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1. We begin with the following

Definition 1. By W, we denote the class of functions which are
measurable over (— oo, o) and satisfy

B
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For this class, the generalized Hilbert transform of order 1 is
precisely corresponding. This modified one is defined as follows [4, V]:
1.02 Nxzw“fwf(t) i
(102) R e
The main purpose of this chapter is to determine the relation of
spectrum between any given function f(x) of the class W, and its
generalized Hilbert transform of order 1. We shall quote the Plan-
cherel theorem of Fourier transform repeatedly [2]. We introduce
the generalized Fourier transform due to N. Wiener [6]. This is
defined by

(1.03) sf(u)=—17;~ f @) fii:l.dx

e tuzx
wgm L +[ o
Then by the Plancherel theorem, the Fourler Wlener transform s’(u)

is well defined and
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If f(x) belongs to the class W, then by Theorem 1 of [4, V] the

Fourier-Wiener transform of fi(x) is also defined. We will denote
this by s{(w).

Throughout this paper, let g(x) be a real valued measurable func-
tion which belongs to the class W,. We also denote
(1.06) (@) =0(0)+5,(®).

We shall prove the following fundamental

Theorem 1. Let g(x) belong to the class W,. Then for any given
positive number e,

*)  Details will appear in Jour. Fac. Sci., Hokkaidd Univ.
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(1) f |u|>e, then

1.07) (u+e)—sUu—e)=(—1 sign u){s”(u+¢)—s(u—e)}
and
(ii) of |u|=Ze, then
(1.08) sl(u+e)— 8l (u—e)=1{s"(u~+¢)—s(u—e)}
+ 279U —+e)+2rY(u+e¢),
where
(1.09) ru)=lim. L [ 96) =1 4

By 27 J, s+i  —is
1 “9(s) e “ids.
" Vox L s+
We remark that in (1.09) and (1.10), the limit operation is taken
over (— oo, o),
Theorem 2. Under the assumption of Theorem 1, we have for
any given positive number e,
(i) if |ul>e, then
(1.11) s{(u-+¢)—s{(u—e)=(1+sign u){s?(u+¢)—s(u—e)}
and
(ii) of |u|=e, then
1.12) s{(u+e)—sl(u—e)=2ir{(u-+e)+2iri(u-+-e),
where ri(u) and r§(w) are defined by (1.09) and (1.10) respectively.
2. We now introduce the following class of functions:

Definition 2. By S, we denote the class of functions such
that

(2.01) lim L f FOEdt  ewists
) Tyc0 2T o )

(1.10) Tg

Then we can prove

Theorem 3. Let g(x) be a real valued measurable function of
the class S,. Let us assume that

() lim 5 f |8 ut-e)—so(u—se)f du=0

and

(K:) there exists a constant a’ such that
3 1 g(s) —ius ’;C— g —_
lim ——— Li ds—,/ * a’| du=0.
el—gl 2¢ “of Bl—wo 4[271' S—l—’b s \/2 ¢

Then its generalized Hilbert tfransfm'm of order 1, g,(x) belongs, also
to the same class S, and

3 1 i 2 — 2 2
@02 tim o [l@Fd=lartlim o o)

For the proof of this theorem we quote the following theorem which
is called usually the Wiener formula [8, 5]:
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Theorem A. If f(x)=0 for 0<x< oo, and either limits

(2.08) hm% f f(t)dt

or

(2.04) lim-2. f £ S at dt
>0 TTE

exists, then the other limit emsts and assumes the same value.
From this theorem, the Plancherel theorem and (1.05), we get

Theorem B. Let f(x) be a measurable function for which (2.01)
18 bounded in T, 0<T<oo. Then we have

(205) lim -~ f |8/ (ute)—s (u—e)Pdu=lim f @) dt

wn the semse that wf eithr side of two limits emsts, the other limit
does and assumes the same value.
Therefore if we prove
Theorem 4. Under the assumption of Theorem 8, we have
(2.06) lim .4_1 vvvvv f | 80 +-&)— 3 (u— )|} du
e

€>0
=|a"]2+11m — f | s9(u+e)—s'(u—-e)|* du.

Then we get Theorem 3 1mmed1ately. By the same argument we get

Theorem 5. Under the assumption of Theorem 8, fi(x) defined
by (1.06), belongs to the same class S, and we have

(2.07) ngl_m, f | s{(u+e)— sl(u—e)|* du
o[t lim f |89(a - ¢)— 9(u— &) du
and
. 1 z 2
(2.08) lim ] £ @) dt

:]a9|2+2hm ﬂﬂf[g(t)]zdt

3. We consider now functions of classes S and S’ which have
been introduced by N. Wiener [6].
Definition 3. By S we denote the class of functions such that

e 1 (7 -
(3.01) ¢/()=lim f F@+t) D) dt

exists for every x.
Definition. 4. By S’ we denote the class of functions such that
¢'(x) defined by (8.01) exists for every x and continuous over (— oo

oo),
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It is clear that
(8.02) S'cScS,.
Then we shall prove

Theorem 6. Let g(x) be a real valued measurable function of
the class S. Let us assume that the conditions (K,) and (K,) of
Theorem 8 are satisfied. Then its generalized Hilbert transform of
order 1, g,(x) belongs also to the same class S and if we denote

~ . 1 T =
(3.03) P@)=lim f Gu(t-+) §.(8) dt,
then
(8.04) PUx)=]a’|*4 ()
and

(3.05) ’gE‘{(oc):la"|2+lim—1——fwcos,uoc|s"(u-l-s)—s"(u—e)l2 du.
e>0 2me .,

Theorem 7. Under the assumption of Theorem 5 except that
g(x) belongs to the class S’, G, (x) belongs also to the same class and
(3.04), (3.05) are true.

Theorem 8. Under the assumption of Theorem 6, the necessary
and sufficient condition that f(x) defined by (1.06) belongs to the class
S, is that
(3.06) lim f “sin uw| s+ e)— 89w —e)|? du

e>0 2re A

exists for every wx.
In this case if we denote

(3.07) vl =lim o7 [ ot
then
3.08)  ol@)=|a’+lim -1 f "o | $9(u - ¢) — s (w—e)|? du.
©0 e v
Theorem 9. Under the assumption of Theorem T, the necessary

and sufficient condition that f,(x) defined by (1.06) belongs to the class
S’, s that

(3.06) lim-1_ f “sin we| 8" +¢)— s(u—e)[* du

e>0 2re A

exists for every x and is continuous over (— oo, o).

On the other hand, N. Wiener [7] has also proved the following
two theorems:

Theorem C. If f(x) belongs to S and ¢’(x) defined by (3.01) is
continuous at point x=0, then it is continuous for all real arguments
and f(x) belongs to S'.

Theorem D. If f(x) belongs to S, it will belong to S’ when and
only when
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(309)  limlm 1| [+ f "5 e —stu—of du=o.

A>c0 €0 47‘[3

From these theorems we have immediately

Theorem 10. Under the assumption of Theorem 7, if fi(x)
defined by (1.06) belongs to the class S, then it belongs necessarily to
the class S'.

4. We can apply the result of the preceding sections to almost
periodic functions. Here we consider almost periodic functions in a
sense of Besicovitch [1].

Theorem 11. Let g(x) be a real valued measurable function over
(— o0, ). Let g(x) be a By-almost periodic function. Let us assume
that the condition (K,) is satisfied. Then the necessary and sufficient
condition for the generalized Hilbert transform g,(x) to be also B,-
almost periodic is that the condition (K,) ts satisfied for a’—the
constant term of G,(x). If the associated Fourier series with g(x) is

(4.01) 9(@)~> a,e?n",
then
(4.02) g:(x)~a'+>Y (—1 sign 1,) a,en?,

where the prime means that the summation does not contain the con-
stant term.

Theorem 12. Under the assumption of Theoren 11, the necessary
and suffictent condition for f,(x)=g(x)+1g,(x) to be By-almost periodic
18 that the condition (K,) is satisfied for a’—the constant term of
.(x). The associated Fourier series is

(4.03) Fi@)y~ia+2 3 a6
n=>0

5. For the class W, the Hilbert transform in ordinary sense
does not necessarily exist. However from the identity

(5.01) Fi(@)=F(=)+ A7
where

1 f)
(5.02) A= L Lo dt,

it is equivalent that the constant term A’ is finitely determined.
Therefore from properties of f(x), those of f(x) may be deduced.
In this case the condition (K,) may be replaced by

28 2
(K) lim 51; f du=0.

g->0

. 1 (7 g(s) - T
Lim, L[ 96) o gy /g0
B}—wo 1/271' Y3 8—|-’L ¢ y 2
We omit details here. We will end this paper by adding some

remarks:
Remark 1. In Theorem 11, from (K,) we get

(Ky) lim él? f (s (ut€)—s7(u—e)} du=0.




328 S. Ko1zumi [Vol. 85,

From this and the theorem of Bochner-Hardy-Wiener [3,5], we get
r
(c) a.,=m_2_1f f 9(t) di=0.

-7
Conversely if we assume (c;), then (K,) is deduced by the aid of
Bochner’s representation theorem of a positive definite function. There-
fore our assumption (K,) does not mean the loss of generality for
almost periodic functions.

Remark 2. As in Theorem 11 let g(x) be B,-almost periodic and
(K,) is satisfied. If we assume that

(5.03) AE[a,neM[ < oo,

n<0
then (K,) is equivalent to the following relation:
(e,) lim|a’—a’|=0,

P>
where
(5.04) w=Lf " 951 gr— _2iS1d%a, ¢,

T J, t+1 X,<o0
5.05 % () =0, my.eerm
( ) gﬂp(x) 4 B::ﬂ;::ﬂf,’)(x)
=3 < 1_L{1J,_>. . .<1__I,BPJ<)a P
Comy n, /"

and
(5.06) A= 2L B4 2B

n, n,
In particular if
(5.07) Ag:l;]gb [2n—2.] >0
or
(5.08) 2, =—log(|n|+1), n=-—1 —2,-.-,

then the condition (5.03) is satisfied.
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