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94. On Osima’s Blocks of Group Characters

By Kenzo I1ZUKA
Department of Mathematics, Kumamoto University, Kumamoto, Japan
(Comm. by Z. SUETUNA, M.J.A., July 12, 1960)

Let @ be a group of finite order ¢ and p be a fixed rational
prime, M. Osima, in his earlier paper [4], introduced a concept of
blocks of characters with regard to a subgroup $ of 8 (“ H-blocks”).
Let , be the maximal normal subgroup of & contained in . It is

well known that the irreducible characters® ¢, ¢,,---, ¢, of D, are
distributed into the classes B,, B,,- - -, B, of associated characters in &,
If B!, DB5,..., B, are the classes of associated irreducible characters of

H, in H, then each class B, is a collection of classes B,. Let xy, xo
«++, % be the irreducible characters of & and 4,,6,,---, 8, be those of
H. As is well known, there corresponds to each character y, exactly
one class B, such that

Xi(Ho) =8, 9’/4%3 $.(Hy) (Hoe Do)

where s;, is a positive rational integer. If a class B, corresponds to
a character y; in this sense, we say that y, belongs to B, by counting
x; in B,. We also say that 0, belongs to B, if 6, belongs to ¥, con-
tained in B,. Then the classes B, are the H-blocks of & in Osima’s
sense. From the definition, we see that y; and y, belong to the same
H-block of @ if and only if y,(H,)/x.(1)=yx,(Ho)/x,(1) for all elements H,
of £, [4], where 1 denotes the identity of ©.

In the following, “block” of a group will always mean block with
regard to a p-Sylow subgroup of the group. While Brauer’s blocks
for a rational prime q will be referred always as g-blocks. The purpose
of this paper is to consider a connection between blocks of & and the
blocks of the normalizer R(R) of a p-regular element R in ©.

The author wishes to thank Prof. M. Osima for several helpful
suggestions.

1. Let P be a p-Sylow subgroup of & and P, be the maximal
normal p-subgroup of &. We shall denote by 3B;, B,,- - -, B, the blocks
of & with regard to . For each B, we set

(1'1) Aa = 2 €

1;€B¢
where e, is the primitive idempotent of the center Z of the group
ring of & over the field 2 of g-th roots of unity which belongs to ..

Let K,, K,,---, K, be the classes of conjugate elements in & and G,

1) The term ‘‘irreducible character’ will always mean absolutely irreducible
ordinary character.
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G,y -+, G, be a complete system of representatives for the classes.
If we interprete each class K, as the sum of all its elements, then
we may write

1.2) 4,=> a;K,,

where ag:i % 1:(1)7%:(G,).? By Frobenius’ theorem on induced charac-
g 1€B,

ters, we have the following:

Lemma 1. 1) a;=0 for all classes K, which are not contained
in By 2) All p*a: are algebraic integers, where p* is the order of
Lo.

The converse of this lemma also holds in the following form:
If, for a set B of characters y,, the tdempotent 4 = E e, of Z 1is

expressed as a linear combination of classes K, contamed wn B, then
B is a collection of blocks B, of .

2. Let g be an arbitrarily fixed rational prime, different from
p, and @ be an arbitrarily given element of & whose order is a power
of q. It follows from Lemma 1 that each block B, of ® is a collec-
tion of ¢-blocks B, of &. Let B“(Q) be the collection of g-blocks of
the normalizer %(Q) of @ in & which determine a g¢-block B, of ©.
We set %‘”’(Q)— B‘”(Q) By (4.16) in [2]® and Lemma 1, we

have the followmg

Lemma 2. FEach B“(Q) is a collection of blocks %,, of N(Q).
Let now R be a p-regular element of & whose order is a product

of powers of distinet rational primes g¢;, ¢.,+ -+, ¢q,. As is well known,
R is decomposed uniquely into
(2-1) R=Q\Q;-- ‘Q, (QinszQi)r

where Q, is the g,-factor of R. Let a block B, of & be given arbi-
trarily. First, applying Lemma 2 for @=@Q,, B, and &, we have a
collection B°(Q,) of blocks of N(Q,). Secondly, working similarly for
Q=Q,, B,=B(Q,) and E=N(Q,), we have a collection B(Q,, Q;) of
blocks of N(Q,Q,). Continuing this process, we have finally a collec-
tion BO=B(Q,, Qs+, Q,) of blocks B, of B=N(R). If a block B,
of & belongs to the collection B we say that the block B, of G is
determined by the block 53,, of ®. It follows from Theorem 1 in §3
that B is independent of the order of @, Q.,- - Q..

3. Let R be a p-regular element of & and S(R) be the p-regular
section (“Oberklasse”)” of R in &, i.e. the set of all elements of &

2) If e is a complex number, we denote by @ the conjugate complex number of
@,

3) Cf. also [7, p. 181].
4) Cf. [9].
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whose p-regular factors are conjugate to R in &. Let I~{1, I~{2,« .., f{'v

be the classes of conjugate elements in @’z‘R(R) whose orders are
powers of p. We may assume that the maximal normal p-subgroup

%, of @ is the union of the first u classes K,. We may also assume
that K,2RK,, a=1,2,---, »;S(R) is the union of K, K,---, K,.
We denote by S,(R) the union of K, K,,---, K, and denote by S,(R)
the union of K,,,, K, 5+, K,; S(R)=S,(R)US,(R).

Let %1, 5~Bg,- -+, %5 be the blocks of ® with regard to a p-Sylow
subgroup % of G. Let, for each block 3B, of &, 4, be given by (1.1).
Similarly, for each block B, of &, we define an idempotent 4, of the

center Z of the group ring of & over 0. We set 4= S 4,
~ ~ ~ BB
where B is the collection of blocks B, of & which determine B,
and set
(3.1) K 4,=3a,K, (£=1,2,- -, m).
v=1

Then, by Theorem 2 in [3] and Lemmas 1 and 2, we obtain the
following:

Theorem 1. For a=1,2,.--,u, we have

K, 4,=> as,K,
B=1

and
I?,,AT‘"’= Z a;,gkﬂ.
B=1
For a=u+1,u+2,---,v, we have
Kad,,z j a;ﬁKﬂ
B=u+1
and

~ o~ v ~
Kad(a): Z CLZ,gK,g.

B=u+1
Let %1, %2 -+, ¥» be the irreducible characters of ® and 51, (72,- ..
65 be those of P. We set

% ~ ~
8.2) 1(P)=27,0:(P) (Pe¥)
and
% ~ ~
(3.3) 1(BP) =31 750:(P) (Pe¥)
[5,6]. Setting
(84) w:g Tl (A, p=1,2,---,h),
by Theorem 1 we have
— ~ 7 0 R R o>
35 i ={ Wi (02, 0,8, <8,
(38) xiEEEBa T 0 (elsewhere).
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In particular,
N rErE=0 (6,¢B),

2,€B,
hence
rE=0 (1:€B,, 0,635°).
Thus we obtain the following theorem.”
Theorem 2. If an irreducible character 8, of T belongs to a

block %,, of 8, then rZ can be different from zero only for irreducible
characters x, of & which belong to the block B, of & determined by
the block B, of 6.

By Theorem 1, we also have the following refinements of some
of the orthogonality relations for group characters.

Theorem 3. 1) If two elements L and M of & belong to different
p-regular sections of &, then

(36) 5 DM =0

for each block B, of & [8].°
2) If L and M belong to the same p-regular section S(R) of &
and if exactly one of the p-factors of them belongs to the maximal

normal p-subgroup of N(R), then (8.6) also holds for each block B,
of &,

Theorem 4. If y, and y, are two irreducible characters of &
which belong to different blocks of &, then
2 1@ (G)=0
GES(R)
and

> u(@x(G)=0

GES (B

Sfor each p-regular section S(R) of &.”
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