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69. On Kbthe’s Problem concerning Algebras lot which
Every Indecomposable Module Is Cyclic. II

By Yutaka KAWADA
Mathematical Institute, Gunma University

(Comm. by K. SHODA, M.#.A., June 12, 1961)

This is a continuation of the previous paper with the same title
which will be referred to as Part I. Throughout this paper, A will
be assumed to be a ring which has a unit and satisfies the minimum
condition for left ideals, and we shall use the same notation as in
Part I.

4. Classification of quasi,primitive modules. Let A satisfy
the conditions (a) and (b) stated in 3 of Part I. Then all quasi-
primitive left A-modules are classified into the following types:

Type I: Aeag itself is uni-serial.
Type II: Aeag is a module such that Aeag/Neag(l>=l) is uni-serial,

Neag--Ae,te.agAeweag(t, w in N) where Ae,teg as well as Aeweag is
uni-serial, and S(Aeag)--Ne,teagNeweag(mO, nO). In particular,
if l3 then m--n=O holds, and if/--2 then either m--0 or n--0 holds.

Type Ilt: Aeag is a module such that Aeag/Neag(ll) is uni-serial,
Neg--Ae,tegWAeweg(t, w in N) where Ae,teg as well as Aeweg
is uni-serial, Ae,teagAeweag--Ne,teag N’eweag--Ae,ueweag(ml,
nl, u in N), and S(Aeag)--Ne,uweag(k>___O). In particular, if l3
(resp. k:>2) then m--n--1 holds, and if l--2 (resp. k--l) then either
m-- 1 or n-- 1 holds.

Type IV: Aeag is a module such that Aeag/Neag(l--1 or 2) is
uni-serial, Neag-Ae,teagq-Aeweag(t, w in N) where Ae,teag is uni-
serial, Ae,tegAeweg--Ne,teg--Ae,ueweg(m>=l, u in N), Neweg
=Ae,ueweag(R)Aeveweag(v in N) where Aevweag is uni-serial, and
S(Aeag)=Ae,uweag(Nevweag(kO). In particular, if l--2 then both
m--1 and k--0 hold.

Type V: Aeag is a module such that Aeag/Neag(l 1 or 2) is uni-
serial, Neag--Ae,teagq-Aeweag(t, w in N) where Ae,teag is uni-serial,
Ae,teagAeweag--Ne,teag Ae,ueweag(m>=l, u in N), Neweag--Ae,ue
weagh-Aeveweag(v in N) where Aevweag is uni-serial, Ae,uweagAe
vweag--N’evweag--Ne,uweag--Aese,uweag(n>_l,s in N) and S(Aeag)
=Neesuweag(k=O or 1). In particular, if /--2 (resp. k-l) then m
n-- 1 holds.

5. Classification of indecomposable modules. For the sake
of brevity, in the later statement we shall adopt the following
notation: Let Aeag be a quasi-primitive left A-module and Aeneg
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(n in N) a quasi-primitive submodule. Then by the cover of Aeneg
in Ae,g we shall mean a submodule of Aeg, generated by all the
elements exeg(ez in A) satisfying the property that Ne.xegAe
neg but N2e.xegAeneg. We always denote by Ce(Aeneg)(abr.
C(Aeneg)) the cover of Aeneg in Aeg.

In case A satisfies the conditions (a) and (b) stated in 3 of
Part I, all finitely generated indecomposable left A-modules are classi-
fied into the following types:)

I-l: --Aegl, where Aelgl is a module of Type I, i.e. a uni-
serial module.,

I-2: --Ae,g-Jc-Ae2g2, where Ae,g and Ae2fl2 ar.e both non-
simple module of Type I such that Ae,gAe,g2=S(Ae,gl)--S(Ae,g2)
and the isomorphism: S(Ae,g)-S(Aefg2) is maximal (and so Ae,
Ae,, C(S(Ae,g,))/S(Ae,g)C(S(Ae,g2))/S(Ae,g_) and S()--S(Ae.g)).

I-3.1: Ae,g-t-Ae.g2, where Ae,gl is a module of Type I such
that Ne,g=Aepwe,g (w in N), S(Aeg)--N2eg--Ae.vepwe,g(v in N),
and Ae.g2 is a module of Type I such that there exists a maximal
monomorphism : Ne,g-Ne,g2, @(ewe,g)--ere,g,. (r in N) (and so

Ae, Ae,, C(Aere,g2)/Aepre2g2 Ae,/Ne,, S(Ae.g2)--Ae.verefg2 and
Ae), and AegAe,g2--Aewe,g.ewe,g--ere,g2 (and hence S()
Ae.vwe,g).

I-3-2: --Ae,g-]-Ae,g2, where Ae,g and Ae,g2 are respectively
the same as in I-3.1, but Ae,gAe2g2--Ae.vwe,g, eovwe,g e.vre.g2

(and so S()--Ae.vwelg,(Aep(we.g,--re.g2)).
I-3"3: Ae,g+Ae,g2TAeog, where Ae,gl q-Ae,g2 is the same

as in I-3-2; that is, Ae,gAe.g2--Ae.vwe.g. eovwe,g--e.vre.g2, and
Aeog, is a non-simple module of Type I such that there exists a
monomorphism: Ae,ga-->Ne.g2/Ae.vre2g (and so r in N2, Ae,Ae,,
Ae.), and Aeoga(Aeg,+Ae,g2)=S(Ae,g)=Aete,ga(t in N), ete.g3
=e,we,g--e,re.g(and hence S()=Ae.vwe.g(Ae,te,g).

I-4-1: --Ae.ga+Ae,g2, where Ae.g is a module of Type I such
that Ne,g=Ae,we.gt (w in N) and S(Ae,g)--Aeope,we.gt (p in N2),
and Ae,g2 is a module of Type I such that Ne,g.=Ae,re.g2 (r in N),
Ne,gNe,gl but Ae,g2Ae,g, i.e. Ae,Ae, (and so S(Ae,q.)--Ae.
pe,rea,g2), and Ae.gAe,g2--Ae,we,g,epwe,g--ere,g2 (and hence S
()-Ae.pwe,g,).

I-4-2: ----Ae,g+Ae.g2, where Ae,gl and Ae2g. are respectively
the same as in I-4.1, but Ae,gAe,g2=Ae.ve,we,gO (v in N),
e.vwe,ga--e.vre,g2 (and hence if we put C(Ae.vwe,ga)---Aeqewe,g and
C(Ae.vre.g2)=Aeqere,g2 (r in A), then S()=Aepwe,g(Ae(qwe.g
--qre,g2) and Ae.Ae).

1) In this section we shall always denote by a finitely generated indecomposable
left A-module.
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II-l’l: 91--Ae,,gl, where Ae,,gl is a module of Type II such
that Ae,gl/Nelg(l3) is uni-serial, N-elg,=Ae.se,g (s in N-1)
and S(Ae,gl)-Ne,g=Ae.te,se,glAepwese,g (t, w in dV) (and of
course Ae. Aep).

II-1-2: --Ae,g-Ae,g2, where Ae,gl is the same as in II-l-1,
and Ae.g. is a non-simple module of Type I such that there exists
a monomorphism: Ae,g2-->Ne,gx/Ae.seIgl (and so AelAe,), and
Ae.g2=Aepwse,g,ewse,g=ewepeg2 (p in N) (and hence S()
Ae.$se,gAewse,gl).

II-1-3: --Ae,g+Ae,g2, where Ae,gt is the same as in II-l.1,
and Ae,g,. is. a module of Type I such that Nefg.2Ne,g/Ae.tse,gt
but Ae,g. Ae,g/Ae.tse,g, i.e. Ae, Ae,, and Ae,gt Ae.g Aewse,g,
ewse,g=eweqe.g,.(q in N-t)(and so S()=Ae.tse,gAewse,g).

II-2-1: --Ae,gl, where Ae,gt is a module of Type II such that
A%gt/N2e,g is uni-serial, Ne,g--Aese,gt (s in N), N2e,g=Ae.$ese,gl
Aewese,g (t, w in N), S(Ae,g)=Ae.$se,gS(Aewse,g) and S(Aep
wse,g)--Aeqepwse,g(q in A)(and of course Ae.cAe).

II-2-2: --Ae.,gt+Ae.g2, where Ae,gt is the same as in II-2-1,
and Ae,g2 is a module of Type I such that Ae,g2Aese,g/Ae.tse,gl
(and so Ae,Ae and Ae. A%), and Ae,gAe,g Aewseg, ewse,gt
=ewee.g2 ( in A, but not in N)(and hence S()--Ae.tse,gAe
qwse,g).

II-2-3: --Ae,gt+Ae,g2, where Ae,g and Ae,g. are respective-
ly the same as in II-2.2, but Ae,gAe.g.=Ae.pe,wse,gO (p in N)
(and so q in N), epwse,gt=eopweefg2 ( in A, but not in N) (and
hence if we put C(AeoInose,g)=Aevewse,gt and C(Ae.pweg2)
Aevewe,g2(v in A), then S() Aeqwseagl Ae(vwse,g--vweig2)

and AecAe).
II-2-4: =Ae,gt+Ae,g2, where Ae,g is the same as in II-2.1,

and Ae.g2 is a module of Type I such that there eists a maximal
monomorphism @: Ne,g/Ae,wse,g-Neg2, t(ese,g)--erea2(r in N),
S(Ae,g.) Ae.tere,g (and so Ae, Ae,, C(Aere.g)/Aerefg2 Ae,/Ne,),
and Ae,gAe.g2--Ae.tse,g,e.tse,g--e.reffig2 (and hence
tse,gAe,wse,g).

II-3-1: --Ae,g, where Ae,g is a module of Type II such that
Ne,g=Ae.,tle,gAep,we,g (tl, w in N),
(u in A),S(Ae,we,g,)=Ae..v,e,w,e,g,(v in A)(and so
%gAe.,vlwe,g, Ae,

II-3-2: -]Ae,g,(s2), where for each i(lis) Aea,g is a

module of Type II such that Ne,g--Ae.,tea,gAewe,g (t, w in N),
S(Ae.,t,ea,g,) A%u,et,%g(u, in A), S(Ae,,w,e,g,) Ae.,/,v,ep,w,ea,g (v in
A), and they possess the property such that Ae,cAe if i@,
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e,+g+ for every i (s--1), and that each homomorphism :
e,gAe.,+u++e,+g+x as well (1i--1) is maximal, i.e.
C(Ae.+,vwea)/N(C(Ae.+,vwe,g))C(Ae.+,u 1 e,+,g+)/

Au+t,+e,+,g+)) for every i (<s--1)(nd so S()--Ae,uteg

vwe,g).2

II-3-3: =Ae,g(s2), where for each i (lis--1)
i=l

a module of Type II such that Ne,g=Ae.,te,gAewe,g(, w in

(v in A), and Aeg, is a module of Ty I such that
(t, in N) and S(Ae.:g)--Ae.ue.,t,e(u in A), and they ssess the

se prorty as in II-3.2 (and so

H-3-4: --Ae,,g, (s3), where for each i (2is--1) Ae,g, is

a module of Type II such th Neg=Ae.,tegAeweg(t, w in

(v in A), and both Ae,g and Ae,g are modules of Ty I such that
Ne,gx=Ae,we,g (w in N), S(Ae,g)=Ae.,ve,we,g (v in A) and Neg
=Ae.,t,eg (t in N), S(Aeg)--Ae.,ue.t,e,g (u, in A) resctively,

and they possess the same prorty as in II-3-2 (and so S()=

III-l: --Ae,g, where Aeg is a module of Type III such that

and Ae.te,gAewe,g Ne.e,g (Newe,g) (and so

III-2: --Ae,g, where Ae,gx is a mule of Type III such that

=Ne.$v,,g,=Ae.ue.te,g,(u in N) and S(Ae,g,)=Ne.ute,g, (k2).
III-3-1: --Ae,g, where Ae,gx is a module of Ty III such

that Negx=Ae.$,gx+Aewe,g (t,w in N),
te,g Ae.ue.$e,gx (u in N), e.ue.$e,gx =e.sewe,g (s in N) and S(Ae,g)

Ne.uSe,gx :Aeve.ute,g(v in N).
IR-3-2: =Ae,g+Ae,g, where Ae,g is a module of Ty III

such that Ne,g=Ae.$eg+Aewe,gx($, w in N), Ae.te,gAewe,gx
Newe,gx:Ne.te,g:Ae.ue.$e,g(u in N), e.ue.$eg :e.sewe,g(s in N)

and S(Aeg)=Ne.ute,g--Aeve.utv,g(v in N), and Ae,g is a module of
Type I such that Ne,g=Ae.re,gAe.$e,g(r in N) but Ae,gAe,g,
i.e. Ae,Aea (and so AeAe., AeAe.), Ne,g:Ae.ure,g and S(Ae,

2) By o nt we shall imply a direct sum of mi (’=1, 2,..., s).
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12)-- N3es12--er?’e12, and further AegAeg2--Ae.teg,
=ee(and so S()Aeuteg).

III-3-3: --AegAe,2, where Aeg and A%2 are resctively
the same as in III-3.2, but AegAeg2Ae.uteg,
(and so S()--Aevut%gAe.(te,g--reg2)).

III-3-4: --Ae,g+A%g2, where Ae,g and Ae,g2 are respective-
ly the same as in III-3-2, but Ae,gA%g=Aevute,g, evute,g--e
vure,g2 (and so S()=Aevute,gAe.(ute,g--urefg2)).

III-3-5: =A%g+A%g2+Ae,g3, where Ae,gTAe,g2 is the
same as in III-3.4; that is, A%gAe,g2--Aevute,g,evute,g--e
vure,g2, and Ae,g is a module of Type I such that Ae,g3Aewe,g
/Ne.swe,g, i.e. Ae,Ae, S(Ae,g)=Ne,g3=Ae.seSe,g ( in A, but
not in N)(and so Ae,A%,Ae,Ae,), and Ae,g3(Ae,g+Ae,g2)
=Ae.sSe,g, esSe,g3=e.ute,g--e.ure,g2 (and hence S()=Aevute,g
Ae.sSe,g3).

III-4-1: --Ae,g, where Ae,g is a module of Ty III such
that Ne,g Ae.te,g+Aewe,g, S(Ae,g) Ae.te,gAewe,g Ae.ue.
te,g(u in N) and e.ue.te,g=e.sewe,g (s in N).

III-2: =Ae,g+Ae,g2, where Ae,g is a module of Type III
such that Ne,g=Ae.te,g+Aewe,g, S(Ae,g)=Ae.t%gAewe,g
=Ne.te,g--Ae.ue.te,g(u in N) and e.ue.te,g--e.sewe,g(s in N), and
Ae,g2 is a module of Type I such that there exists a maximal mono-
morphism : Ae.te,gNe,g2, (e.t%g)--e.re,q2 (r in N)(and
Ae,,Ae.Ae. and S(A%g)=Ae.ure,g2), and
e.te,g-e.re,g2(and hence S()=

III-4-: =Ae,gTAe,g2, where Ae,g and Ae,g2 are resct-
ively the same as in III-2, but Ae,gAe,g2=Ae.ute,g,e.ute,g
=e.ure,g(and so S()=Ae.ute,gAe.(te,g--re,g2)).

III-4-4: =Ae,g+Ae,g2TAe,g3, where Ae,gTAe,g2 is the
same as in III.3; that is, Ae,gA%g--Ae.ute,g, e.ute,g--e.ure,g2,
and Ae,g is a non-simple module of Ty I such that there exists
a monomorphism: Ae,g3N%g2/Ae.ur%g2 (and so r in N2), S(Ae,g3)
=Ae.pe,g (p in N), and A%g3(Ae,gTAe,g2)=Ae.pe,g, e.pe,g-- e.
te,g--e.re,g2(and hence S()--Ae.ute,gAe.pe,g).

IV-l-1: --Ae,gl, where Ae,g is a module of Ty IV such that
Ae,g/N2e,g is uni-serial, Ne,g Ae,se,g(s in N), N2e,g-- Ae.te,se,g
+Aewe,se,g (t, w in N), Ae.tse,g Aewse,g--Neltse,g- Accuse.
tse,g(u in N), S(A%g) News%g Ae.u2ewse,g Aevewse,g(u2, v
in N)(and so Ae.Ae, Ae.Ae., Ae.Ae) and e.utse,g-e.u2wseg.

IV-l-2: --Ae,gTA%g2, where Ae,g is the same as in IV-l-1,
and Ae,g2 is a module of Type I such that AefgAews%g/Ae.u2
wse,g(and so Ae,Ae, AefAe,), S(Ae,g2)--N%g2--AeveSe,g( in
A, but not in N), and Ae,gAe,g=Aevwse,g,evwse,g--evefg2
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(and hence S(R)--Aeou2wse,g(Aevwse,g).
IV-I-:: --Aeg+A%g, where Ae,g is the same as in IV-l-l,

and A%g. is a module of Type I such that Ae._g.Aese,g/Ae.tse,g
(and so A%Ae, Ae..Ae,), Ne,g.=Aewe]%g (] in A, but not in
N), S(Ae,g2)---- N2e,.g2 Aevw]%g2, and Ae,g Ae,.g2 Aevwse,g, ev
wse,g--evw]%g2 (and hence S()--Aeou2wse,g(Aevwse,g).

IV-l-4: --Ae,gWA%g2, where Ae,g is the same as in IV-l-1,
and A%g. is a module of Type II such that Ae,g2Aese,g/Ae.utse,g
(and so A%Ae, AefAe,), Ne,g,.--Ae.te]e,g2Aewe]e.g ( in A,
but not in N), N2e,g2--Aevw/e,g. and S(Ae..g)--Ae.teg(Aevw/e.g2,
and Ae,gA%g.--Aevwseg, evwseg--evw]efg2 (and hence S()
Ae.u2wse ,g(Aevwse,g(Ae.tve,g2).
IV-2-1: =Ae,g. where Aeg is a module of Type IV such

that Ne,g--Ae.te,g-kAewe,g(t, w in N), Ae.te,gAewe,g--Ae.u
e.te,g(u in N), Newe,g--Aeou2ewe.g(Aevewe,g(u2, v in N),
te,g--e.u2we,g and S(Ae,g)--Ae.u,we,g(Aeqevwe,g (q in A) (and
of course Ae.Ae).

IV-2-2: R--Aeg-Ae,g2, where Ae,g is the same as in IV-
2.1, and Aefg2 is a module of Type I such that Ae,g2Aepwe,g/Ae.
u2we,g (and so Ae,Ae, Ae,Ae,), and Ae,gAe,g2--Aevwe,g.
evwe,g =eve,Se,q2(5 in A, but not in N)(and hence S()--Ae.u2we,g
(Aeqvwe,g).

IV-2-3: =Aeg+Ae,g, where Aeg and Ae,g. are respective-
ly the same as in IV-2.2, but Ae,gtAe,g2=Aepevwe,g(p in N)(and
so q in N), epvwe,g--epveSe,ga(5 in A, but not in N)(and hence if
we put C(Aepvwe,g)-Ae.sevwe,g(s in A)and C(AepvSefg2)=Ae.se
ve,g2, then S()=Aeou2we,g(Aeqvwe,g(Ae.(svwe,g--sve,g2) and
Ae.Ae.,Ae.Ae).

IV-2-4: =Ae,g+Ae,g2, where Ae,gt is the same as in IV-2-1,
and Ae,g,. is a module of Type I such that there exists a maximal
monomorphism @: Ae,we,g/Aevwe,g->Ne,g2, @(eweg)=epre,g2 (r
in N)(and so Ae,Ae,), and S(Ae,g2)=Ae.u2re..g2, and Ae,gtAe,g2
Ae.u.we,g, e.uwe,g eou2re,g,(and hence S() Aeou2we,g(Aeqvw

e,g).
V-l: =Ae,g, where Ae,g is a module of Type V.

The details of the proof of our results stated in Parts I and II
will be published elsewhere.


