638 Proc. Japan Acad., 43 (1967) [Vol. 43,
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the Schrodinger Operator with a Complex Potential
and the Scattering Inverse Problem
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Mathematical Institute, Yoshida College, Kyoto University
(Comm. by Kinjir6 KuNUGI, M.J.A., Sept, 12, 1967)

1. Introduction. In this note” we are concerned with the
Schrodinger operator — 4+ g(x) acting in the Hilbert space $= L*(E,),
where E, denotes the 3-dimensional Euclidean space. We consider
the case where ¢() is a complex-valued potential function assumed
to satisfy the following conditions:

(A) q(x) € L(E,), is locally Holder continuous except for a finite
number of singularities and behaves like O(] 2 |~*7%)(0>0) as |z |—oo.

The eigenfunction expansion theorem associated with — 4+ q(x)
was already proved, based on a work of Povzner [7], by Ikebe [1]
under the same assumptions on ¢(x) when it is real-valued. Our
purpose is to extend his results to the case of complex-valued
potentials. We use the methods developed by J. Schwartz [8], Kato
[3], and Kuroda [4], [5], and follow almost the same line of the
proof given by Ikebe. In our case, however, the existence of a
uniformly bounded spectral resolution E(e) of —4+q(x) is not proved
if we choose real intervals e arbitrarily. So our results on the
expansion problem will become rather of a local character.

The expansion formula can be applied to solve the scattering
inverse problem formulated by Faddeev in [2]. His result is the
following: A real-valued potential function ¢(x) can be determined
uniquely, under the assumptions that q(x) e C'(¥;) and
(A) q@)=0(|x|**)(0>0) as |x|—oo,
from the assymptotic conditions for |k|—oo of the function
6.(n,v;|k|) having a physical meaning.”? We shall extend this
result also to the case of complex-valued potential assumed to satisfy
(A)) in addition to (A). In our proof it is not necessary to assume
q(x) € C'(Ey).

2. Spectral resolutions. We consider — 4+ ¢q(x) to be defined
on Cy(K;). We denote by L, the selfadjoint extension of —4 with

1) The detailed proof of the following results will be given in a forthcoming
aper.

’ p2) | 6-.12 gives the so-called differential closs section of scattering for the

particle incident in the direction v and scattered in the direction n. For the
definition of 6+(n,v;| k|) see (25) in §4.
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the domain D(L,)=3% and by V the multiplicative operator given
by q(x). Put
(1) L=L+7V, D(L)=D(Ls).
Then L defines a unique closed extension of — 4+ ¢q(x). The adjoint
operator L* of L is given by L*=L,+ V*, D(L*)=D(L), where V'*
represents the operator of multiplication by the complex conjugate
q(x) of g(x). The essential spectrum of L is composed of the value
¢#=0 and the real interval (0, o) which is the continuous spectrum
of L, and a value ¢ ¢ [0, o) is a discrete eigenvalue of L if and
only if 7 is a discrete eigenvalue of L* (Cf. [6]; Theorem 1.1).
We denote by R,({), R(C), and R*({) the resolvents of L,, L, and
L*, respectively. In virtue of (1) we have
(2) R)=R(O—RVEEL), RL*=R*0),
where by R({)* we denote the adjoint operator of R({). Remark
that R,(¢) is the integral operator generated by the kernel
Az |o—y|)exp{iv C |x—y|}, where by 1/ { is meant the branch
of the square root of { with Im1/{ >0. It is natural to define
the spectral resolutions FE(e) of L, for a real interval ¢, by the
formula

(3)  (BOF, 0= lim| (RG+i—Ru—ie)f, d1” f,ge.

We write g(x)=a(x)b(x), where a(x) is chosen as one of the
following two functions:
(4) a(x)=|q(x) ["* or a(@)=(1+|a[)" "
For either chosen a(x), we denote by A and B the multiplicative
operators given by a(x) and b(x), respectively. Then V=AB=BA.
Now we can write

(5) (B@f, )=(E()f, )~ ;- lim | (ARG+ie)f, B*RG-+ie)a)dz

+ L limS (AR(—ie)f, B*Ri(A—ie)*g)da,
2m1 10 Je
where E(e) denotes the resolution of the identity of L,.
Let Q,x)(Im £>0) be the integral operator generated by
(6) Q(®, ¥ ,C):a(x) exp {1x |z —y [}b(y) .
0 b b 47r I w_y |
It is known that, for either chosen a(x), Q,(k) is the operator of
Hilbert-Schmidt type even for real £ (see [5]: § 7). Remark that
(7) ARQ)=[I+Q(r)] AR, #'=C.
whenever the bounded inverse [I+Q,(k)]* exists.
We can now make use of the Fredholm theory.

8) (f, g) is used to denote the inner product of f and g in L%(Es). The norm
of f is denoted by I fll; i.e., Il FI2=(f, F).
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Lemma 1. The operator I+Q(k) has a bounded inverse tf and
only if the Schrodinger equation
(8) [—4+q(@)]e=F"9
has mo mon-trivial solutions ¢(x, k) satisfying the Sommerfeld
radiation condition at infinity:

(9 ¢@m=0(a, lm|

T—00

o . r
—1kp| dw=0.
e Y

We call a value & for which equation (8) has non-trivial solutions
satisfying (9) a singular point of Q,(x) and denote by 3 the set of
all singular points of Q). If Imx>0, then k3 if and only if
p=k* is a discrete eigenvalue of L.

The following lemma will play later an important role.

Lemma 2.2 Q) vanishes as |k|—oo; i.e., for givem any
€>0 there exists a k,=k£e)>0 such that
(10) Q) lI<e if [£]=k.

This proves the following:

Lemma 3. 2% formsa bounded closed set in Ime>0. [I+Qyk)]™*
depends continuously on k except for keX im the sense of the
operator morm. Moreover, ||[I4+Q(k)]™"|| is bounded in the com-
plement in Im £>0 of a meighborhood of X.

We use also the following lemma due to Kato [3].

Lemma 4. Let q(x)e L**(E,) and let a(x)=|q(x)|"*. Then

(11) Sl{ll AR+ ie)f |+ | AR(2—ie)f[[}da<Cy || fI,

where C, is a positive constant independent of &€>0.

Now let e=(a, B) be a (possibly infinite) subinterval of (0, o)
such that in neighborhoods of (=18, —v &) and (V' a,1V/B) there
exist no singular points of Q,(x). The existence of such an ¢ is
guaranteed by Lemma 3. We return to formula (5). Put
a(x)=|q(x) |V Then, since b(x)=a(x)-{g(x)/|q(x)|}, we have
|| BFR(2+1e)*g || <|| AR(AF1€)g||. Taking (7) and Lemma 38 into
account, we have further || AR(A+1¢)f||<const || AR (Ax+1e)f||. Ap-
plying Lemma 4, we get®

Se | (ARQ+1e)f, B*R(2+1€)*g) | dA<C [ fll-[[ g ],

which proves simultaneously the existence and the boundedness of
E(e).
Theorem 1. There exists, for any e=(«a, B) given as above,

4) For the proof of this lemma we approximate g(x) by a function in C1(E3).
A similar estimate for q(x)€ C1(Fs) is proved in the Lemma of [2].

5) It is clear that q(x)€ L3/2(Es) if it satisfies condition (4).

6) Cf. J. Schwartz [8]. He obtained results in which ¢q(x)€ L' N L* was assumed
together with the existence of an e=(a, g).
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a bounded operator E(e) satisfying (3), which determines the
“spectral resolution” of L:

(12) E(e)L< LE(e),

(13) EXe,)E(e,)= E(e,)E(e,) = E(e. N €,).

3. Eigenfunction expansions. In this section we put a(x)
=(1+|a])~®+%2,  Then, for each { in the resolvent set of L, we
see from (7) that AR({) defines an integral operator of Hilbert-
Schmidt type. We denote the kernel of AR(() by T(x,y; k), £*=C.

Let t(x, k; I£)=(27Z')“3/2§ T(x, y; £)e~**vdy, where k denotes a 3-di-
E
mensional vector variabsle. Then we have

(14) Uz, k; £)=(k "= 57"y (2, k; £), Iklz=j§8;1 k3,
where (-, k; £) €  is a solution of the equation
(15) v(@, k; £)+ [Que)v (@, k; £)=(2m) " a(x)e™ .

Lemma 5. (%, k; £) s bounded and continuous in E; X EyX 05,
where 05 is the complement in Im k>0 of a meighborhood of X.
There exists a positive integer n, such that for any integer n>mn,
(16) ILQu(k)"¥1(@, k; £) |<const (14| x[)"a(x) [ v(-, k; £) ],
where || || 18 bounded in ke E; and k€ ps.

It follows in virtue of (2) that R({) is an integral operator of
Carleman type generated by the kernel

17) R(x,y; K):exp{ilclx—yl}_s eXp{i’clw_z'}b(z)T(z y; £)dz.
e 4|z —y | £, Am|x—2| e

Letting »(x, k; /s)=(27r)*"’zg R(x, y; k)e~*vdy, we have
E

(18) r(w, ks £)=(2m) (| I ['— %) (e, ks K),

where

(19) o, k; lc):e”"”—g exp {ik | =2}y oy 0z, k; £)de.
gy AT |x—2|

Put

(20) ou(®, K)=0(@, k; F k), x|k|leZ.

Then ¢.(x, k) turns out to be a unique solution of the Lippmann-
Schwinger equation

@) pule, y=eer—| SRETURLIE=2) 000, (7, By
Eg AT | x—2|
A similar function ¢X(x, k) corresponding to L* is also obtained as
a unique solution of (21) with g(x) replaced by q(x), if =+ |k|¢3*
which is composed of values —£ corresponding to all ke X,
Following a way similar to Ikebe’s (see [1], §9), we get
Lemma 6. Let e=(a, B) be a (possibly infinite) subinterval of

(0, c0) such as given in the previous section and let f, ge C(E,).
Then
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(22) &t 0=\, FraEak,

where
o=y i, Brwa,

G+(k)=(2m)~" 285 0. (@, k)g(x)da.

In the case of a real valued gotential, as was proved in [1],
relation (22) is extended to f,ge $ taking account of E(e) being
selfadjoint. In our case however we must directly prove this.
Namely

Lemma 7. The mappings f—fF and g—§,. are bounded maps
of ©=L*E,) into L*K,), where K, denotes the domain {kc Ey
Va<|k|<VB}.

Sketch of proof. Let us consider the integral

XS, 9)= hm —S {R(2+1e)— R (A—1e)f, V*R(AF1ie)*g)da.

As we proved the boundedness of Ef(e), it follows from Lemmas 3
and 4 that this defines a bounded bi-linear form on LXE,). Let Fy(k)
denote the Fourier image of f(x)e LYE,;). Then the Plancherel
theorem shows that

Xe(f, =tim 1| AT, i

_ 21e KD 9o NE A
v, (k, &)= Sem[v RQFie)*g o (k)da.
We choose g(x) from Cg(E;). Then
[V*RGFie)gli ()= _o@ds| R, v:vIFiep@aw)ety.

Noting the relation” ’ ’

R()B=R({)BLI- AR(Q)B]S R({)BLI+QV )]
and applying the Lebesgue theorem, we get finally

(£, 0= XF, 0= Fgodee  FieCrE).

Since C;(K,) is dense in L*K,), this proves the boundedness of the
mapping g—@.. The boundedness of f—ff is also proved by a
similar method. q.e.d.

7) In fact,
I—-ARQ)B=I-[I+Quv T)]"*AR«(()B
=I1—[1+Qu(V T)1'[I+AR«(L)BI+[I+Qu(v T)]-*
SI+Quv T)1-L
8) If we define a bounded operator Wai(e)=Eo(e)—X+(e), where (Xi(e)f,g)
=X%(f, g), then we can show that Wx(e) is the so-called wave operator establishing
the similarity between Lo and L (Cf. [6]: §2).



No. 7] Eigenfunction Expansions 643

Now we have the following expansion theorem.
Theorem 2. For any fe E(e)®, we have

(23) F@y=ry | _oue, HF2dk;

P2y =@me| o3, B Wiy,

4. The scattering inverse problem. In virtue of Lemma 3,
we see that the distorted plane wave ¢.(x, k) exists for sufficiently
large | k|. Assume now the additional condition (4,) on q(x). Then
the following assymptotic form of ¢, holds for large |x| (see [2]).

(24) o.(, k)=¢"**+ e*li:lm 0.(n, v; | k)+o(l¢]),
(25) O(n, v; [ k])=— 741?8)2 0.y, | k| v)gy)e=imvdy,

where n=x/|x| and v=Fk/|k|. Let us consider (25) for large |k]|.
Making use of estimate (10), we can obtain that

(26) 0.(n, 33 1 k)=~ a@)esi=3dy+o(1),

Eg

47z:|

where by o(1) is meant the term which vanishes as |k |—oo.

Now for an arbitrary vector m we can choose |k|, », and v so
that m=|k|(n—v). We let | k|—oo changing n and v and preserving
the relation m=|k%k|(n—v). Then the limit of the right hand of
(26) exists and
@ lim 0.0, kD=~ | qwes=dy.

3

|El(n—v)=m,|k|—oc 47‘[

Hence the following theorem holds.
Theorem 3. If a potential q(x) is assumed to satisfy conditions
(A) and (A,), then it is determined uniquely from the assymptotic
behavior for |k|—oo of the function 0.(n,v;|kl).
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