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139. A Problem of Number Theory

By Kiyoshi ISEKI
(Comm. by K. KUNUGI, M.J.A., Nov. 12, 1960)

In this paper we shall consider a problem of number theory. In
his recent book, Sto Zadan (in Polish), Prof. H. Steinhaus has solved
an interesting problem on number theory: For any natural number

a=10""'a,+10"%a,_;+ - - - +10%,;+10a,+a,
expressed in the decimal system, we calculate the sum of the squares
of its digit of a,
a;=ap+an_ 1+ - +aj+ai+ai.
For the number «,;, we calculate the sum of squares of all digits con-

tained in «;. We repeat the same processes. If we do not reach 1,
then we have a cyclic finite sequence:

145, 42, 20, 4, 16, 37, 58, 89.

This problem is generalised in the following forms: Let k be a
fixed positive integer, for any natural number

a=10""'a,+10"%a,_;+ - - - +10%a,+10a,+a,
we calculate
ay=ag+ai_+- - +ai+ai+af
and for the imteger a,, we calculate the sum of k-powers of all digits
a, of a;. We repeat the processes. We should like to know all
cyclic parts appeared except the trivial case.

If such a cyeclic part has the sequence with [-terms, we call it
a cyclic sequence of the length I for power k. Then the results by
H. Steinhaus are stated as follows: For k=2, there appear a cyclic
sequence of the length 8 and a trivial sequence of the length 1.

We can prove theoretically that there exist finite numbers of
cyclic sequences for each power k. We can not find these individual
eyclic parts by theoretic methods, and this difficulty is therefore
purely technical.

Here, we shall decide all cyclic sequences for k=3. The detail
result will be found in the table, and its calculation was done by a
small desk calculator. For k=3, it is seen from an easy calculation
(see H. Steinhaus, loc. cit.) that we must find all cyclic sequences of
numbers less than 2000, and as we can check that new ecyclic se-
quences between 1000 and 2000 do not appear by a trivial verification,
the table shows all eyclic parts from 1 to 999.
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1 1
2 8 512 134 92 737 713 37
3 27 351 153
4 64 280 520 133 55 250 133
5 125 134 92 737 713 371
6 216 225 141 66 432 99 1458
702 351 153
7 343 118 514 190 730 370
8 512 (2) 371
9 729 1080 513 153
11 2 2 371
12 9 (9) 153
13 28 520 133 55 250 133
14 65 341 92 737 713 371
15 125 225 (6) 153
16 217 352 160 217 352
17 344 155 251 134 (2) 371
18 513 153
19 730 370
22 16 (16) 217 352 160
23 35 152 134 (2) 371
24 72 351 153
25 133 55 250 133
26 224 80 512 371
27 351 153
28 520 133 55 250 133
29 737 713 371
33 54 189 1242 153
34 91 730 370
35 152 371
36 243 99 1458 702 153
37 370
38 539 881 1025 134 371
39 756 684 792 1080 (18) 153
44 128 512 134 371
45 189 1242 81 (18) 153
46 280 (28) 55 250 133
47 407
48 576 684 792 1080 (18) 153
49 793 1099 1459 919 1459
55 250 133 4) 55 250 133
56 341 371
57 468 792 1080 (18) 153
58 637 586 853 496 1009 (19) 370
59 854 701 an 371
66 432 99 1458 702 351 153
67 559 979 1801 514 190 (19) 370
68 728 863 755 593 881 1025 134 371
69 945 918 1242 81 (18) 153
77 686 944 857 980 1241 74 (47) 407
78 855 762 567 684 792 1080 (18) 153
79 1072 352 160 217 352

88 1024 73 370
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344
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(229)
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1583
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(115)
787
702
(129)
(235)
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344
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795
460
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219
(29)
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1033
117
(124)
533
624
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919
217
(377)
(27)
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160
371
153

55
(89)
371
153
217
371
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(19)
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(18)
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153
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371
371
153
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(188)
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514
371
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496
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370
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(46)
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514
980
882
153
216
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37
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371
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(18)
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(18)
190
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1032
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134

160
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1080
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371
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(18)

(18)
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370
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(36)

153
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KK 1029 738 882 1032 36 (36) 153
778 1198 1243 100 1

779 1415 191 731 371

788 1367 587 980 (89) 407

789 1584 702 27 153

799 1801 514 190 (19) 370

888 1536 369 972 1080 18) 153

889 1753 496 1009 (19) 370

899 1970 1078 371

999 2187 864 792 1080 (18) 153

Therefore, from the table, we have the following cyclic sequences
for k=38, self-closed sequences (with length 1) are:
1, 153, 370, 371, 407,
cyclic sequences with length 2 are:
136, 244; 919, 1459,
and cyclic sequences with length 3 are:
55, 250, 133; 160, 217, 352.

We are now planning the calculations for the finding of cyclic
parts for k=4, 5,--- . As the calculation is very much complicated,
we shall use high-speed automatic computers for the purpose. Its detail
will appear in later papers with K. Chikawa and T. Kusakabe.



