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245. Some Apbplications of the Functional-
Representations of Normal Operators
in Hilbert Spaces. XXV

By Sakuji INOUE
Faculty of Science, Kumamoto University

(Comm. by Kinjird KuNUGI, M.J.A., Dec. 12, 1966)

In this paper, by applying the functional-representations of normal
operators in Hilbert spaces to somewhat abstracted and generalized
integral equations, we shall illustrate that the expansions of solutions
of such integral equations can be discussed by using integral operators
alone even if we do not give any analytic condition from which the
expansions of their corresponding kernels can be deduced.

Definitions of notations. Let 4 be a Lebesgue o-measurable set
of finite or infinite measure in real m-dimensional Euclidean space
R,; let L,(4, 0) be the Lebesgue functionspace; let {¢,(2)},—1,s.s,... and
{¥u(®)}um1,25,... b€ both incomplete orthonormal systems such that the
union of them forms a complete orthonormal system in L,(4, 0); let

(B:;) be an infinite bounded normal matrix with 2 | Bi; P Bis [2>0
(i=1,2,3,---); let (B%)=(8,)7 (»=1,2,3,---,m) where B¥=8,

I

(2, j=1, 2, 3, «++); let {2,},=1,2,5,... be any 1nﬁn1te bounded sequence of
complex scalars; and for any positive integer p with 1<p=<n and
h(x) € L4, o) let N, be an integral operator defined by

N, () =322 1Yo, o) ¢.(@)

+er S {S h@)¥ly)doy)- Z 3(”)"/’"1(“”)}

where ¢ is an arbitrarily given complex constant.

Theorem 68. Let g(x) be an arbitrarily given function in the
subspace M determined by {o, (x)}y_l 2oy a0 let &, (p=1,2,3, +++ n)

be the roots of the equation 2”+§] a Z”“”—O with complex coe ﬁicw’nts
a,. Then the integral equamon

@) PA@+Z e N f@=g@) (2 UG
has a uniquely determined solution

Sal) =§1 e, fi[l A=) "o (@) e M (for almost every w e 4),

where cy=g s@)o.@do(z) (v=1,2,38, ) and 31 |¢, [<oco; and in
4 y=1
addition, if the set {i,} is everywhere dense on an open or a closed
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rectifiable Jordan curve I', D, denotes any very small neighborhood
of an arbitram’ly_gzlen point & on one, Ckl’, of the curves {,I" as
the closed sets {(,A,},-15... 0=1,2,3,---,m), 4. denotes D,—

[U C,,[’:| and h(x) ts an arbitrary element in M such that it consists
of all “o,(@) € {ou(®)}, them the function T(z)_g Fu(@ @) do ()0

assumes in 4. every finite value, with the possible exception of at
most two finite values, an inﬁnite number of times.

Proof. As is found immediately from the earlier discussions [17,
N, is a bounded normal operator in the concrete Hilbert space L,(4, o)
and N, (p=2,8, ---,n) are identical with the iterated (bounded)

normal operators N? respectively. Hence the given integral equation
(A) is rewritten in the form

[2”I+ pﬁzlapx“—wf] F@) = () (z ¢ LzJTc‘T}:)

where I denotes the identity operator. On the other hand, it is seen
from the hypothesis on C,, that

m+za P NP= n (I—C,N;

and moreover it is clear that {2,} is the point spectrum of N, and
that ¢,(x) is an eigenfunction of N, corresponding to 1,. If we now
denote by {K(z)} the complex spectral family of N, and by f,(x) the
solution of (A), then these results permit us to conclude that

A@=[T1ar-e N o) (2e (AT
= Te-terdk@e

(A} p=1

:i ¢, ﬁ A=C4.) e, (x) (for almost every «x € 4),
v=1 p=1

where cv=g g@)e.(@do@) (v=1,2,3, ---) and 3|, |2=S | 9(®) [*do ()
4 y=1 4
< oo, Here f,(x) belongs to M because of

| 5@ o) = 12| | @) Fdo@) < oo
where M=sup Ii[l [ A=A, 7%

Next we consider the case where {1,} is everywhere dense on the
bounded open curve " defined in the statement of the present theorem.
We may and do assume without loss of generality that the point
&e{,I" defined before is not either of the two extremities A, B of

the curve {,I". Let M, be the middle point of the segment /A\és on

C.I" and M, the middle point of the segment ]l?l\é on {,I". Repeating
this procedure, we have an infinite sequence of points M, (¢

=1,2,3,-) e;l\s tending to &; and similarly we can construct another
—
infinite sequence of points M, (#=1, 2,3, --+) e B¢ tending to £. Now
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we denote by ¢, the least positive integer of v in {,1, belonging to

PN
{&idhs; N M, M, where j is an arbitrary positive integer. Setting
0w=1,2,3,--- and M,=A, we have an infinite sequence of {2, (@

=1,2,8,.:-)€ ;1? tending to &. In a similar way, we can construct
7~
another infinite sequence of points {4, (w=1,2,3, ---)e B¢ tending
to &. If we here put
j—1 n oo n
P@)=2 e L A—6A 0 @)+ 3] ¢, [T 0= L0,) 0@

+ ?—_1 Cqyy };Il (2 — Cplq,w)"lgoq,w(x)
and then consider the function
7,0) = | f1a@ @)@ =0

(h(x)zi bo(x)eM,  b,#0 (v=1,2,3, ...)>,
v=1
every point belonging to the set

0 CbasaU] U Gt U] O Gty |

is a pole in the sense of the classical function theory; and for T(2)
defined in the statement of the theorem we have

| T0) =T, =1 (A= 1) | (28 UiGabmna)
= i(Ejs»#qw:q’w(w=1,2,3,'-~) c, }i‘[l (Z - szu)—l(f’w h)l

—s—ZjSV?eQ(n'q,w((ﬂ=ly2v3)"') I 0,5,, I |1)1;[1(2—C,,2,)|—1

éMstﬁéqw’q’w(wﬂ,z,&m) ] Cngv ly
where M is the same notation as before and the right-hand series
converges to zero as j becomes infinite, because of the fact that
oo — é‘ %
Sied, 1={],l0@ rao@} [ | 1w rdo@) <co.

This result shows that in the entire complex A-plane T(2) is the
limit funetion of T(1); and any T,(1) has & as an accumulation point
of polesin the sense of the classical function theory., In consequence,
by reasoning exactly like that used to prove Theorem 41 [2] we can
establish the latter half of the present theorem.

Similarly we can attain to the same conclusion for the case where
I is closed.

Remark 1. If 2,=2= --- =2,#2, (?=m+1) and 2,0, and if
¢4, is not an accumulation point of U {{,4,},=1,2,..., then a necessary

=1
and sufficient condition that '

B)  CF@)+3 0,y Nf@)=0@) (o) e D
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be solvable is that the equalities S g(@)p(x)do(x)=0 (1=1,2,3, -+, m)
4

hold. Let now this condition be fulfilled. Then the general solution
of (B) is given (in the sense of convergence in mean) by

o

5 o 1 (G- @)+ 2dig (@)

v=m-+1 p=1
where the d’s are arbitrary finite complex scalars, as will be verified

from the facts that N,o,(z)=40,@) (i=1,2,3, ++-,m) and £ +Sa, (1"
p=1

=0.

Theorem 69. Let N, (p=1,2,3,---,n), {p,(@)}, {1}, WM, and
g(x) be the same motations as before; let

11222: e :2m1¢2u (”gml“i‘l)

(C) zznl+1=Zm'1+2: b szzizv (”gmz'i'l)
Zma+1:lma+2: e :lmn¢zu (ugmn'i“l);
and let Ay, Amy, ***y An, be mot accumulation points of {A}sm, and
be the roots of the characteristic equation ©O"+a,0" '+ a,0"*+ «--
+a,=0 for the given integral equation
(D) (N,+a;N,_;+a,N, .+ -+ +a,I)f(x)=9g(x) e M.

Then the validity of the chain of equalities S g(@)e(x)do(x)=0

4

¢=1,2,8, .-+, m,) is a necessary and sufficient condition for the
existence of solutions of (D); and furthermore, if this condition is
fulfilled, the general solution of (D) is given (in the sense of
convergence in mean) by
® f@)= 3 oIl G—1)"00)+Zdo@) (0= g@p@do),
where the d's are arbitrary complex scalars.

Proof. Since, by hypotheses, (D) is rewritten

1T (Vo= 2., Df @)= g()
and N —2,,I (»=1,2,3,---,m) have no inverses respectively, it is
obvious that the validity of the chain of equalities | g(®)¢;(x)do(x)=0
(1=1,2,8, ---,m,) is necessary for the existence i)f a solution of
(D). We now suppose that this condition is fulfilled. Then g(x)ec M
is expressed in the form g(x)— E c,goy(x) where ¢, —S g(@)o,(x)do(x),
and hence a solution f(x) of (D) 1s given by

f@={,  1e-1,) K@)

o

= 3 allG=2.) 0@

v=mgy+l p=1

In addition, there is no difficulty in showing that the equality



1132 S. INOUE [Vol. 42,

11 (N, =2, 1) 3} dpy() =0

holds almost everywhere on 4 for any finite complex constants d;
(j=1,2,8, ---,m,) and that, for any function k(x) belonging to the
subspace 9t determined by the orthonormal set {.(x)} defined at the
beginning of this paper, (N,+a&. N, ,+aN, ,+ -+ a,Dk(x) also
belongs to N. Consequently the general solution of (D) is given by
(E) for almost every x ¢ 4.

With these results, the proof of the theorem is complete.

By reasoning like that used above, we can easily establish the
two following theorems:

Theorem 70. Suppose that, as before, the isolated points
An, € 2} =123, .-,s8;8<n) satisfying (C) are roots of the
characteristic equation for (D) and that £, ¢ {4,} (p=s+1,s+2, +++, n)
are the other roots of the same equation. Then a necessary and
sufficient condition that (D) be solvable is that the equalities

SAg(x)———goj(w)da(x):O (G=1,2,8, -+-,m,) hold; and if this condition

18 fulfilled, the general solution of (D) is given (tn the sense of
convergence in mean) by

f@)= 3 aTl@—2)" 1T =0 e @)+ @) e |

(.= | g@e.@do@),
where the d's are arbitrary complex scalars.
Theorem 71. Let any root {, of the characteristic equation for

(D) be not a point of {i,}. Then (D) has a uniquely determined
solution

f@=3e 10 -0 @eMm (o= (@n@do)
in the sense of comvergence in mean.

Remark 2. If the characteristic equation of (D) has at least one
root such that it is an accumulation point of {1}, clearly (D) has no
solution as far as g(x) e M contains all ¢,(x) except a finite number
of elements belonging to {¢,(x)}.

Theorem 72, Let one, {,, of the roots ¢, (p=1,2,3,---,n) of
the characteristic equation for (D) be an accumulation point of
{A.}; let the others €, (p=2,8, -+-,n) be not on the closure {1,}; let
{4, bh=1,25,... De all those elements of {2,} which lie on the disc
2:12=C |Z¢} for an arbitrarily given small positive & and let
g(x) in (D) be given by

90) =2100.0) — Slen @ =210, 00 @) (0, = | g@)o.@do@).
Then if €, does not belong to {1,} itself, (D) has a uniquely determined
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solution

D) f(x)z%cnyill (A, = &) 0n (@) €M (for almost every x € 4);
but if, contrary to it, {, is 2, belonging to {1} itself, (D) has (in
the sense of convergence in mean) the general solution

@ @)= e LG~ 0@+ de@ e M (a+s<oo),

where ¢ (2), Cari(®), ara(), =+, Cur (&) denote all the mormalized
etgenfunctions of N, corresponding to the eigenvalue 2, and the d's
are arbitrary complex scalars.

Proof. In fact, it is readily found that, for f(x) defined by (F),
IO EOR IR CESTOHE

_ S 11 (2 —C,)dK(2)f (&)

Anylyz1 p=1
=gcmgony(x) (for almost every x € 4).
Moreover, if C1 is not an eigenvalue of N,, it is obvious by
hypotheses that H (N:—C, Do, (x) is not zero almost everywhere on
4 for any v. Slnce on the other hand, for any element k(x) of the
orthogonal complement R of I in L,(4, o) H (N,—C,I)k(x) also belongs

to M itself, the results just established 1mp1y the validity of the
former half of the present theorem.

Next we suppose that {, is 2, in {1} and that A,=2,11=2.:
= oo =, V=12, .- a—1,a+s+1,a+s+2,---). Then the
equality

[V=6D S g @)=0
always holds almost everywhere on 4 for any system of finite complex
constants d; (j=a to a+s), while H(N —¢, D¢, (%) never vanishes
almost everywhere on 4 for any goy(x) dlfferent from ¢,x) (j=a to
a+s). Moreover, even in this case H(N C,Dk(x) has the same

property as that stated above. Consequently the general solution of
(D) is given by f(x) in (G). The latter half of the theorem has thus
been proved.
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