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40. 2-Primary Components of the Homotopy Groups of Spheres

By Kunio OGUCHI
Department of Mathematics, International Christian University, Tokyo
(Comm. by Z. SUETUNA, M.J.A., May 12, 1962)

This is a preliminary report of results concerning the generators
of 2-primary components of the homotopy groups of spheres. The
proofs will be given elsewhere.

1. Let E: 7, (S")—r,.:(S""") be the suspension homomorphism.
If «, is an essential element of r,(S"*), we shall denote Ea, by a,.;.
The homotopy class of the identity map S"—S™ is denoted by ¢,.
Let aen,(S™), fen,(S™). Suppose that there exists a map 4: S? X S?—S"
of type (a, B8), then we denote by (a, 8) the coset of the subgroup
Ez,. (S") of m,,,.,(S™*") which includes the homotopy class of the
map obtained by Hopf construction from h. The triad Whitehead
product of a and B will be denoted by {a,pler,,,. (S E,, E.)
([4] or [56]). Define a homomorphism P:z,(S")—>z,, ., (S" E,, E.)
by P(a)={a,:,} for acr,(S")(n=2).

We use the notation R, instead of SO(n). G.W. Whitehead
defined a homomorphism J: z,(R,)—7,.,(S") ([6]). We can prove
(1.1) J(aof)=J(a)oE"S for Bern,(S™), acr,(R,),
and that in the diagram:

J* p*
° ﬂim(Rn) —'_’ﬂ'nlb(RnH)‘—_“_’ ”r(sn) e ﬂr—l(Rn)
1.2 P
(1.2) Jl FE lJ * 4 lJ
. —"ﬂm+n(Sn)">7tm+n+1(Sn+1)—’7Z‘m+n+1(Sn+1; EHE—)_')ﬂmwn—l(Sn)

LN

the upper sequence is the bundle sequence of R,,,—R,,,/R,, and the
lower sequence is the suspension sequence of S™. We can also prove
that the following relations hold:
(1.8) (a) Eod=Joj*, (b) i*eJ=Pop* (c) doP=—Jod.

I. M. James [4] defined a homomorphism H: r,(S")—r,(S*Y),
which is a generalization of the Hopf-invariant.

P.J. Hilton [7] also defined a homomorphism yig 7,.(S™) - x,(S*"1)
in a different way. I owe M. G. Barratt the announcement that H
is the same as H.

We denote by {a, 8,7} and {a, 8, 7,0} Toda’s constructions, ([1],
(21, [3D).

The homotopy groups =,.,(S™),r<7, are well known. We list
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the generators of 2-primary components of them as follows:
‘nenn(sn)(n_?_—l)r %Gﬂnu(sn)(nzz), anGTEn+3(S")(’}’&g3),
(1'4) ”neﬂ'n+3(sn)(nz4)v [‘6’ ‘6]6”11(‘86)’ 181,3/67512(85),
Beem13(S°), Bn€mnid(SN(M=17,8), p,€7m,.(S")N(1n=8),
where 75€(ey, t1), az€(ny, ¢5), v,€(s ¢3), B € (12, ¢4)
Be€ (05006, t5), B1€ (s, t6), and pge(eq, ¢7).

The other generators of 2-primary components of =, (S")(r=<7)
can be represented as the compositions of the above elements.

The relations between these elements are also well known. We
only add the following:

(8) {7 Btuets vt} =0 mod 0 (n=5).
(1.5) () {vs, 8ts, v} =85Y mod 0.
(C) {vm Yn+1s 7]n+4}Evn°un+3 mOd 0 (n£5)'

2. In the following sections, we always consider 2-primary
components of groups. For simplicity, we shall denote e.g. =,(S™)
to mean the 2-primary components of r,(S™); and use the terms
such as “equal”, “isomorphic”, in the sense of C,. ([10]).

T,.,(S"), <138 were calculated by H. Toda [1]. We can obtain
generators of these groups and the relations between them by using
the diagram (1.2), Hopf homomorphism, expansion of Whitehead
products [8], and Toda’s formula [9].

In the following tables, o means an infinite cyclic group, 2" means
a cyclic group of order 2". These tables are read as follows: e.g.
in the columns »#=5,6, and in the entry =8, we have 2, and 2,8.
This means =g, ;(S%)=2,, 74,(S®)=2,+2;, and the first z, in =,(S° is
induced by the suspension homomorphism from z, in z,;(S%).

Table I. 7p+r(S™), 8=r=10

n= 2 3 4 5 6 7 8 9 10 11 12 Generators
0 2 2 2 2 2 2 2 2 2 2 e
r=8 8 2 2 2 Von
2 2 0 0 0 0 Bnotn+r
2 2 2 2 2 Y oNner
2 2 2 2 2 2 2 2 /2 2 2 Wno€n+1
2 2 2 2 2 2 2 .72 2 2 n
r=9 2 2 2 2 2 <\ YnoVn+3°Yn+e
2 2 2 2 2 o Nn+7° Mn+s
2 2 0 0 0 0 BroNn+7°Mn+s
o 0 0 0 [10, ¢10
g 2 2 2 2 2 2 2 2 2 2 Dno0n+1
P20%3084
r=10 TSeg €n
8\ Vo3
8 8 8 8\ Ynolin+s
8 8 4 2 0 UnoVp+r
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In the Table I, we omit r,,,(S?), because they are always 0 for »=>1.
Relations:

(2.1) H(ey)=vs0v5, H(ve)=vy,, H(3)=pY, H(et)=2;, H[ 10, t10]=—2t15.

(2.2) [ty ] =+ H°T16 11, t11] = M11°V1s, [‘6; te]ovy = [V, tg] =215,

(2.3)

Leror 1010719 =10y ¢10] =2t100v10.

7087 =0, By o912=0, 7508=0, g0, =Poon3=4vs,

Dol s1= N sr (N =", 8), ngottio=1;,
Dnlns1= 1T 7 =Vp(n=10),

€1°Tn s =0n°Cns1 (M=3),

Ynolnss =1noVn.r (1=6),

DOVt =VnOVuy3%Vnss 10080, (1=25),

7000n1 =0,7n. (N=3),

2¢,=1307,08;, az°fs=0, a,oB,=2¢,

e5=2(vs0t5) =v;50 8, By oviz=4(vsott5), Booviy= —2(veotty),
Brovig= —vottyy, Ngo[t1, t10] =4(Hg0v16), 2(tgov1e) =vgotty,.

NOte that Wnovn+1°8n+2=0 (”«29), 8;:0 (n-—_>—:10)’

(2.4)

Vn°ﬂn+8::0 (nzll)r Ianol‘)n+7:0 (%212).

&€ {@s, ve, vo} =1{7s, a4, v;} mod 0,
8n€{vm 2041y Vys1°Vnses) MmMOd F' (n£4);

where F'=0 if n=4,5, F=(4}) if n=6,
F:(”noﬂnwtl) lf ?’LZ’?.

Vo€ (vs, ¢5) mod (g;),
V:n+6n€{”m nn+3’ vn+4} mOd F (ngG)y

where F=(2v;) if n=6, F=0 if n=T.

8,6 {74, 2¢5, BY} mod (7,°¢;),
Bne {7771.; 2‘n+1; AB:II-H} mOd F (ngS),

Where F'_“(y]no‘sn+1, Vn°”n+3ovn+6) if n=5, 6’ 9’

F=(77n°€n+1, YnOVn+3°Yn 169 ABnOvn+7°7)n+8) if ’I’L=7, 8.

"31”»6 {013, 2”6y Vs} mod 0,
36 {13, 2t, &} ={&3, 211, 711} MOA (7507085, 7300,),
54-5{777” 2!n+1y en+1} mod F(n£4),

where F'=(7,07;08, 7,00;) if n=4,
F:(4vn°‘un+s) if n:5’ 67 7; 8r
F=(4pyoy,e) if n=9, F=0 if n=10.
{vs, 2, 911}=71'15(S5)-
03€ {1y, gy 8t7, ;3 mod (9508,).
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Table II. 7,4+, (S7?), 11=<r<18
n= 2 8 4 5 6 7 8 9 10 11 12 18 14 15 Generators
4 0 0 0 0 0 0 0 0 0 0 0 0 O] 70673
2 \ Y20%3°0%
4 4 \ 0'n
8%8 8 8 8 8 8 8 8 8 8 8| &
2 2 0 0 0 0 0 0 0 0 0 0 0| @poeyss
r=11 2 2 0 0 0 0 0 0 0 0 0 0 0| egovyss
2 0 0 0 0 0 0 0 0 0 0 0 vioBroy
2 2 0 0 0 0 0 0 0 0 0 0| vpor'nses
2 2 o V' notn+a
4 2 2 2 0 0 0 0 0 0 vypovyss
ee] 0 0 0 [512, 612]
2 0 0 0 0 0 0 0 0 0 0 0 0 O] noageses
2 0 0 0 0 0 0 0 0 0 0 0 0 O woegovyy
4 0 0 0 0 0 0 0 0 0 0 0 0 O] #x00,
2 2 0 0 0 0 0 0 0 0 0 0 O e@cdus
2 2 0 0 0 0 0 0 0 0 0 0 O] eorm+iotnts
2 0 0 0 0 0 0 0 0 0 0 0] vyoBron4o7s
r=12 2 2 0 0 0 0 0 0 0 0 0 0| vyoppesoents
2 2 0 0 0 0 0 0 0 0 0 O YnoVp+3°Vn+6°Yn+9
2 2\ Yy o0p+s
6 0 0 0 0 0 0 0 o0 O [etslown
4 0 0 0 0 0 [!10, !10]0V19
2 2 0 0 O n
2 2 0 0] 7,
2 0 0 0 0 0 0 0 0 0 0 0 0 O] 7oazeds
2 0 0 0 0 0 0 0 0 0 0 0 0 O] %oaopsoe;
2 2 0 0 0 0 0 0 0 0 0 0 O eyrp+s®dnts
2 2 0 0 0 0 0 0 0 0 0 0 Vn°7]n+3°5n+4
r=18 8 0 0 0 0 0 0 0 0 0 0 0 YgoVYqollyg
2 2 2 2 0 0 0 0 0 0 O/ vhpountzovpsto
2 2 2 2 0 0 0 0 Hnoln+7°Vn+10
2 2 0 0 0| Apo¥ptr2
2 2 0 0 TnoWn+12
oo 0| [ei4,¢14]
Relations:
(2.5)  H(0:)=05, H(C;)=8ty, H(211) =121°7ns, H(715) =75,
H ey, t10]= —2¢55, H[ 1, t14] = — 25
(2'6) 25;»:%"%“05“2(”23), 2Cn:5:3(n25)7
205001, =V, V79610=0, €197, 10=,°8,,5 (n=3,4),
an°”§v+3=8novn+8+an°sn+3 (n:3’4)7
Vn°#n+8°77n+10=”n°8n+8 (%:5, 6)7
n4o8s =000, OT 00,4 a,0n;°8,
Lo te 1ot 70, [e10, t10]0v157F0,
vro[t1, t10] = [z, ¥71 =0, Nuso[ 15, t12] =711, 7111 =0, L1z, t12]°723= 213,
5n°”n+9=an°7]n+3°8n+4 (%:——3, 4),
5:1077n+11:an°5n+3 (’)?/'—7«‘3, 4)y
Cn°ﬁn+n=”n°5n+a (n:59 6)7
010041 =0, 71107 15=1;°V15905; F A11°723,
[eo teJo8=Lo 6] =0, Lt cJosy= 54, 6] =0.
(2~7) 5:16 {77n’ 2‘n+1, 5n+1} mOd F (nzg)’

where F'=(7;07,00;, 750¢,) if n=3,
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[1]

[2]
[3]

[4]
(5]

[6]
[7]
[8]
[9]
[10]

F:(yl‘noﬂn+1°5n+2) if n=4.
5'556{57" 2('n+99 7]n+9} mOd F, (ng3),
where F,:(Unonn+1°5n+27 an°8n+3) if n=3,4,
F'=(’7n°%+1°5n+2, vn0€n+3) if n=5,86,
F'=F (n=1).
Cne {vn’ 8‘n+3r 48n+8} mOd F (ng5)y
where F=(y;01f, vy08,) if n=5,
F=(yeon,), if n=6, FF=0 if n=>7.
Zne{ﬂm 2”n+77 7]n+10} mOdO (n:ll, 12)
Tne{/’!m Vn+1s 7]n+10} mOdF (n=12, 13)’
where F'=(4,,) if n=12, F=0 if n=-13.

References

H. Toda: Sur les groupes d’homotopie des sphéres, C.R. (Paris), 240, 42-44
(1955); Calcul de groupes d’homotopie des sphéres, C.R. (Paris), 240, 147-149
(1955).

H. Toda: Generalized Whitehead products and homotopy groups of spheres, Jour.
Inst. Poly., Osaka City Univ., 3, 43-82 (1952).

H. Toda: P-primary components of homotopy groups. IV, Compositions and toric
constructions, Memoirs of the college of Sci., Kyoto Univ., 32, 297-332 (1959).

I.M. James: On the suspension triad, Ann. of Math., 63, 191-247 (1956).

I.M. James: On spaces with a multiplication, Pacific Jour. of Math., 7, 1083~
1100 (1957).

G.W. Whitehead: A generalization of the Hopf-invariant, Ann. of Math., 51,
192-287 (1950).

P.J. Hilton: On the homotopy groups of the union of spheres, Jour. of London
Math. Soc., 30, 154-172 (1955).

W.D. Barcus and M. G. Barratt: On the homotopy classification of the extensions
of a fixed map, Trans. Amer. Math. Soc., 88, 55-74 (1958).

M. G. Barratt: Note on a formula due to Toda, Jour. London Math. Soc., 36,
95-96 (1961).

J.P. Serre: Groupes d’homotopie et classes de groupes abédliens, Ann. of Math.,
58, 258-294 (1958).



