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In the previous paper [4], we considered a type of separable
algebra over a field which has the simple ideal components whose
degrees are all prime to the characteristic of the field. In this paper
we consider the case of algebra over a commutative ring.

Let 4 be an algebra over a commutative ring K. In the envel-
oping algebra A°=AQ;A° we consider the involution * defined by
@Ry *=yQa* for 2Qy’c 4°. We set J={x®1°—1RQ2° | x € 4}, then
J*=J. Let A be the right annihilator of J in 4° then A* is the
left annihilator of J and a left ideal in 4°. Let @: A°—4 be the
A*-homomorphism defined by @(xQy®)=2xy, then p(A4*) is a two sided
ideal of 4. In this paper we shall call 4 a strongly separable alge-
bra over R when @(A*)=A.

In §1, we shall show that 4 is a strongly separable algebra
over R if and only if 4 is a separable algebra over R and A=
CP[4, 47 where C is the center of 4 and [4, 4] is the C-submodule
of A generated by xzy—yx for all x,ye 4. In §2, we consider an
R-algebra 4 such that 4 is an R-projective module, and we shall
show that if A0 then there exists a non zero left ideal in 4 which
is generated by a finite number of elements as R-module. Finally,
we have that for a central separable R-algebra 4, 4 is hereditary if
and only if R is hereditary. In this paper we assume that every
rings and algebras have identity elements.

1. Strongly separable algebra.

PROPOSITION 1. Let A be an algebra over R. Then o(A*)=A4
of and only if A=AJPA*. If (A*)=A then A is a separable
algebra over R and A=C@[4, 4], where C s the center of A and
[4, 4] ts the C-submodule of A gemerated by xy—yx for all x, y € A.

Proof. If A=AJPA* then we have p(A*)=A. Now we as-
sume @(A*)=4A. Since Ker p=A°J, we have A°=A*+ 4°J. There-
fore we have A**=A**+J*-A°* and A°=A+JA4°. Let 1Q1'=2z,+2,
with z,€ A, z,eJA. If xe A*N4°J then z=2-1R1°=w2,+22,=0.
It follows that A*NA°J=0 and A°*=A*PA4°J. Thus the first half
of the proposition is proved. If @(A*)=4, then ¢ induces an iso-
morphism of A* onto A therefore 4 is a separable algebra over R.
Since A°=A°JPA*, there are orthogonal idempotents e, € A°J and
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e,€ A* such that 1Q1°=e,+e¢,.” Then A°J=A%, A*= A%, and P(e,)=
1. Since A is a right ideal, A= Ae,+ Ae,, where Ae,=AA%,=AAJ=
AJ and Ae, S AA*SANA*. Now Ae,N(ANA*)SAJNA*=0 there-
fore we have Ae,=ANA* and A=AJP(ANA*). Taking *, we have
A*=JA*P(ANA*). Since @ is an isomorphism of A* and 4, 4=
P(JA*)DP(AN A*). Now p(ANA*)=p(Ae,)=p(A)=C by [1], Propo-
sition 1.1, and @(JA*)=[4, 4] as shown in [4], therefore we have
A=[4, A]C.

LeMMA 1. Let 4 be an algebra over R, and C the center of A.
Then A is a strongly separable algebra over R if and only if 4 is
a strongly separable algebra over C and C is a separable algebra
over R.

Proof. Suppose that 4 is a strongly separable algebra over R.
Let A, be the right annihilator of {xQ,1'—1Ryx’e AReA’|x € A} in
AR A" and r: ARQpA— ARy A’ the ring homomorphism defined by
PERY)=2Q,y’. Then (A*)SAF and we have a commutative
diagram

AR 1 AR 47
AN /
sD\A/ 9!

where ¢’ is defined by @' (@@.4°)=2xy. Since P(A*)=¢'(¢(A*)S
P'(A}) and p(A*)=4 by assumption, we have ¢'(A})=4 and 4 is a
strongly separable algebra over C. By Proposition 1 A4 is separable
over R, therefore C is also separable over R by [1], Theorem 2.3.
Conversely assume that 4 is a strongly separable algebra over C
and C is a separabie algebra over R. Since the exact sequence
0—Ker ¢’ -—>C®RC———->C—>0 splits where ¢” is defined by ¢"(*Qy’)=
x-y, the sequence

(A®RAO)®0®RU<C®RC)_—’(A®RAO)®0® RaC—'——>O

splits, therefore A®RA"—4'—>A®0A°—->O splits. There exists a homo-
morphism &: AR A" —AR A’ such that yo&=identity. We denote by
A’ the annihilator of {x®1°—1Qx"c CRC |2 € C} in CRC. Since
C is separable over R, there exists z in A’ such that z*=z, 2'=z,
and ¢”’(z)=1. Since 4 is strongly separable over C, there exists an
idempotent element e, in A} such that e}=e, and ¢'(e,)=1. Let
7: CQrC—AQ 4 be the homomorphism induced by the inclusion C—4
and let e=7(z)-&(e,). Then we have e*=e¢ and ¢(e)=p®(z)-&(e,))=
@"(2)-¢'(e,)=1. Moreover e is contained in A*. Therefore we have
P(A*)=A.

1) e and e; are symmetric, i.e. ¢f =e; and e =¢z, because
eXei=eX —efere A6JN A* =0 and e =¢) ez, and ex=(e) e2)* =efe2=e).
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LEMMA 2. Suppose that the center C of a ring 4 is a field.
Then A is a strongly separable algebra over C if and only if A is
separable over C and A=CP[4, 4].

Proof. The “only if” part is proved in Proposition 1. To prove
the “if” part we may assume that C is an algebraically closed field
by [4], Lemma 3. Then a separable algebra A4 over C is a direct
sum of total matrix rings over C, therefore we may assume that
A=C,. Now since

o o)l 26 e 16 )

we have
1 0 11 10
1o Yor O V11 © )
0 " 00 0:0
10 114 2
(i1 Vo N [ %
o o /\o o '
' ‘ 0 1
and repeating the same argument we have
1 0 00 0
1 .
.. —_ ., €[4, 4].
. 0
0 1 0 n

Therefore if n is a multiple of the characteristic » of C, then the
unit matrix E is contained in [4, 4]. This contradicts the assumption
CN[4, A]=0. Thus n is prime to p, and then by the Theorem in
[4] 4 is strongly separable C-algebra.

LEMMA 3. Let A be the center of a vring A. Then A4 is a
strongly separable algebra over C if and only if A is separable
over C and A=CEB[4, 4].

Proof. The “only if” part is proved in Proposition 1. We shall
prove here the “if” part. Let m be any maximal ideal of C. For
the localization C, of C by m, we set A,=A4AR,C, and the right
annihilator of {r@1°—1R’€ 43, | ¢ € Ay} in A= AyQg, A}, is denoted
by An. If an element of A is identified with the image by the
homomorphism A—4Q,C,,, then we have A}=A*C, and @, (A})=
Pp(A*)C,, where @n: 4,Qoudt—Ay. Consequently, we have that
p(A*)s1 if and only if ¢,(A%)21 for all maximal ideals m of C.
On the other hand if A is a central separable C-algebra and A=
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CD[4, 4], then we have that 4, is a central separable C,-algebra
and 4,=C,D[ 4y, 4,,]. Therefore we may assume that C is a local
ring with the maximal ideal m. By proposition 1.4 and Corollary
1.6 in [1] we have that 4/mA=AR,C/m is a central separable C/m-
algebra and A=C+[1, 4] if we set A=A/mA and C=C+md/mA=C/m.
If xe CN[4, 4] then x=c+pu=n+p, ceC, ne[4, 4], o, 1 € mA.
Then ¢—x e md=mCPm[ 4, 4], therefore ce mC, ne m[4, 4]. It fol-
lows that CN[4, 1]=0 and A=CP[4, 1]. By Lemma 2 1 is a
strongly separable C-algebra. Accordingly, we have A°=A*PIT
where A4 is the right annihilator of J={FR1°—1Rz°c 4°|Ze A} in
A°. Since A=Hom,(4, 4°) (see [1], p. 369) and 4 is a projective
4°-module, we have
AR,C/m=Hom g 0/ (ARC/mAR,C/m)=Homz (4, 1°).

Therefore AR,C/m=A and A*®,C/m=A4A*. It follows that A°=
A*+ AT+ md°.  Since md® is contained in the radical of 4°, by
Nakayama’s Lemma we have A°=A*4 A°J and then p(A*)=A.

By Lemmas 1 and 3, we have

THEOREM 1. Let A be an algebra over an arbitrary commuta-
tive ring R and C the center of A. Then A is a strongly separable
algebra over R if and only tf A ts a separable algebra over R and
A=CP[4, 4].

From the proof of Lemma 3 we have

COROLLARY 1. 4 1s a strongly separable R-algebra if and only
if AjmA is a strongly separable R/im-algebra for all maximal ideals
m of R.

COROLLARY 2. If 4, and A, are strongly separable R-algebras
then 4,QyzA4, is either 0 or a strongly separable R-algebra.

2. Annihilator ideal A. Let 4 be an R-algebra such that 4
is projective as R-module. Then there exists a family {p,., M}eer of
homomorphisms ¢, in Hom, (4, R) and elements . in 4 such that
r=>, p(x)\, for any element x in 4. In this section, we consider
the ;'ight annihilator A of J={xR1’"—1Rx’c 4°|x € A} in A°=ARA°
for such an algebra 4. We can see Hom, (Hom, (4, R), 4) as A°-
right module by setting f-x@y’(g)=y-f(x-9) for xQQy’°c 4°, fe
Hom, (Hom, (4, R), 4) and g € Hom, (4R) where 2-g(z)=¢g(z:x), z€ 4.

LEMMA 4 (cf. [2], VI, Proposition 5.2). If 4 is an R-algebra
which is projective as R-module, then the homomorphism 0: AR ,A—
Hom, (Homy (4, R), 4) defined by 0(xQ@y,)(f)=f(x)+y is a A°*-mono-
morphism, and 6(A) is contained in Homj (Homg (4, R), A) where
Homjy (4, R) ts regarded as A-right module by setting f-n(z)=f(\+2)
Jor fe Homy (4, R).

Proof. Let f be an element of Homj (4, R). Since
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0(@Qy" - 2:QUN(f) = 0(@x, QYY) ) f)=f (@x)y:y = (2. f)(@) - ¥,y
=Y, (@, F)@) Y102 QY°)(@..1)) = 0(@QY") - . QU3 f ),
0 is a A°-homomorphism. If 0(; xi®yi)=0 for an element E;“ x, Qs
in AR p4° then Z f(x,)y,=0 for every element f in Hom, (4, R), there-
fore we have Zw Qui=2 3 Pl@M@ui =3 3 MQPL@)y; =0 by

using the above famlly { D, , },¢e ;+ Hencefisa A“-monomorphlsm Let
Z, 2,Qv! be any element in A. Then we have Z‘, A, RQYi= Z, 2,Q(yN)

for every N in 4. Set = 0(2 x; ®y,>, then we have
PN =3 M) 4= F0 )y =0( S Ao @u)(F)

=o(g z @AY )(f)=§1 F@)-yr=p (D

Therefore « € Hom} (Hom, (4, R), A).

THEOREM 2. Let 4 be an algebra over R such that A4 is an R-
projective module. If A+0 then there exists a right tdeal of A
which is a finitely generated R-module.

Proof. For Z%@y?io in A we set z,c=49<§i_‘, xi®y2>(<p,()=

Z, P(x,)y;, where {®p,, A} is the family as above. Since 0(2 x ®y,>

0 there is a non zero element 2z, and the number of 2.,+0 is finite.
For every element \ in 4, we have

2 =0( 2 0.@1)(9) M =0(S 2R M=, .0,
= Z @n()" 5].1 ‘i’j(%)M)yi:% %(7\7\1‘)%(%)%:; Pe(MN5)Z5,

and > o.(\\;)z; is contained in 3\ Rz,. It follows that A=3 Rz, is
a rigflt ideal of A which is a ﬁn'itely generated R-module. ’

REMARK. If 4 is an R-algebra which is a finitely generated
projective R-module, then 6: AQ,4—Hom, (Hom, (4, R), 4) is an
isomorphism ([2], VI, Proposition 5.2). Then we have 6(4*)=
Hom!, (Homg, (4, R), 4) and 6(A)=Hom/ (Hom, (4, R), A). For the family
{Pe» Mefeer, if we set Tr=3" \,;, then Tr is contained in Hom, (4, R) and
we have p(A4*)={f(Tr) lf% Hom) (Hom, (4, R), 4)} where ¢: AR ,A4°—A.

PROPOSITION 2. Let A be a central separable R-algebra. Then
4 18 hereditary (see [2], p. 13) if and only if R is hereditary.

Proof. 1If A is R-separable then A is R-semisimple in the sense
of Hattori [3]. By [3], §2, p. 408, we have that if R is hereditary
then 4 is hereditary. Conversely, we suppose that 4 is hereditary.
For any ideal a of R, a4 is a projective 4-module. For the exact
sequence 0—a—R—R/a—0, we have an exact sequence

0—aQp4d—RQ pAd— R/aR) z4—0
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since 4 is R-projective. Therefore we have a@p4=a-4. Since 4 is
R-projective and R is a direct summand of 4 as R-module, we have
that a is a direct summand of R-projective module a-4=a®:4 as R-
module, therefore a is R-projective. Thus R is hereditary.
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