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164. On the Absolute Cesaro Summability
Factors of Fourier Series™

By Tsai-Sheng Liu
Department of Mathematics, Tsing Hua University, Taiwan
(Comm. by Zyoiti SUETUNA, M.J.A., Nov. 12, 1965)

1.1, Definition. Let Ea be a given infinite series and s be
the m-th Cesaro mean of order a of the sequence {s,}, where s, is
the partial sum of the given series. We say that the series 2%
is absolutely summable (C, &), or summable |C, |, if the s::ries
g‘llsz—sz_ll converges.

A sequence {1,} is said to be convex when 41,=0 (n=1,2, --.),
where A2,=2,~ 2,11, A4=4(4%,). It is known" that if {1,} is a

convex sequence and the series 2%‘12 converges, then 1, is non-

n=1

negative and non-increasing.

1.2, Let f(t) be a periodic function with period 27, and inte-
grable in the sense of Lebesgue over (—x, n). Without any loss of
generality we may assume that the constant term in the Fourier
series of f(t) is zero, so that

f(t)~§‘, (a, cos nt+b, sin nt) =i‘, A1),
n=1 n=1
where A.(x)=a, cosnx+b,sinnw. Let us put
. 1
sin (fn+ ‘é‘) t

.t
2sm7

3.0)=31 A@), Dilt)=3 +3] cosnt=

and §(t)=u(t)=—{fla+ )+ 1)~ 2/},

1.3. Recently, Pati has proved the following result:

Theorem A.” If {1} is a convex sequence such that
S 012, (log m)¥ < oo, then S1AA4,(#) is summable |C, 1] at every
n=1 n=
point t=2x at which

*)  This paper is a part of the Thesis for Master at the Tsing Hua University,
1965. This was directed by Profs. S. M. Lee and S. Izumi whom the author
expresses his hearty thanks, He also expresses his warmest thanks to Mrs. M.
Izumi.

1) H. C. Chow [1], Lemma 4,

2) T. Pati [2], Theorem 2,
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(L.1) [[1600) | du=o(t).

2. The object of this paper is to prove the following two
theorems:
Theorem 1. If {1,} is a convex sequence such that

(1-a)

3 3
2.1) | -@(l—°g;’?—< o (0<a<l),

then i}l,,A”(t) is summable [C, 1| at every point ¢=2 at which
n=1

(2.2) ¢(t)=§:|¢(u)|du:o<——~ti—a—), as 0.
(log~t—>

In the case «a=0, we get Theorem A. In the limiting case,
a=1, we have the following
Theorem 2. If {1} is a convex sequence such that

o 3
(2.3) glln(logqiog n)”® oo,

then i}lnAn(t) is summable |C, 1| at every point ¢=2x at which
n=1

¢ t
2.4) @(t)=80|¢(u)|du=o(log}_), as o0,

t
3. Proof of Theorem 1. We require the following lemmas:

Lemma 1.2 If {,} is a convex sequence such that in*‘2”<oo

n=1

and (1.1) holds, then iZnA,,(x) is summable |C, 1| if and only if
n=1

S, |8,(@) — (@) | <o
Lemma 2. If (2.2) holds, then
>} (s.(2)—f(@))* =o(n(log n)"~"),
and further, by Cauchy’s inequality, we have
3| 8.(0)—f(@) | =o(n(log m)*™), as m—eo.
Proof.v_lFirst, under the condition (2.2), we shall estimate the
order of the integrals S: l%t)—ldt and S:ﬁ%dt. By integration

by parts, we get

o (20T

3) T. Pati [2], Theorem 1.
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—0()+of —L "1 at\=o((log ny—).
+0((10gn)a>+0(gﬁt<log%> t) o((log 7

on M0l { 0] of 20

=00+ o{ g n)“)”(gmdt):()(ﬁ):)

t
Now

S —f@r =32 | 5058 at+o0))

:é {%So ¢(t)—s~i£t%dt S ¢(u)§i—zﬂdu+ o(S 0 ¢(t)_“°’i.ntﬂdt> n 0(1)}

T
0

=i2 S”ﬁgldty%@(g sin vt sin 'vu)du+ o(Zn} S:gb(t)s—i%ﬂt-dt) +o(n)

TeJo 0 v=1
=L+ oV L)+ o(n),
where

I1=%S"¢—(thsnw(ﬁ sin vt sin vu)du.
mweJo ¢t o U \v=1
We shall devide I, into four parts
=2 [ [ e
A
By condition (2.2), we get
4 i ﬁ 2 _ wﬂ_n_ﬁ
=2 o010t )10 | (3 0 )an=o o llosi)-
By (2.2) and (3.1), we get

PA éﬁ—z Sfl é(t) | dt g”%(é v)duzo(n(loz n)wa(log n)l‘“nz)

— o(n(log n)—e )
(log n)* /'
J, is equal to J,. Hence it remains to estimate J,:

L:% g;@ﬁg:@(g (cos v(u—t) — cos v(u-+ t)))du

:EzS”f@dtSRM(Dn(u—t%Dn(uH))du
Tz t z U

e

(u—t]
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+ (S |¢(t)|dtg |G| s (ne g o) ) =0(Ji+J7).

I -+t
Then
x sin (n-+L (u—t)
ref (] o, e
=Ju+Jh.

By integration by parts and by (2.2) and (3.1), we get
Tzt L) [ 1O g 51800

z t -5 U
d)(t+i) @(t—l> "
<n+2>gzl¢§t)|dt{|: t+“2‘"“7/ _ t__zn }"‘St_?@fbu)dl
2n

oo 0 g o 2 ) (i (- 2)) )
ol 0L (o e ) (sl ) o)

=o(n(log n)'~*),
further,

Jé(g—_g SZ_Y__")“““)' 16| gt o= Ty 4 T

w|u—t]|

By integration by parts and by (2.2) and (3.1), we get
s (a3 1e() | O(u) ] o
Jm_gﬁ dt{': i S - (2u— t)du}

t u|u—t| t+3s W(U—E)
_O@) (™ | 4(8) ] £ #(%)
- Sﬁ Hr— t)‘“*"(”L log__L —at
("g)
2n

+0(S£—_ l¢<tt>ldt(§,+ - :u(lotg i du)>=o<naogn)l_a).

Jls is equal to Ji;. By (3.1) and (3.2)
| 6() | I¢(u)| —a
=\ 22 Ldgt\ 12 dy=o{ (log n)' % — .
Jy S dtg du= o((log )t gn)a)
Thus we get the conclusxon

33 (6.(@)—f@) =o(n(log m)~*).
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Lemma 3.Y If {1,} is a convex sequence such that i}n—lln< oo,
n=1
then
>, log (n+1)42,=0(1),

as m—oo, and 2, log m=o0(1), as m—co,
We shall now proceed to prove Theorem 1,
By Lemma 1, it is enough to prove that

S0, 8,(@) — (@) | <.

By Abel’s transformation,”
S1o72, | 8,(@)—f(@)|
=12, 3| ) — fl@) |+ S A(v‘%) EYORNOY
=10, 3 | s (0) —f@) [+ S 31 | su(@)—f@) |+

oo +1>
+355 4h S s, (0)— £(@) |[=0(,(log m)} ")
v=1 9+ 1 k=t

+ o(%1 v='2,(log v)% (1_‘”) 4 O(E 4%, (log 'v)%“—“))
v=1 v=1
by Lemma 2, and then, by our hypothesis and Lemma 3,
”2:_1 ’l)_ll'v | S,,(x) _f(x) l :O(l)y

as n—oo,
4. Proof of Theorem 2. For the proof of Theorem 2, we
need Lemma 1, Lemma 3, and the following

Lemma 4. If (2.4) holds, then
2 (8,(2) —f(@))*=o0(n log log n),
and further, by Cauchy’s inequality, we have
31| 8.()—f@) | =o(n(log log )?), as n—co.

This lemma can be proved by the same idea as in the proof of
Lemma 2,

We shall now prove Theorem 2. By Lemma 1, it is sufficient
to prove that

gnﬂlln | sn(x)_f(x) |< Rt

By Abel’s transformation, we have

1o [ 8,0)— £@) |

4) T. Pati [2], Lemma 8.
5) Cf. Pati [2].
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=3 4072 F 80— @) 1+ 4, 3 8.0 —F@)]

_n—l 21) v _ n=1 AZ” v .
= sy Bl @@+ E A S @) —fw)|

n n—1 n—1 1
072, 338, (@)— (@) | =0 5] 2 (log log v)* )+ o S 42, (10g log )?)
v=1 v=1 V=1
+ o(2,(log log n)é) (by lemma 4)
=o(1),
as n—oo, by our hypothesis and Lemma 3.
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