Jiszﬂ, 'I:#j, JZJ,;=0
and
(12) O'(J‘;a)={0, Aysty Ayies® '}'
It follows from (12), (8) and Lemma 2 that ||J,a||<¢. This implies

that azi} J.a. Furthermore, from Theorem A a,=J;(a—2,e) is quasi-
nilpotentizér nilpotent). Hence by Lemma 1 @,=J(a—21,e)=4, that is,
Ja=21,J,., Consequently, we have a= ZZJ When o(a) is finite, we
have similarly a= }J A;J;. Thus our theorem is completely proved.

Lemma 3. If E’ is a bounded normal operator in a Hilbert space
H such that E?=EFE, then E is the projection of § on some closed
linear manifold IN.

Proof. Let H=EE*(=E*E). Then it is easily seen that H*=H
and H®=H. Hence H is the projection of § on some closed linear
manifold M. We shall prove that E=H. For every feit we have
F=EE*f and hence Ef=FEFEE*f)=E*E*f=FEE*f=f. And for
every geM* (orthogonal complement of M) we have || Eg||*=(Ey, Eg)
=(E*Eyg, 9)=(Hyg, 9)=(0, 9)=0, that is, Eg=0. Consequently, the
operator FE coincides with the projection H of $ on the closed linear
manifold IN.

Corollary to Theorem B. Let H be a compact normal operator
in a Hilbert space . Then H is expressed in the form
(18) H= g I E,

where E, is a projection such that E,E,=0, i=J, and {1, 2,,---} is a
finite set or an enumerable set such that lim 2,=0.

>0

Proof. Let €(£) be the Banach algebra of endomorphisms of .
By corresponding to every TeG(9), as the adjoint of 7T, the adjoint
operator of T, €(9) becomes a B*-algebra. Let {H, H*}' be the set
of all the operators T'<€($) such that T commutes with both H and
H*,
And let B be the set of all the operators Te¢€(H) such that T com-
mutes with every operator belonging to the set {H, H*}. Then we
can easily see that B is a commutative B*-algebra containing H and
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H*, Evidently any element in B is a bounded normal operator in 9.
Since H is a compact operator, we have from a theorem in Banach
spaces (see [2, p. 166, Theorem 227]) the following:

(14) The set of all the proper values of the compact operator H is
a finite set or an enumerable set {4, 4,- - -, 4,,- + -} such that lim 2,=0.

n-»0

And it is not hard to show that the following three conditions are
mutually equivalent:

(i) 2I—H has a bounded inverse operator with domain £, where
I is the identity operator.

(ii) AI—H has, considered as an element in &(9), an inverse in
(D).

(iii) AI—H has, considered as an element in B, an inverse in B.
Hence from above and (14) we see that H is, considered as an element
in B, a quasi-compact element in B. According to Theorem B, H is
expressed in the form

H= Zi LE,

where E; is an idempotent element with E.E,=0, ¢=J and {2, 45, *}
is a finite set or an enumerable set such that lim 2,=0. On the other

N-»0

hand it follows from Lemma 3 that F, is a projection in . Hence
the corollary is completely proved.

References

[1] E. Hille: Functional Analysis and Semi-groups, New York (1946).
[2] S. Banach: Théorie des Opération Linéaires, Warszawa (1932).



