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1. Introduction. We are concerned with the unique continua-
tion property of solutions of the equation

i i-lu-,:1 $/$x / bj(x)]u/ q(x)u
t

for t in (-oo, co), and x in R, where b(x) are real-valued func-
tions of class C. We assume that the real-valued measurable
function q(x)satisfies the conditions (a) q(x) is square-integrable
over any compact set in R, (b)q{x} is locally ess. bounded in a con-
nected open set R-Q, and Q is of measure zero, (c) the operator H is
essentially self-adjoint in L- L(R), where H is an operator defined
by D(H)- C(R), and H-= [i3/3x +b]+q, D(H) being the
domain of H, (d) the spectral set of the self-adjoint extension H of
H is bounded from below.

Some equations, appearing in current structure of quantum
mechanics, are of the form (1). However the SchrSdinger equations
with the Stark effect potential are excluded from our consideration,
since the spectral set of their Hamiltonia,n operators is, generally,
not bounded from below (see Kato [1, 2], Stummel [3], Wienholtz
[4], Ikebe-Kato [5]). The purpose of the present note is to show
the following

Theorem. Let u be a weak solution of (1). If u vanishes in
some nonempty open subset G of the (x, t)-space R+1, then u
vanishes identically.

Here by a weak solution of (1) we mean a function u(., t) of
t with the following properties"

(i) u(., t) takes values in L, and is strongly continuous for t
in (-, ) with respect to the norm of L; (ii) we have

t)
j-

+ q(x) (x, t)}dx dr- 0

for any in C(R(-, )), where b is the complex conjugate
of b.

2. Proof of the theorem. Let Uo(X)-U(x, 0). We define

S()o- exp (i)gN()o,
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where E(,) is the resolution of the identity for the operator H, and
m-inf a(H). Then we have

Lemma. S(t)Uo-U(., t) for any real t.
Proof. As is easily seen, S(t)u0 is a weak solution of (1) with

the initial value S(O)uo-Uo. Let w(., t)-S(t)Uo-U(., t). Let us

mollify w(x, t) in t: w(x, t)--t-P(t-s)w(x’ s)gs, p(t) being the

Friedrichs mollifier. For any in C(R) and any real t, we have

--(w(. s), S(s- t)?)-(w(. s), -illS(s-t))
+(w(., s), iHs(t-s))-O, (., .) being

the scalar product of L. Hence, (w(., t), ?)-(w(., 0), S(-t)).
Letting e 0, we have (w(., t), )-0 for any real t and any ? in
C’(R), showing that for each t, w equals zero as an element of L.

Proof of the theorem. Let U (t, t.) be a nonempty open set
contained in G. Then we have, by the Lemma,
( 2 (s(t)Uo, )-o
for any in C(U) and any t in (t, t). Since (S(z)Uo, ) is holomor-
phic in the upper half-plane {z; Im z>0}, and is continuous in z with
Im z_>0, it follows from (2), and Schwarz’s reflexion principle that
(S(z)Uo, ) can be extended holomorphically into the lower half-plane
across the interval (t, t.). Thus, applying the unique continuation
theorem in complex analysis, we have, by (2), (S(z)Uo, )-0 for any

F in C(U) and any z with Im z>_0. Setting v(x, , )-S(+i)?)Uo(X),
we have v(x, , ])-0 for almost everywhere (x, , ]) in U R,
where R {(, 7]); c < c, ]> 0}. Hence we have
3 ) v(x, , )-o

for almost everywhere (x, , r]) in (U (R- Q)) R. Here we note
that v(x, , 7) is square-integrable over any compact set in RR+,
since (S(z)Uo, S(z)Uo) is continuous in z with Imz0.

We shall show that v(x, , 7]) satisfies the equation

(4) ’ -][- --’j=l]. +b +---qcP).(z)-O

for any P C(Z), where Z=R"R+, and (., "):(z)is the scalar
product of L2(Z). For any in C’(R"), (v(., , ), ?) is a harmonic
function of and 7, since (S(z)Uo, ) is holomorphic in the upper
half-plane. Hence we have
( 5 (v, (1+/V))()-0
for any ? in C(R) and any in C(R+). On the other hand, we
have

(v, -/()+
/(, 7])dd7 exp (i$2- fl)d(E(2)Uo,(6)

/
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2or any in C(R) and any @ in C(R+). Hence, by (5) and (6),
we see that Eq. (4) holds for any (x, , 72)=(x)(, 2) with in
C(R), and /r in CF(R+). Since the totality of finite sums ]

with 9 e C(R) and . e C(R+) is dense in C(Z) in the topology
of (Z) (see L. Schwartz [6 p. 107), we see that Eq. (4)holds for
any <P in C(Z). Since v(x, , >7) is square-integrable over any com-
pact set in Z, applying the theorem on the interior regularity of
weak solutions for elliptic equation (see F. Browder [7 p. 129), we
.see that v(x, $, 7]) has strongly continuous L-derivatives up to order
2 on any compact set in (R-Q)xR, and satisfies the equation

(2/3//3?)v-,’=1 i /3xj /bjv-/3v qv 0
in the generalized sense. Hence, applying the unique continuation
theorem for solutions of elliptic equations of second order (see
Aronszajn [8), we have, by (3), v(x, , 2)=0 for almost everywhere
(x, $, 2) in (R-Q)xR+, since (R-Q)xR+ is connected in Z and
(U (R-Q))xR+ is a non-empty open set in (R-Q)xR by
Assumption (b). Noting that for any in C(R), (v(x, , ]), ) is
continuous for (, ]) in (-c, )x [0, c), we have

(v, )=0, -<<c, 7>0
for any in C(R-Q). Hence, (S()Uo, ) (v(., , 0), ) 0. Since

is of measure zero by Assumption (b), it follows from the above
equality and the Lemma that for any t, u(-, t) equals zero as an
element of L. Thus the theorem is proved.

Remark. Combining the above theorem with the result recently
obtained by the author [9, we have the following result. Let Ul

be a weak solution of (1), and u0 be a weak solution of the equation

i-uolt = _i/x+bUo, c < t< c, x R. If there exists a
nonempty open set U with U the support of q such that
I]Ul(., t)-u0(., t)l].()gcexp(-et) for any t>__0, where c and are
positive constants in t, then for any t, both u0(., t) and u(., t)
equal zero as an element of L.
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