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65. On Bertrand’s Problem in an Arithmetic Progression

By Tikao TATUZAWA
Mathematical Institute, Nagoya University, Nagoya
(Comm. by Z. SUETUNA, M.J.A., July 12, 1962)

In this note, we shall prove the following
Theorem. There exists a positive constant ¢ such that, if
x=exp(clog klog log k)
and k is sufficiently large, then
n(2x; k, 1) —n(x; k, 1) >0
is true for all [, satisfying (k,1)=1.
We shall use the same notations and symbols as in Prachar’s
book [Primzahlverteilung, Springer, 1957].
If x=exp(k), the theorem is true by Theorem 8.3 in p. 144 or
Theorem 3.2 in p. 323 of the book. Hence, we assume that

(1) exp (c log k log log k)<x<exp (k).

Consequently,

(2) clog k log log k<log «, -c_loglogxgﬁg_x,
2 log k&

if k is sufficiently large.

We know from the results of Page [see IV, §5 and §6] and Linnik
[see X, §3] that there exists a positive constant ¢, such that there
are no zeros of any L-function mod k in the rectangle

1——% <g<1, |t|<E
logk—o_ It=

except possible one real zero B, of a particular L-function formed
with a real character. Further if we put

1—p8, if the exceptional zero exists,

0p= c .
° _ otherwise,

log
then the rectangle
1—Ak)<o<1, |t|<k
contains no zero of any L-function mod k except B,, where
¢ Cye

(3) = 10e T € 5o

Now the constant ¢ in the theorem will be given such that
(4) €Cy=20.

Proof. From p. 821 of Prachar’s book, we obtain

(k) (2; k, 1) —(w; k, 1)}
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;x{l_Elxm-l <Z SYapt 4 so(k)log . logw>}’

7 =T x5/

for x=T=2. Putting T=Fk* and using (3.6) in p. 322 of the book,
we deduce

- k® F13\ & log’xz |, log
gx{l—Elmﬂ 1—O<—50——|—<7> log® log x+ o + o )}

It follows from (1), (2), (8), and (4) that
Eaftde <kl3>2(k)log8 klogx
x

co
éw_ao_l_c < Cye >loglc
"\'s,log k

18¢o—-5%0 1og log & 1
2 —810g x
C

)13 co—log log &

sertal )
0

< g-doclogkloglogk &( Co€

- 8\ g, logk
We consider now two cases.
(1) d, ¢ log klog log k1.

Since e"<1—-—1-—z for 0<2<1 and e¢= Co®
2 o logk’

kla (k)
B xfr- 1—|—c< > log®k-log «
x

él—_l__ 0, C Iog k log log k+ 6 [ IOg k gl3co+1-loglog
2 & ce
13co
él—ld, clog k log log k+ %1¢ E"—lo—gk.
2 cc®  logux

Hence, noting that xz=<exp (k), we have
(kY (2; ke, 1) —r(a; E, 1)} .
gx{%ao log k log log k— Cg:cs }Oiz O<—l£—+?+ 10§4x>},
which is positive if &k is sufficiently large, with the aid of Siegel’s
result [Theorem 8.2, p. 144 in the book].
(ii) o, clog klog log k=1.
In this case,

k13 ACk)
E,xf- 1+c< ) log® k log «
x

18co
ée—l_'_ _c_;elaco—loglogxze—l_i_ CIes 1 §02<1
¢ ¢ logx

if k is sufficiently large. Hence, noting that xz=<exp (k), we have
(k) {4 (2; ke, 1) — «p(x k, D}
kS log x
zafl-e—0(£4 14 gz},
which is positive if k is sufficiently large.
Thus we get the desired result.



