
No. 5 46’1

107. l.Bundles and Almost I.Structures

By Akira ASADA
Department of Mathematics, Sinsyu University, Matumoto

(Comm. by Kinjir6 KUNUC,I, M.J.A., May 12, 1966)

In [2-II, the author states that if X is a normal paracompact
topological space, then we can define a sheaf of groups H.(n)o over
X and there is a 1 to 1 correspondence between the set of equivalence
classes of n-dimensional topological microbundles over X and
H(X, H.(n)). In this note, first we give the precise definition of
H.(n). and (topological) connection of topological microbundles.
Next, using H.(n)o, we define the almost F-structure if X is a
topological manifold and give an integrability condition of almost
F-structures.

1. Definition of the sheaf H.(n)o. We denote the semigroup
of all homeomorphisms of R into R" which fix the origin by Eo(n).
Eo(n) is regarded to be a topological semigroup by compact open
topology. We denote by X a topological space with {U.(x)} the
neighborhood basis of x. The semigroup of all continuous maps
from U.(x) into Eo(n) is denoted by H(U(x), Eo(n)). For fe H(U(x),
E0(n)), we set

f(y, a)--(y, f(y)(a)).
By definition, f is a homeomorphism from U.(x) R into U.(x) R.

Definition. We call f and g are equivalent if f and g coincide
on some neighborhood of x 0 in U.(x) R.

The set of equivalence classes of H(U.(x), Eo(n))by this relation
is denoted by H.(U.(x), Eo(n)).

If U.(x) contains Ua(x), then there is a homeomorphism :
H.(U.(x), Eo(n))-.H.(Ua(x), Eo(n)) induced from the restriction homeo-
morphism. We set
( 1 ) H.(n)=lim _H.(U.(x), Eo(n)), .

Lemma 1. H.(n) is a group.
If fe H(U, E0(n)), then its class in H.(n) is denoted by f. We

set
(2) U(f, V(x))-{f]y e V(x)}, V(x) is a neighborhood of x in X.
In UexH.(n), we take {U(f, V(x))} to be the neighborhood basis
of f, then (JexH.(n) becomes a sheaf of groups over X. We
denote this sheaf by H.(n).

2. The cohomology set Hi(X, H.(n)c). Theorem 1. If X is
a normal paracompact topological space, then there is a 1 to 1
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correspondence between the set of all equivalence classes of n-
dimensional topological microbundles over X and H(X, H.(n)o).

ProoL If " X-2-.E ,
)X is an n-dimensional microbundle

defined by

then setting
UR

CuO(x, a)-(x, (x)(a)), (x, a)e (1/ ),
{(x)} induces an element k() of H(X, H.(n)o) and it i$ determined
by the equivalence class of

On the other hand, for {.(x)}e H(X,H.(n)), we take the
representation .a(x) of .a(x) and assume {U.} is locally finite.
Then for some neighborhood of the origin Q.,, we get

(x).(x)(a)=a, if x e U. U U, a e Q..
In U.Ro, we set

u,.-((U, u,) Q,.
By lemma 1, la is an open set of U.R’o. We identify
ll.a x a f and x .a(x)(a) o e 1I. Then setting E the quotient
space of U U. R’ a by this relation, we can define i: X--E and
j" E--X, and : X i

E ,X is a topological microbundle with

Since we know if {.a’(x)} is another representation of the class
of {.a(x)} e H(X, H.(n)), and ’ is constructed from {.a(x)} then
i and ’ are equivalent, we obtain the theorem.

txample. If X is a topological manifold with coordinate
nighborhood system {(U, h)}, then the tangent microbundle

v: X ;X X X is defined by the diagram
UU

/ \\
U I, U (x, y)= (x, h(y)-- h.(x)),

UR
where / is the diagonal map. (5). Therefore, setting

h,(U) h(u),-h(x), y e U,
the transition functions {g(x)} of v is given by
( 3 g(x)(a) h,h,-(a)=-hhr-(a-- h(x))--h(x).We set g=hhr- and
( 4 ) t,(a)=a-h(x),
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then we have
3 )’ gv(x)--t,gvtv,-1.

3. Connection of topological microbundles. Since the sheaf

H.(n) is defined on X X, we can define C’(X, H.(n),) similarly
as C’(X, G). (Cf. 2-I).

Definition. If the collection {s}, s e C(U, H.(n)o), satisfies
5 (Xo)-%(Xo, x)(x)-s(Xo, x),

for {(x)}--k()e H(X, H.(n)o), then we call {s} is a connection
form of

We note that the results of 2 are also true for this connection
form.

Although we do not know the existence of connection forms of
topological microbundles or even of tangent microbundles, if X is a
topological manifold, then setting t,,-t,t,-, we obtain
( 6 g.(x)-t,,grv(y)-t,,,
by (3)’. We call {t,,} the pseudoconnection of X.

4. Almost F-structures. We denote by F the pseudogroup
consisted by a class of homeomorphism from some open set of R
into R". According to [7, we define

Definition. A topological manifold X is called a F-manifold if
g(--hh) belongs in F for all {U, V}.

lxample 1. If F is the pseudogroup of all orientation preserving
maps, then a F-manifold is an oriented manifold.

txample 2. If F is the pseudogroup of all diffeomorphisms,
then a F-manifold is a smooth manifold.

txample 3. If R’--C (n--2m) and F is the pseudogroup of
all holomorphic maps, then a F-manifold is a complex manifold.

We assume that F containes all parallel transformations of
and set
Fo--{flfe F, f is defined on some neighborhood of 0 and f(0)-0}.

Note. This assumption about F is satisfied by the pseudogroups
of the above examples and five of primitive infinite continuous
pseudogroups of Cartan. But one of Cartan’s primitive infinite
continuous pseudogroup does not satisfy this assumption.

We give the compact open topology for F0, then starting from
F0, we can construct a sheaf of groups F.o similarly as H,(n)o.

Lemma 2. F., is a subsheaf of H.(n)o.
We denote the inclusion from F.o into H.(n)o by i(-ir), i

induces the map i*" H(X, F.o)H(X, H.(n)o).
Lemma 3. If X is a F-manifold, then the tangent microbundle

of X is in i*-image.
Definition. A topological manifold X is called an almost
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F-manifold if the tangent microbundle v of X belongs in i*-image.
Note. If F is the pseudogroup of example 2, then we give the

5-topology to F0 and denote this topological pseudogroup by Eo(n).
The sheaf constructed from Eo(n) similarly as H.(n), is denoted by
H,(n). Then if we set for (fi, ..., f) e Eo(n) and (a) e GL(n, R)

J0((f, f))-((fi’ "’" f)

we get the following commutative diagram, where J0 is the map
induced from J0. (Cf. 1).

H ,(n)o
/ \J0

GL(n, R)o ,GL(n, R)o.
We denote the homeomorphism from H.(n) into H.(n)o induced

from the inclusion by (-). If we regard F0 to be a subspace of
E0(n), then we can construct a sheaf F, which is a subsheaf of
H,(n)o. The inclusion from F. into H,(n)o is denoted by 3"(=jr)
and set

5. The cohomology set H(X, F.o). Since F.o is a subsheaf of
H.(n)o, we can construct a representation of a cocycle of H(X, F.o).
This is called a F-bundle. If X is a normal paracompact topological
space with countable open basis, then we obtain the covering
homotopy theorem for these bundles. (8, 11, 5, 6). Hence
we have
( 7 ) p*. H(X, F.)H(X I, F.),

i*" H(X I, F.o)--H(X, F.o),
where I is the 0, 1J-interval, p is the projection and i, is the map
given by i,(x)-xt, xeX, xteXI. We note that (7) is also
true for /’.. By (7) and 1], we get
( 8 J:. H(X, H,(n)o) H(X, GL(n, R)),
( 8 )’ J$. H(X, F.o) H(X, GL(m, C)),
where F is the pseudogroup of example 3. By (8), (8)’, we obtain

Lemma 4. If F is the pseudogroup of example 2, then X is
an almost F-manifold if and only if the tangent microbundle of
X is induced from a vector bundle.

Lemma 4’. If 1" is the pseudogroup of example 3, then a
smooth manifold X is an almost F-manifold if and only if X is
an almost complex manifold.

We also note that by (4), if F is in i-image, then we get
(g(x)) (0)
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therefore J:(v) is the tangent bundle of X if X is a differentiable
manifold.

By (7), we also have
Lemma 5. If X is a paracompact topological manifold, then

for any open covering system {U} of X, there exists a refinement
{V} of X such that
(9) H(V,F.o)-O.

6. Integrable almost F-structures. By definition, a topological
manifold X is an almost F-manifold if and only if there exists an
element v0 of H(X, F.o) such that i*(Vo)-V, the tangent microbundle
of X.

Definition. We call v0 comes from a F-structure of X if X is
a F-manifold and the class of {g(x)} in H(X, F.o) is v0. Here
g(x) is that of given by (3).

In general, we set
(10) Vo-- {f(x)gr(x)f(x)-}, f(x) e H( U, H.(n)),

f(x)g(x)f(x)-e F., the stalk of F.o at x.
We denote the representation of f(x) by f(x). Here f(x) need
not be defined on R.

Definition. Let X be an almost F-manifold whose almost F-
structure is determined by v0 given by (10). Then we call the almost
F-structure of X is integrable if and only if
(ii) (x)t,,/(y)- e F,
for all U. Here tr,,(-t,t.-) is the pseudoconnection of X.

By definition, the integrability of an almost F-structure is
determined by the equivalence class of v0 as a F-bundle.

Using lemma 5, we can prove (cf. [4], [6]),
Theorem 2. Vo comes from a F-structure of X if and only if

the almost F-structure of X defined by Vo is integrable.

Corollary 1. If H.(n)o/i*(F.) becomes a constant sheaf of
discrete groups, then .an almost F-manifold admits a F-structure.

We denote by SEo(n) the connected component of the identity
of Eo(n), and the sheaf constructed from SEo(n) similarly as Ho(n).
is denoted by SH,(n)o. Then we get by corollary 1,

Corollary 2. X is a stable manifold (cf. [3]) if and only if
the tangent microbundle of X can be regarded to be an element of
H(X, SH.(n)).

Corollary . X is an orienable manifold if and only if the
tangent microbundle of X can be regarded to be a F-bundle, where

is the pseudogroup of example 1.
7. Connection of F-bundles. We can define C(X, F.o) similarly

as C(X, G). Then we define a connection form of a F-bundle
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{(x)} to be a collection {s}, s e C(U, F.o) such that
( 5 )’

By (8), if {(x)} is an E0(n)-bundle, then {(x)} has a con-
nection form. Therefore, by theorem 3 of [2-I, we obtain

Theorem 3. If X is a paracompact, simply connected topo-
logical manifold, then X has an almost F-structure if and only
if the tangent microbundle of X has a connection form with
matrix-valued curvature form. Here F is the pseudogroup of
example 2.

Theorem 3’. If X is a paracompact, simply connected smooth
manifold, then X has an almost complex structure if and only if
the tangent microbundle of X has a connection form with GL(m, C)-
valued curvature form.

On the other hand, since the sequence

H(X, F.o)---H(X, H,(n)/i (F.))--

HI(X, F,o):
i*
HI(X, H,(n)o),

is exact, we may compute the set of equivalence classes of almost
F-structures on X.
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