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69. On Kothe’s Problem concerning Algebras for which
Every Indecomposable Module Is Cyclic. 11

By Yutaka KAawaADA
Mathematical Institute, Gunma University
(Comm. by K. SHODA, M.J.A., June 12, 1961)

This is a continuation of the previous paper with the same title
which will be referred to as Part I. Throughout this paper, A will
be assumed to be a ring which has a unit and satisfies the minimum
condition for left ideals, and we shall use the same notation as in
Part L.

§ 4. Classification of quasi-primitive modules. Let A satisfy
the conditions (a°) and (b°) stated in § 3 of Part I. Then all quasi-
primitive left A-modules are classified into the following types:

Type I: Ae,g itself is uni-serial.

Type II: Ae,g is a module such that Ae,g/N'e,g(l=1) is uni-serial,
Nie,g=Ae.te,gDAewe,g(t,w in N*) where Ae.te,g as well as Aewe,g is
uni-serial, and S(A4e,g)=N"e,te,gD N"e,we,g(m=0, n=0). In particular,
if =8 then m =n=0 holds, and if /=2 then either m =0 or =0 holds.

Type III: Ae,g is a module such that Ae,g/N'e,g(l==1) is uni-serial,
Nie,g=Ae.te,g+ Ae,weg(t, w in N') where Ae.te,g as well as Aewe,g
is uni-serial, Ae.te,g~ Aewe,g=N"ete,g= N"e,we,g=Ae,uewe,g(m=1,
n=1,% in N), and S(Ae,g)=N*e,uwe,g(k=0). In particular, if [=3
(resp. k=2) then m=n=1 holds, and if {=2 (resp. k=1) then either
m=1 or m=1 holds.

Type IV: Aeg is a module such that Aeg/N'eg(l=1 or 2) is
uni-serial, N'e,g=Ae.te,g+ Aewe,g(t,w in N') where Ae.te,g is uni-
serial, Ae,te,g~Aewe,g=N"e te,g=Aeue,we,g(m=1,u in N), Newe,g
=Aeue,we,gPAe.vewe,g(v in N) where Ae.vweg is uni-serial, and
S(A4e,g) =Ae,uwe, gD N*e.vwe,g(k=0). In particular, if =2 then both
m=1 and k=0 hold.

Type V: Aeg is a module such that Ae,g/N'e,g(l=1 or 2) is uni-
serial, N'e,g—=Ae.te,g+ Ae,we,g(t, w in N') where Ae,te,g is uni-serial,
Ae.te.g~Aewe,g=N"e te,g=Ae,uewe,g(m=1, u in N), Ne,we,g=Ae,ue,
we,g+ Ae.vewe,g(v in N) where Ae.vwe,g is uni-serial, Ae,uwe, g~ Ae,
vwe,g = N"e vwe,g = Ne,uwe,g= Ae,se,uwe,g(n=1,s in N) and S(4e,9)
=N*e,suwe,g(k=0 or 1). In particular, if /=2 (resp. k=1) then m
=n=1 holds.

§ 5. Classification of indecomposable modules. For the sake
of brevity, in the later statement we shall adopt the following
notation: Let Ae,g be a quasi-primitive left A-module and Ae,ne,g
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(n in N) a quasi-primitive submodule. Then by the cover of Ae,ne,g
in Ae,g we shall mean a submodule of Ae,g, generated by all the
elements e.xe,g(e.x in A) satisfying the property that Ne.xe,gDAe,
ne,g but NZ.xe,gPpAe,me,g. We always denote by C.,..(Ae.ne,g)(abr.
C(Ae,ne,g)) the cover of Ae,me,g in Aeyg.

In case A satisfies the conditions (a°) and (b°) stated in §3 of
Part 1, all finitely generated indecomposable left A-modules are classi-
fied into the following types:®

I-1: MN=Ae,g, where Ae,g, is a module of Type I, i.e. a uni-
serial module.

I-2: N=Ae,g,+Ae,g,, where Ae,g, and Ae,g, are both non-
simple module of Type I such that Ae,g,~Ae, 9,=S(Ae,g,)=S(4e,9)
and the isomorphism: S(Ae,g,)—>S(A4e,g9,) is maximal (and so Ae,
#Ae,,, C(S(Ae,9,))/S(Ae,g,)+C(S(Ae,,9.))/S(Ae;,g,) and S(N)=S(Ae,.g,)).

1-3-1: N=Ae,g,+Ae,g,, where Ae,g, is a module of Type I such
that Ne,g,=Aewe,g, (w in N), S(Ae,9,)=NZe,g,=Ae,ve,we,g,(v in N),
and Ae,g, is a module of Type I such that there exists a maximal
monomorphism y: Ne, g,—> Ne,.g., ¥(e,we,g,)=e,re,g, (r in N) (and so
Ae,# Ae,,, C(Ae,re,g,)/Ae,re,g,~ Ae, [ Ne,, S(Ae,g,)= Ae,ve,re,g, and Ae,
#de,), and Ae,g,~Ae,9,=Aewe, g, e,we,g9,=e,re,g, (and hence S(N)
=Ae,vwe, g,).

1-3-2: N=Ae,g9,+ Ae,g,, where Ae, g, and Ae,g, are respectively
the same as in I-3:1, but Ae, g,~Ae,g,=Aevwe,g,, e,vwe, g, =e€,07€;9,
(and so S(N)=Ae,vwe,g,DAe,(we,g,—71e,7:)).

1-3-3: N=Ae,g,+Ae, 9,1+ Ae,g,, where Ae,g,+ Ae,g, is the same
as in I-3-2; that is, Ae,g9,~Ae,9,=Ae,vwe,g,, e,ywe, g, =e,vre,g,, and
Ae,g; is a non-simple module of Type I such that there exists a
monomorphism: Ae,,g,— Ne,,g,/Ae,vre, g, (and so r in N?, Ae, # Ae,,, Ae,,
*Ae,,), and Ae,g;~(Ae, 9,1 Ae,g,)=S(Ae,g9;)=Ae,te, gi(t in N), e te,g,
=e,we,g,—e,re,g(and hence S(N)=Ae,vwe,g,DAete,g;).

I-4-1; N=Ae,g9,+ Ae,g, where Ae,g, is a module of Type I such
that Ne,g,=Aewe,g, (w in N) and S(Ae,9,)=Ae,pewe,g, (p in N?),
and Ae,g, is a module of Type I such that Ne,g,=Ae,re,g,(r in N),
Ne,g,~ Ne, g, but Ae,g,%A4e,g,, ie. Ae,+*Ae, (and so S(Ae,g,)=Ae,
pe,sre,g.), and Ae,g,~Ae,g,=Aewe,g,, ewe,g,=e,re,g, (and hence S
(R)=Ae,pwe,g,).

1-4-2: N=Ae,g,+Ae,g,, where Ae, g, and Ae,g, are respectively
the same as in I-4-1, but Ae,g,~Ae,g,=Ae.vewe, 9,50 (v in N),
e.vwe, g, =e.vre,d, (and hence if we put C(Ae.vwe,g,)=Ae,qe,we, g, and
C(Ae.vre,g;)=Ae,gere,g, (r in A), then S(N)=Ae,pwe,g,PAe.(qwe,g,
—gre,g;) and Ae,#* Ae,).

1) In this section we shall always denote by R a finitely generated indecomposable
left A-module.
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II-1-1: N=Ae,g,, where Ae,g, is a module of Type II such
that Ae,g9,/N'e,9,(1=3) is uni-serial, N'"'e,g,=Ae.se,g, (s in N'°*)
and S(4e,g,)=N'e,9,=Ae,te,se,9,DAewe,se,9, (t,w in N) (and of
course Ae #Ae,).

1I-1-2: N=Ae,g,+Ae,g,, where Ae,g, is the same as in II-1-1,
and Ae,g, is a non-simple module of Type I such that there exists
a monomorphism: Ae,g,—> Ne, g,/Ae.tse, g, (and so Ae,# Ae,), and Ae,g,
~Ae,g,=Aewse, g,, e,wse, g, —ewe,pe, g, (p in N) (and hence S(M)
=Ae,tse, g, DAewse,.g,).

I1-1-3: N=Ae,g,+Ae, g, where Ae,g, is the same as in II-1-1,
and Ae,g, is a module of Type I such that Ne,g,~ Ne,g,/Ae.tse,g,
but Ae,g.% Ae,g,/Aelse,g,, i.e. Ae,* Ae,, and Ae, g, ~Ae, g,=Aewse, g,,
e,wse, g =ewe,ge,9,(q in N'"')(and so S(%)=Ae,tse,g,DAe,wse,g,).

I1-2-1: N=Ae,g, where Ae,g, is a module of Type II such that
Ae, g,/N?e,g, is uni-serial, Ne, g,=Ae,se, g, (s in N), N, g,=Aete,.se,g,
DAewe,se,9, (t,w in N), S(Ae,g9,)=Aetse,9,DS(Aewse,g;) and S(Ae,
wse, g,)=Ae,ge,wse, g,(q in A)(and of course Ae 4 Ae,).

11-2-2: N=Ae,g9,+ Ae,g,, where Ae,g, is the same as in II-2-1,
and Ae,g, is a module of Type I such that Ae,g,~Ae,se, g,/Ae.tse, g,
(and so Ae,,=Ae, and Ae,# Ae,), and Ae, g, ~Ae, g,=Ae,wse, g,, e,wse, g,
=ewe,le,g, ({ in A, but not in N)(and hence S(N)=Ae,tse, g, D Ae,
quwse,.g,).

I-2-3: N=Ae,g,+ Ae,g,, where Ae,g, and Ae,g, are respective-
ly the same as in II-2-2, but Ae,g,~Ae,g.=Ae,pewse, 9,0 (p in N)
(and so g in N), e,pwse,9,=e,pwe,le,g, ({ in A, but not in N) (and
hence if we put C(Ae,pwse,g,)=Ae.vewse,g, and C(Ae,pwie,g,)
=Ae.ve,wle,g,(v in A), then S(R)=Ae,qwse, g, D Ae (vwse, g, —vwle,g,)
and Ae,#Ae,).

I1-2-4: N=Ae,9,+ Ae,g,, where Ae,g, is the same as in II-2-1,
and Ae,g, is a module of Type I such that there exists a maximal
monomorphism V: Ne,g,/Ae,wse, g,— Ne,,g,, ¥(e,s¢,9,)=e,re,g.(r in N),
S(Ae,,g,)=Aete,re,g, (and so Ae, ¥ Ae,,, C(Ae,re,g,)/Ae,re,g.#% Ae, | Ne,),
and Ae,g,~Ae,g,=Aelse, g, etlse,g,=¢tre,g, (and hence S(N)=Ae,
tse, 9,DAe,wse, g,).

II-3-1: N=Ae,g,, where Ae, g, is a module of Type II such that
Ne,9,=Ae. t.e,9,DAe, w,e, g, (t, w, in N), S(de,t,e.g9,)=Ae, ue.te.9,
(u, in A), S(Ae,w,e,,9,)=Ae,v.e,w,e,g,(v, in A)(and so S(N)=Ae,u,t,
e,,9,DAe, v,w,e, 9, Ae, ¥ Ae,).

II-32: N =3Ae, g,(s>2), where for each {(1<i<s) Ae,g, is a
= 4 24

module of Type II such that Ne,g,=Ae,t.,9:DAe,w.e,g; (¢, w,in N),
S(Ae. te,9.)=Ae,uete, g (u;in A), S(de,w,e,9,)=Ae,,, ve,we.g; (v, in
4), and they possess the property such that Ae,#Ae,; if ij, Ae,,
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*Ae,j if i35, Ae,g,.~Ae,, 9,.,=Ae, vWw.eL0, €., VW, =€, Uisbisy
€,,.9:., for every i (<s—1), and that each homomorphism ¢ Ae,, vw,

e, 9:~>Ae,, Uit ..€,, 0., as well as ¢;(1<t=<s—1) is maximal, i.e.
C(Aevt-uviwiehg )/ N(C(4e, viwiez.gi))*C(Aem. Miaali€a, ,gin)/ N (C(Aev“,

T+1
U;i1t;41€2,,,9:41)) for every ¢ (<s—1)(and so S(ER)=Ae,,lult,e,,,gl®§°Ae,m
vtwtel¢gi)'2)
I1-3-3: %:ZaAel ,0/(8=2), where for each ¢ (1=<i<s—1) Ae,g, is
i=1

a module of Type II such that Ne,g,=Ae, te,9DAe,w.e,9;(t,w; in
N), S(Ae,t.e,9,)=Ae, ue.te,g(u, in A), S(Ae,w.e,9,)=Ae,, ve,we.g;
(v, in A), and Ae,g, is a module of Type I such that Ne,g,=Ae.t.e. 9,
(t,in N) and S(A4e,9,)=Ae,u.e.t.e, 9, (u,in A), and they possess the

same property as in II-3-2 (and so S(%)zz’PAe,iu‘tte“g,-).
i=1

1I-3-4: %:?Ael‘g, (s=3), where for each ¢ (2<i=<s—1) Ae, g, is
=1

a module of Type II such that Ne,g,=Ae,t.e,9.DAe,w.e,g(t,w; in
N), S(Ae, te,9)=Ae,ue.te.g; (u; in A), S(Ae,w,e, 9,)=Ae,, ve,we.9;
(v, in A), and both Ae,g, and Ae,g, are modules of Type I such that
Ne,,9,=Ae, w,e,.g, (w, in N), S(Ae, g9,)=Ae,v.e,w.e, 9, (v,in A) and Ne, g,
=Ae,te,g, (t, in N), S(de,g9,)=Ae,ue.te,g, (u, in A) respectively,

8—1
and they possess the same property as in II-3-2 (and so S(%)=>1°
i=1

Ae,, vw.e..9,).

III-1: N=Ae, g, where Ae,g, is a module of Type III such that
Ae,.9,/N'e,9,(1=2) is uni-serial, N'e, g,=Aete,g,+ Aewe,g,(t,w in N),
and Aete, g, ~Ae,we, g,= Ne,te, g, (CNe,we,g,) (and so S(N)=S(Ne,te,,
91))-

III-2: N=Ae,g, where Ae,g, is a module of Type III such that
Ne, g,=Aete,g,+Aewe, g, (t, w in N), Aete,g9, ~ Aewe, g,= Newe, g,
=Ne,te, 9,=Aeuete, g,(uw in N) and S(Ae,g,)=N*e,ute,g, (k=2).

II-3-1: N=Ae,g, where Ae,g, is a module of Type III such
that Ne,g,=Aele, g,+ Aewe,g, (t, w in N), Aetle,g,~Aewe,g,=Ne,
te,,9,=Aeuele,g, (u in N), e,ue,te, g, =esewe, g, (8 in N) and S(A4e,g,)
= Ne,ute, g,= Ae veute,g,(v in N).

II-3-2: N=Ae,g,+ Ae,g,, where Ae, g, is a module of Type III
such that Ne,g,=Ae,(te,g,+Aewe,g,(t,w in N), Aete,g,~Aewe,g,
= Ne,we,,g,= Ne.te, g,= Ae,ue.te,g,(u in N),euete,g, =esewe; g,sin N)
and S(Ae,,9,)= Ne,ute,g,=Ae.ve,ute, g,(vin N), and Ae,g, is a module of
Type I such that Ne,g,=Ae.re,g,~Aete,g,(r in N) but Ae,g,%Ae,.g,,
ie. Ae,#Ae, (and so Ae.#Ae,, Ae.#Ae,), N, 9,=Ae,ure,g, and S(Ae,,

8
2) By X" mw we shall imply a direct sum of m; (i=1,2,---,9).
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g;)=NZ?,9,=Ae.vure,g,, and further Ae,g,~Ae,g9,=Ae(te, g, ele,g,
=e.re,g(and so S(N)=Aevute,g,).

II1-3-3: N=Ae,g,+ Ae,g., where Ae, g, and Ae,g, are respectively
the same as in III-3-2, but Ae, g, ~Ae,g,=Ae,ute,g,, e,ute, g, =—eure,g.
(and so S(N)=Ae. vute,g9,DAe(te,g,—re,9,)).

II1-3-4: N=Ae,g,+Ae,g,, where Ae, g, and Ae, g, are respective-
ly the same as in III-3-2, but Ae, 9,~Ae,g,=Ae. vute,g,, e.,vute,g9,=e.
vure,g. (and so S(N)=Ae.vute,g,DAe,(ute,g,—ure,g,)).

III-3-5: N=Ae,9,+Ae,9.+Ae,,g,, where Ae,g,+Ae,g, is the
same as in III-3-4; that is, Ae,g,~Ae,g,=Aevute,g,, e.vute, g9,=e.
vure,g, and Ae,g, is a module of Type I such that Ae,g,~Ae,we,g,
[Ne,swe,,g,, i.e. Ae,~Ae, S(Ae,g;)=Ne,g,=Aesele,g9, ({ in A, but
not in N) (and so Ae,#*Ae,, Ae,*#Ae,), and Ae,9,~(Ae,9,+Ae,9:)
=Ae,sCe,,9,, e,5Ce,9;=e,ute, g,—eure,g, (and hence S(N)=Ae.vute,y,
DAe,se,,g;).

II1-4-1: N=Ae,g,, where Ae,g, is a module of Type III such
that Ne,g,=Ae.te,g,+ Ae,we, g,, S(Ae,9,)=Aete,g9,~Ae,we, g,=Ae, ue,
te,g,(u in N) and e,ue.te,g,=e,se,we,g,(s in N).

1I1-4-2: N=Ae,9,+Ae,g9, where Ae,g, is a module of Type III
such that Ne,g,=Ae.[te,g,+ Ae,we,g,, S(Ae,g,)=Aete,g9,~Ae,we, g,
=Ne,e, g, =Aeuete,g,(u in N) and e,uete,g,=ese,we,g,(sin N), and
Ae,,g, is a module of Type I such that there exists a maximal mono-
morphism : Ae,te,g,~ Ne,,g,, V(ele,g,)=ere,g, (r in N)and so Ae,,
#Ae,,, Ae,¥#Ae, and S(Ae,g,)=Aeure,g,), and Ae,g,~Ae,g,=Aete,g,,
ele,g,=ere,g,(and hence S(N)=Ae,ute,g,).

I-4-3: N=Ae,g9,+ Ae,g,, where Ae,g, and Ae,g, are respect-
ively the same as in III-4-2, but Ae,g,~Ae,g,=Aeute, g, e,ute,g,
=e,ure,g,(and so S(N)=Ae,ute, g,DAe(te,g,—1e,g,)).

I1-4+-4: N=Ae,g,+Ae, 9.+ Ae,g;,, where Ae,g,+Ae,g, is the
same as in III-4-3; that is, Ae, 9,~Ae, g,=Ae,ute, g,, e,ute, g, =e,ure,gs,
and Ae,g, is a non-simple module of Type I such that there exists
a monomorphism: Ae,g,— Ne,g,/Ae,ure, g, (and so r in N?), S(4e,9,)
=Ae.pe,g;(p in N), and Ae,g,~(Ae,g,+ Ae, g,)=Ae,pe, g, ¢.pe,9;=e,
te,9,—e.re,g,(and hence S(N)=Ae,ute,g,DAe,pe,g,).

IV-1-1: N=Ae,g,, where Ae,g, is a module of Type IV such that
Ae,9,/N’e,g, is uni-serial, Ne,g,=Ae,se,g,(s in N), N, g,=Ae,te,se, g,
+Ae,we,se,,9, (t, w in N), Aetse,g, ~ Ae,wse, g, = Netse, g, = Ae,ue,
tse,9,(u, in N), S(Ae,,g,)= Ne,wse,g,= Ae,u.e,wse, g, ® Ae.ve,wse, g,(us, v
in N)(and so Ae,#Ae,, Ae.# Ae,, Ae,# Ae.) and e,u,tse,g,=e,uwse, g,.

IV-1-2: N=Ae,g,+ Ae,g,, where Ae,g, is the same as in IV-1.1,
and Ae,g, is a module of Type I such that Ae,g,~Ae,wse,g,/Ae,u,
wse,g,(and so Ae,=Ae,, Ae,,# Ae,,), S(Ae,,9,)= Ne,g,= Ae.ve,Le,g.(C in
A, but not in N), and Ae,g,~Ae,g,=Ae.vwse,g,, e.vwse, g, =e.vle,g,
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(and hence S(M)=Ae,u,wse, g,DAe vwse,g,).

IV-1-3: N=Ae,g,+ Ae,g, where Ae,g, is the same as in IV-1-1,
and Ae,g, is a module of Type I such that Ae,g,~Ae,se, g,/Aetse, g,
(and so Ae,,~Ae,, Ae,* Ae,), Ne,g,=Ae,wene,g, (n in A, but not in
N), S(4e,,g9,)= N?,,9.= Ae.vwre,g,, and Ae,g,~Ae,g9,=Ae.vwse,g,, e.v
wse, g, =e. vwne,,g, (and hence S(N)=Ae,u,wse, g,DAe.vwse,,g,).

IV-1-4: N=Ae,9,+ Ae,g,, where Ae,,g, is the same as in IV-1-1,
and Ae,g. is a module of Type Il such that Ae,g,~Ae,se, g,/Ae,u tse, g,
(and so Ae,~Ae,, Ae,# Ae,,), Ne,g,=Ae,te,ne, 9, DAewe,ne, 9, (7in A,
but not in N), NZe,,g,=Ae.vwne.g, and S(Ae,,g,)=Ae,tne,9,DAe.vwne,g,,
and Ae,g,~Ae,g,=Aevwse,g,, e.vwse,g,=e.vwne,gd, (and hence S(N)
=Ae,uwse, g, DAe.vwse, g, DAeitne,g9,).

IV-2-1: N =Ae,g, where Ae,g, is a module of Type IV such
that Ne,g,=Ae.te, 9,1+ Ae,we,g,(t,w in N), Ae.te, 9,~Ae,we, g,=Ae,u,
ete,9.(u, in N), Ne,we,g,=Ae,u.e,we, g,DAe.ve,we, g,(u, v in N), e,u,
te,g,=e,uwe, g9, and S(Ae,g,)=Ae,u,we, g,DAege.vwe,.g, (¢ in A)(and
of course Ae,#Ae,).

IV-2-2: N=Ae,g,+ Ae,9,, where Ae, g, is the same as in IV-
2.1, and Ae,g, is a module of Type I such that Ae,g,~Ae,we, g,/Ae,
ugwe, g, (and so Ae,~Ae, Ae,#Ae,), and Ae,g,~Ae, 9,=Ae.vwe, g,
e.vwe, g, =e.ve,Le, g, (C in A, but not in N) (and hence S(N)=Ae,u,we, g,
DAegvwe,,g,).

IV-2-3: N =Ae,g,+Ae,g, where Ae, g, and Ae, g, are respective-
ly the same as in IV-2-2, but Ae, g,~Ae,,g,=Ae,pe.vwe,g,(p in N)(and
so ¢ in N), e,pvwe,9,=e,pvee;, 9L in A, but not in N)(and hence if
we put C(Ae,pvwe,.g,)=Ae,se.vwe,g,(s in A) and C(Ae,pvle,g,)=Ae,se,
vGe,, g, then S(N)=Ae,u,we, g9,DAeguwe, g,DAe,(svwe, g,—svle,g,) and
Ae, ¥ Ae,, Ae, 4 Ae,).

IV-2:4: N =Ae, 9,4+ Ae,g, where Ae,g, is the same as in IV-2-1,
and Ae,g, is a module of Type I such that there exists a maximal
monomorphism : Ae,we, g,/Ae.vwe,.g,—> Ne,.g,, ¥(e,we, g,)=e,re, g, (r
in N)(and so Ae,#Ae,,), and S(Ae,,g,)=Ae,u,re, g, and Ae, g,~Ae,9,
=Ae,uwe,.g,, e,u.we,, g, =e,u,re;g.(and hence S(N)=Ae,u,we,,9,DAeqvw
€,9:)-

V-1: N=Ae,g, where Ae,g, is a module of Type V.

The details of the proof of our results stated in Parts I and II
will be published elsewhere.



