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162. An Extension of the Interpolation Theorem
of Marcinkiewicg

By Satoru IGARI

Mathematical Institute, Tohoku University
(Comm. by K. KUNUGI, M.J.A., Dec. 12, 1962)

§1. Introduction. In this paper we show that the Marcinkiewicz
interpolation theorem of operators (e.g. see Zygmund [5]) holds good
for Hardy class H, or class 9, introduced by Stein-Weiss [4].

H,-class (p>0) is the space of all functions analytic in the unit
circle such that

— 13 1 i 0 }l/p
lell=tim o= [ lotre®) a8

is finite. §,-class is the space of the vectors F(X, y)=(u(X,y),
(X, ¥),- + +, (X, ¥)) whose components are all harmonic in half-space
Ej,={(X,y); XeE,, y>0}* and satisfy the generalized Cauchy-
Riemann equations,
LR NP U
0y  i=1 ox, 0%, 0y
Qv vy
ox;  ox,
and whose norm is defined by

IFll,=lim{ [ |P(X, 4)|7ds} "

Let feL,(—n=,n)(p=1) be periodic with period 2z, then its con-
jugate function is defined by
% 1 * fy)
2)=—P.V. dy.
7@ ™ [2tan(x-y)/2 v
One of its m-dimensional analogue is M. Riesz transform,

BNE)=(BAD), -, BHE)=—=P.V. [ ronar,

where ¢,=z"*Y2/I"((n+1)/2), and feLp(E',,).

We remark that if we put Kf =(f+4f)/2 for feL,(—x, n)(p>1),
then Kfe¢H, and in particular if feH (p=1), then Kf =f. Similarly
if we put ®f=(f, Rf)=(f,R:f, -+, R,f) for feL,(E,)(p>1), then
f is a boundary function in $, and conversely if F'=(f,f, -+, f,) is
a boundary function in $,, then & f=F.

§2. Let T be a quasi-linear operator from 9, (or H,) to »-

.o’n,

, txJ, 1=1,j=n,

1) We denote the Euclidean space of #n-dimension by E,, its points (#i,:--, &),
(Y1,°* 5 Yn), ete. by X, Y, ete. and the element of volume dw;da.- - -dx, by dX.
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measurable functions, that is, if TF, and TF, are defined, then
T(F,+F,) is definable and satisfies |T(F,+F,)|<«(|TF,|+|TF,|),
where £ is a constant independent on F, and F,.
Theorem. Suppose that the quasi-linear operater T satisfies
w({s; | (TF)(S)| > )4 (MfO)||F Iy, for all Fed,, (i=0,1)
where 1=p;<q, < (1=0, 1), p,xp, and g,>xq,. Lut us put
1/p=Q1—0)/po+0/p;, and 1/g=(1—0)/q,+6/q, (0<6<1).
Then
|TF||,<e(x+1)AM;"M{||F||,, for all Fe9,,
where A depends only on py, i, qo, @1 and 0, and
A'=0((¢;—9) '+ (g—q)"(p—1)7").
The above statements are valid for H,-space.
Lemma 1. Let feL,(E,)(1<p<c), then for each a>0 and
r,1=r=p, the following decomposition of f 1is possible;
(i) f=u+t+d,v=v+w, w=>3w,.
(ii) u=f, &f |f|<a and =0, elsewhere.
(iii) |v|=2"a, for a.e. X in E,.

(iv) f |0(X)|*dX< f |W(X)|'dX for each s,1<s<p.
En En

(v) kﬁflwk(X)|“dX§2“1f]u’(X)|3dX for each s,1<s=<p.
=1
En FA

(vi) There exists a sequence {I} of disjoint cubes such that
supports of w, are contained in I, and
S 1
LI — [|w(X)|"dX.
k=1 a ‘E”

(vi) f w(X)dX=0, k=1,2,--- .
En

In the case of L,(—=x,x), we decompose f(x) as above for a,
=sup{a;7r/2§a‘rf|u’(x)|’dw} and set f=u+u" for 0<a<a,.

In any case, we define u by (ii) and decompose ' =f—u along
the line in L. Hérmander [2].

Lemma 2. For {w,} defined in Lemma 1, we have,
o < 0
kzﬂoémwkmx:c’;!mmx,

where E 1is the set obtained by expanding each I, comcentrically

three times and CE 1is the complement of E and C is some constant.
Lemma 2 holds for L,(—=, ) case replacing Sw, by Kw,.
Proof of Theorem. First we consider the §,-case. If F'=(f,f,,

<o, [u)€D, then F=R8f, therefore by the well-known arguments

ITF|l5<a [ (| TF | >v)dy
0
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<a@e(e+0){ [Ty U >)dy+ [y TRl >u)dy
0 0

+ f”yq-luq TSw| >y)dy} — a(Ba(c+ 1)UL+ L+ I), say,
0

where u,v, and w are the functions in Lemma 1 with a=(y/b)*, and
V(| TF| >y)=v({X;|(TF)X)| >y}). We consider the case 1=p,<p,
and ¢,<q, only, the other cases are similar. I, may be estimated by
the usual way but we must use the Calderén-Zygmund inequality
[1RF||,=A,llf||,(p>1), where A,=O(p—1)"'. By (iii) in Lemma 1,

oo 21/P1
I,< M@ Az y'l“‘“'l{ lv(X)l""dX} dy
[l

o /
< M@ Agi 2nio=bus/m B-ao=Dau/es f e Le=Dei/pd { f [v(X)|d X} .
0

Hence we get

L+1,< ( MpAn + M Az 9me—vu/e: ) < f £ E(q—ql)Pl/lqﬂ"'PldX)Q!/p.‘
N ¢ q—q1+|:(p1—p)q12/p1]

L=Mg [Ty Rulipdy

gMgoozvo{ f qu_,,o_1< [ |Rw] dX)°°dy+ of ”yv-qo-1< L |Rw| dX)q"dy}.

0
The second term may be estimated by the well-known method apply-
ing Lemma 2.

The first term does not exceed
00 /r
f yQ—Qo—llEIQo/r’ <f,@wlrdX>1 dy’
0

where r=(p+1)/2 and 1/r+1/r'=1. Using (vi) in Lemma 1 for |E|
and Calderén-Zygmund inequality for inner integral, above integral
is not greater than

Ago2nqo(r+1)/'rBZqor/r’fmyq—qo—l—[qolr/r’] <f|ul I rdX)qody
0

< AZ0 2n90Cr+1/r Bagor/r? { f | f | Kemaaoaltrg x }Qo.
T q—qo—Ag(r—1)
Setting 2=py(¢— ¢)/¢(p—po) and B=M;M;||f|[3, 5, = and u being some
constants, we get Theorem.
In the H,space, we must devide the integral into (0,y,) and
(Yo o), Where (yo/B)*=a,; we don’t go into the detailed arguments.
§3. Littlewood-Paley function g* is defined by

0,00 (5 18.0=0:01 "

n

where S,(f) and ¢,(f) are n-th partial sum and (C,1) mean of the
Fourier series of ¢peH,. This operator is an example which is weak
type (1,1) for the functions in H-space but not in L;(—=x, x) (see
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E. M. Stein [3]), and which is strong type (2,2). Another example
is the operator (T¢)(6)=S,,,(0), where n»(f) is any integral valued
measurable function. This operator is strong type (1,1) for ¢ecH,
when dv(6)=df/log (| n(9)| +2) with the notation in §2 and strong
type (2,2) for feL, Therefore our theorem gives real proof of the
Littlewood-Paley inequality ||supsz,|S.(0)/(log (n+2))?||,<A,ll¢ll,
(1<p<2) (cf. H. Helson and D. Lowdenslagar [1]).
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