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1. In a recent paper, Borwein [1] has constructed a new method
of summability for an infinite sequence {s,}. He defines a sequence
{s.} to be summable by the logarithmic method of summability or
summable (L) to the sum s if, for « in the interval (0, 1),

3 1 s an L
(1.1) il per pun DAt

It is known [3] that this method includes the Abel method.
Recently K. Ishiguro [4] proved that if {s,} is summable by Riesz
logarithmic mean of order one, it is also summable (L) to the same
sum, but the converse is not true.

A series ¢,+c¢,+¢,+ -+ is said to be strongly summable (e, 1)
or summable [¢, 1] to the sum s, if
(1.2) Sils,—s|=o(m), as n—o,
v=0

s, being the sum of the first (v+1) terms of the series. The series

is said to be strongly summable by Riesz logarithmic mean of order
one or summable [R, log #,1] to the sum s, if

(1.3) }f‘ -l—s—’t;i':o(log n), as n—oo,

v=0

We define an analogue for strong summability of (L) summability
method as follows:

Definition. A series ﬁc” with the sequence of partial sum
n=0
{s,} is said to be summable by strong (L) summability to the sum
s if
(1.4) fjﬂiv_ﬂ—o{log (1—w), as a—1
y=1
for « in the open interval (0, 1).

2. Suppose that the function f(t) is Lebesgue integrable over
the interval (0,27) and periodic with period 2z, Let the Fourier
series associated with function f(t) be

2.1) %a0+ (@, cos nt +b, sinnt)= 31 4,(t).

The series
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(2.2) i n(b, cos nt—a, sin nt)= f] nB,(t),
n=1 1

which is obtained by differentiating the series (2.1) term by term,
is called the derived Fourier series of f(¢).
We write

«/r(t>=~;-{f(e+t>—f(s-—t>}

g<t>=§{«/f<t>—tf'<s>},

where f'(§) denotes the first generalised differential coefficients of
f@t) at t=¢&.

For the first time Prasad and Singh [5] gave criteria for the
strong summability of the derived Fourier series. They proved the
following:

Theorem A. If f(t) be a continuous function of bounded
variation and if for some value of & and for some €>0

t . t -
(2.3) Soldg(u)l_o{m}, as 10,
then
(2.4) 33186 —F'(8) |=o(m).

Further Chow [3] has localised and generalised the above theorem
and proved the following
Theorem B. If

(2.5) 3| B8 [=o(m)
(2.6) the function igﬁ 18 of bounded variation in a neighbourhood

of t=0, then (2.4) holds.
In the subsquent section we shall investigate the strong (L)
summability of the derived Fourier series. In fact we prove:
Theorem C, If

@70 e |B@)|=ollog(1-»)}, a—l in 0<a<l,
and
_{F1dg®) | _ o 10g L
(2.8) e(t)= S tT_ o(log _t_>
then
(2.9) 2 € |3y(§)”—f’($) i :O{IOg (l—x)}.

It should be noted here that (2.8) implies that
¢ 1
(2.10) SO| dg(w) l_o<t log 7).
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3, Proof of theorem C. We have

. 1
o sin{n+=)(é—u)
SO P e L S
T sin~2—(E——u)
1
sin(n+-—-)(§—u)
— il ( - :) du
w sin —-(§—wu)
2
. 1
or sin{n+-— )¢
3.1 = —% S {fe+t)—f(E—0) {gf __sgn t/zz > }dt.
Integrating by parts the right hand side of (8.1), we obtain
1
sin(n-+
(e g )
SO= | W EHD—F 1)
. 1
sin{n+-=- )t
L n(e+g)
=\ — 27 dg@)+f(&).
2 S sin lt
2
Now
. 1
sin(yv-+-—)¢
= 2|8, —f'©| _ 1 ("L_z)_ﬁ)
21 y 2w So 21 sint/2 v dg(®)
_ 1 (" dg(t) (sinvt ,
- 271'8 tant/Z(v =1 Y x)
1 (" cos Vit
+ g Js(F 2% )
(3°2) :I1+I2-
Also

1 S “cos vidg(t)= 1 S “cos vtdap(t)+o(1)
21 Jo T

[cos vt W(t)] S sin vEyr(t)dt +o(1)

= % S_ S (u) sin v(u—&)du+o(1)

=y(b, cos vE—a, sin v&)+o(1)
=vB,(§)+o(1),
so that

| L. |=

iﬁLS dg(t) cosvt’
T Y 2w
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)

N %, -vB,(8) ’ +oflog (1—2)}

y=1

$0°B.(8)|+ollog (1o}

(3.3) =oflog 1—2)}, by (2.7).
Further
N S -1 xsint dg(t)
=21 S S tan— g
2 { 0 + 1-40}< an 1—x cost>tan t/2
:%(Im']'Il,z): say.
74

It is easy to see that

1 xsint x
) | L ESRE Lo 5 )t ocici s
@4 tant/2 an 1—xcost O<1——x) or 0<t<l-w

and

(3.5) ‘tan“ _@L\zom, for 1—z<t<m.

l—xcost
Using (3.4) and (2.10), we have,
. % 1—2
1La1=0(;2 )| " 1da)|
(8.6) =o{log (1—w)}.
With the help of (3.5) and (2.8), we write,
| Lsl=o| 19201

1—2

(8.7) =oflog (1—2)}.
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Collecting (3.8), (3.6), and (3.7), the proof of theorem is complete.
I am much indebted to Dr. P, L. Sharma for his kind help and

guidence in the preparation of this paper.
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