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On the Behaviour of Analytic Functions on the
Ideal Boundary. III

By Zenjiro KUaMOCHI
Mathematical Institute, Hokkaido University

(Comm. by K. KNUG, M..., May 12, 1962)

Harmonic measurability and capacity of Borel sets in B.
Theorem 3. Let R be a Riemann surface with positive boundary.

Suppose a topology is given on R*-R-B. If wF,(Fj, z)--O for ij
for any two closed sets F1 and F2 in B such that dist(F1, F2)0.
Then every Borel set in B is harmonically measurable. We call such
a topology an H-measurable topology. Especially Stoilow’s, Green’s,
N and K-Martin’s topologies are H-measurable.

Proof. By P.H.31 w(FC21_,z)=O: ql_=EzR:w(F,z) 1--.
Hence w(F, z)=w(F[2_, z)+w(FC2_, z)=w(F[2, z). Next by
w(F, z)l wFac,l_(F, z)w(FC21, z)=0. Now w(F, z)l--s on
[21_. And w ,l_(F, z)+wtc,_(F, z)w(F, z)w,_(F21_, z)
:> 1 z)w(r $21_ , z) 1 z)w(F, z).
Let -0. Then w(F, z)=w(F, z).
Suppose the topology is H-measurable. Then w(F, z)=0: i=j:dist
(F1, F) > 0. Whence

w,(F1, z)wF,/(F1, z)w,(F1)+w.(F1, z)--w,(F1, z). 5

I- 11Similarly w..,(N,)--w(F.,z). Put F,n--E zR’dist(z,N)
Now wF.(Fj, z)=w(Fj, z) and w(F+F.,z)w(Fi, z) on OFt,n, whence
we have
WFI,(F.,Z)/WF,,(, z)+w(F1 /F.,z)w(F.,z)+w(FI, z) on
Since ,/,(w(Fx, z)+w(F,z)) is the least positive superharmonic
function in R--El,n--F2, larger than w(F, z)+w(F,z) on 3F,n+3F2,,
wFI,(F., Z)/W.,(FI, z)+w(FI /F,z)I,n/,(w(F,z)+w(F z)) in R
--F Fo Let ’n- Then by (5)1,t .,"

w(F1 /F, z):>w(F1, z) +w(F, z). 6
For any set A we define w(A, z)=lira w(F, z), where FA, Fn and

F is closed. Then it can be proved by (6) w(A/A2, z)=w(Al, z)
+w(A.,z) for dist(A1, A)>O. On the other hand, w(Al/A,z)w(Al, z)
/w(A, z) and w(A,z)W(An, Z) are clear by definition for any
sets A, A2 and any sequence [A}. Thus w(A,z) is outer measure of
Carathdodry. For an open set G in B, w(G, z) is defined as above. Then

1) Potentials on Riemann surfaces, Journ. Faculty of Science, Hokkaido Univ.
(1962).
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every Borel set is harmonically measurable, i.e. there exist a sequence
of closed sets F’FA and a sequence of open sets G’GA
such that

lira w(F, z)- lim w(Gn, z).

1). For Stoilow’s topology. Let At be a closed set such that
dist (A1, A.))0. Since B is totally disconnected, we can find a domain

G with compact relative boundary such that GA and CGA. Let
w(z) be the least positive superharmonic function in G such that
w(z)-I on 3G. Then there exists a constant M such that w(z)
MG(z, p), where G(z, p) is a Green’s function with pole in CG. Let
U(z) be the least positive superharmonic function such that U(z)
>G(z, p) on B Then U(z)-lim U,(z)-O, whence we have w,(A.,z)
MU(z)-O. Thus Stoilow’s topology is H-measurable.

2). For Green’s topology. Map the universal covering surface
of R onto I$1<1 by z-.z($). Then z($) has angular limits a.e. on

I$1--1. Let $(A) be the image of A. Then for any given positive
number s, there exists a closecl set F$(A) and numbers n and m

such that mes ((A) F) < s, the image of A, E zs R" dist(A, z) < -,
"--l<dist(A1, A) does not fall in D-- [_J EI’argl--ee <,
b iO Y

1 ’1" Whence w(A.,z) has angular limits--0 a.e. on $(A1) and
m

w,,(A, z)--O.
3). For N-Martin’s topology. Put [2_-E[zR’oo(A,z)l--s

and 9_=-E[zeR’w(A,z,R--Ro)I--z. Then by oo(A,z)w(A,z)
9_Utg_. By H.P. 4 w(A,z,R Ro) w(A9_,z,R--Ro)+w(A
C[2_,z,R--Ro)-w(A[2_,z,R--Ro)_wff)_,z,R--Ro). Map the
universal covering surface (R--R0) of (R--R0) onto I$]1. Then
w(A,z,R--Ro) has angular limits a.e. on I$1-1. Let E1- be the set
on which w(A,z,R--Ro) has angular limits between and 1--.
Assume mesE-> 0. Then the image of /2_" s< does not tend
along Stolz’s path terminating at E-. Whence w(A,z,R--Ro)--O
a.e. on E-. This is a contradiction. Hence mesE---0 and

W W

w(f21-B,z,R--Ro)-O 21---E[zeR <w(A,z,R--Ro)<l--. Let
A and A. be two closed sets in B such that dist(A, A)>0. Then

W

w..(A, z, R Ro)<w(A. "[2_, z, R-- Ro)+w(A -2 ,z,R R)+s. Let
s--> 0. Then

wA,(A, z, R--Ro)w(A2t21_, z, R--Ro)_w(A2)I_, z). 7

Let A_,--E z e R" dist (A, z) - and n.>n> 0 such that A.,,, A,,
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--=0. Clearly o(3A.,.,z)(o(A.,z) in R--Ro-A.,n. Consider Al,n, as
3G and Af,n as C(rl, p). Then by (1) we have w(D_A.,z,R--Ro)
w(9*_A,, z) o([2*_ BA.,., z) O as s->0, where 9*_=E[zeR
(o(A,,.,, z) > 1--s. Hence by (7) w(A,, z, R--R)-O. Next we show
w.(A, z)--O. Let w*(z) be the least positive harmonic function in
R--Ro with w(z)-I on 3Ro and let w*,(z)be the least positive super-

harmonic function in R such that w*,(z)w(z) in B=EIzeR" dist (z,B)
__1|. Then since R is of positive boundary lim w(z)-O. Clearly

w(A,, z, R--Ro)+W*(Z) w(A,, z).
w.(A,,z) by limw*z(z)w*(z).
measurable.

Hence 0--wA.(A1, z, R--Ro)+W.(z)
Thus N-Martin’s topology is H-

4). For K-Martin’s topology. We have by Lemma 7 w(A, z)--O
and K-Martin’s topology is H-measurable.

Let R be. a Riemann surface with N-Martin’s topology. Let F

f w(F, z) dsbe a closed in R--Ro. Then we defined Cap(F)by
$ 1 -o

and Cap (F) b,y
inf I(/)’

where ,!nI(/) is the infinimum of Energy

Integral of all positive canonical mass distributions of mass unity
on F and we showed that there exists a canonical mass distribution

/ on F such that I(/)--inf I(/), w(F, z)--JN(z, p)dp(p) and Cap (F)
--.Cap (F). For any set we define ,Cap (A) by sup Cap (F)" F is
closed and A. Now since / is Borel measurable (with respect to
N-Martin’s topology), we have at once the following

Proposition. Let A be a Borel set. If ,Cap(A,)--O, then
Cap (. A)--0.

Lemma a). For Fatou’s theorem. Let R be a basic surface with
positive boundary and with H.S. topology. Let w--f(z) be an analy-
tic function" z e R, w e R_. Let R be a covering surface with another
H.S. topology. Let F be a closed set in B of R and let G be one
domain of f- l(C(rl, p)). If w(F G, z) > O, then w(F G, z, G’) > O,
where G’ is one of component of f-(C(r, p)) containing G" r. r O.

I 1 1 and CB.Proof. Put B

--R--B. w(FF]G]B’,z)+w(FGCB,z)w(FF]G,z). Hence if
lira w(FGCB’,z)-O, w(FGF]B’, z)--lim w(FGB;)>O. Case 1.

lim w(FF]G]CB;,z)>O. In this case we can find compact circles

Fi and F. in C(rl, p) such that F[’l and dist (F, 3F.)>O and that

2) See 1).
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w(FGGI, z)-U(z)>O where G1 is one component of f-(F) con-
tained in G. Now U(z) is the least positive superharmonic function
in R such that U(z):>l on FGG. Hence U(z)w(F, w) on f-(F).
By the compactness of 3F, max w(F,w)l and Uc,.(z) on

3G2 and Uc(z) in R, where G2 is a component of f-(F2)con-
taining G. Hence by sup w(FGG, z)- 1 (by P.H.2) w(FGG, z)
-wc(FGG,z)>O, whence by Theorem 3 of S w(FGG,z, G)
>0 and w(FG,z,G’)>O.

Case 2. lira w(FGCB, z)-O. In this case w(FGB’, z)>O.
Let G’ be one component of f(C(r2, p)) containing G. Then wc,(F B’, z)
is the least positive superharmonic function in G’ such that
wc,(F B’, z)w(F B’, z) on 3G’ [w(3C(r2, p), w)- 1 on 3C(r2, p) and
f(3G’)f-(3C(r2, p))}, hence wc,(F B’, z)w(3C(r, p), w), in C(r, p)
and f(9_G)(9_C(r p)), where [2_--E[zR’wc,(FB’, z)
>l--e and 9_-E[weR’w(3C(r2, p), w)>l--s. Now the topology

Won is H.S. Hence (9_ G B’, z) w(9_ C(r, p) B, w)

w(,,)(3C(r2,p),__ w)O as e0. By P.H.3 w(FB’CU,z)--O

(U--EzeR w(F B’, z)I--) whence by w(FGB’, z) O

there exists a number eo such that w(F B’ C9_ Uo, z) > 0 and

C9_0 UR 0 in which w(F B’ G, z)--wc,,(F B’ G, z) o
2

Hence w(F B’ G, z) wc,(F B’ G, z) > 0 and w(F B’ G, z, G’) > O.
Let be a Riemann surface with null-boundary with H.S. topology

and let R be a convering surface with positive boundary. Map the
universal covering surface R of R onto [$[<1 by z-z(). If w-f(z())
has angular limits a.e. on [ ]--1, we call f(z) a function of F-type. 0n
the other hand, the characteristic function T(z) of f(z) can be defined.
If T(z)< , we call f(z) a function of bounded type. And the charac-
teristic T() of f(z()) T(z). In this case f() has angular limits
a.e. on ]--1 (using original Fatou’s theorem). Suppose w-f(z)
is of F-type. Then mes E--0 by Riesz’s theorem, where is the
set on ]-1 on which f() has angular limits contained in . We
shall prove

Lemma a’). Let R be a Riemann surface with null-boundary
and let f(z) be a function of F-type. Let F be a closed set in B of R.
If w(FG, z)>O, then w(FG, z, G’)>O, where G is a component of

3) S mns "Singular points of Riemann surfaces", Journ. Faculty of Science,
Hokkaido Univ. (1962).

4) Z. Kuramochi" Dirichlet problem on Riemann surfaces. I, Proc. Japan Acad.,
30, 946-950 (1954).
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f-(C(r,p)) and G’ is one domain of f-(C(r., p)) containing G r.
>r>O.

Proof. Let E be the set on ]5]=1 on which w=f() has angular
limits contained in C(r, p) (closure of C(r,p)). Then since f(5)is
of _h-type, O <w(F G, z) w(B f (C(r, p)), z)= w(E, 5), where w(E, )
is the harmonic measure of E with respect to 51. Now w(E, 5)=0
a.e. on CE. Let E be the set on which a Green’s function G(z, p)
of R has angular limits=0. Then mes E=2. By Ow(FG,z)
and since f(5) is of F-type, we can find a positive number 0 and a
set E’ in EE such that mes E’>o, w(FG, z)>o in G(0, E’) and

1dist(f(5), C(r, p))<(r-r) in G(o,E’), where

Now w(F G, z, G’)w(F G, z)-w(z), where w(z)= lim w(z) and w.(z)

is a harmonic function in GR such that Wn(Z)-’w(FG,z)<I on
3G’ and =0 on 3RG’ and w(FG, z, G’) is H.M. of FG relative
to G’. Since the image of 3G’ does not fall in G(0, E’) by dist (f(3G’),
C(r, p))r-r and the image of 3R does not tend to E’ in G(30, E’)by
inf G(z, p)>O, w(z)w(5) and w(z)w(;), where w(;) is a harmonic

function in G(0, E’) such that w()=l on G(50, E’)--E’ and =0 a.e.
on E’. But w(FG,z)>o a.e. on E’, whence w(FG,z)--w(5)>o
a.e. on E’ and w(F G, z, G’) > O.


