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159. On Many-Valued Lukasiewicy Algebras

By Corneliu O. SICOE
Calculus Centre of the Bucharest University

(Comm. by Kinjird KUNUGI, M.J.A., Oct. 12, 1967)

The many-valued Lukasiewicz algebras were introduced by Prof.
Gr. C. Moisil [2] as models for J. Lukasiewicz’ many-valued proposi-
tional calculus.
In this note, we give a system with a smaller number of axioms
for the many-valued Lukasiewicz algebras. Also is considered a
generalization for the notion of strict chrysippien element and we
give conditions in which a many-valued Lukasiewicz algebra is a
Kleene algebra.
1. The many-valued Lukasiewicz algebra is a lattice L which
satisfies [2] the following axioms:
Ll) L is a distributive lattice with first and last element.
L2) L has an involutive duality named negation:
N(xny)=NxU Ny,
N(xUy)=NxN Ny,
NNzx=z.
L3) L has n—1 endomorphisms a,, ++-, 0,_:
o(xUy)=0x U0y,
glxNy)=0,xN0Y.
L4) The elements o,x are chrysippien
o xUNox=1,
ogxN Nox=0.
L5) The elements o;x form a linear ordered lattice
CXCOLC oo CO,_ X
L6) There is the relation
o.,0;x2=0;x for any 1,7.
L7) There is the relation
0;Nx=No;x, where j=¢(7).
L8) If oix=0y (¢=1, -+, n—1) then x=y.
L8 is called the determination principle.
Prof. Gr. C. Moisil proves [3] that

(1) 0,0=0, o0l1=1 (A<i<n-—1).
If we introduce [2] the Lagrange’s fonctions
(2) rx=0,_xNNo,_,_x (0<i<n—1),

where o,x=0, g,2=1, then [3] the following formulas hold:
(3) O i®@=22U 28U * + - Uy,
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(4) No,_ax=ixUAxU - Ui_2,
(5) 2xNAe=0 (1#9),
(6) 2xUaxU e Ui, w=1,

2. Theorem 1. A many-valued Lukastewicz algebra is a
system <{L,1, N, o0, «++,0,,, N, where 1 is not postulated as last
element, verifying the following axioms:

L*1) 2N N(NxN Ny)=w,

L*2) xN N(Ny N Nz)=N(N(EzNx)N Ny n),
L*3) N(o;Nenow)=1, j=¢(1),

L*4) oo xNy)=0,xN0y, for any 1,7,
L*5) o;NeNo,Ne=No;x, 1<k,j=¢(1),
L*6) if ox=0y (A<Li<n—1), then x=y.

It is easily to prove the necessity. We prove now the converse
implication.

R. Marrona has proved [4] that the Morgan algebras can be
defined with the axioms L*1 and L*2, where, by definition

D) 2 Uy=N(NxN Ny).
Let x=vy in L*4, then we have

(8) o.,0;4=0;x for any 1,7.
From L*4 and (8) we have

(9) g(xNy)=0xN0y.
For i=k, by L*5 we can deduce

(10) o;Ne=Nox, j=¢(@).
By (10) and L*5 we have

(11) O XCOXLC e+ CO,_ X
By L*3 and (10) it follows that

(12) gxUNoux=1

and applying the negation

(13) g xNNox=0

where we put 0=N1,

From (9) and (10) we have

o;(xUy)=0;N(NxN Ny)=No;(NxN Ny)
=No;NxU No;Ny=o,xUoy,

hence
(14) g(zUy)=0xUoy.

If o xcoy 1<i<n—1), then o,(xNy)=0x, hence from L*6 we
have xNy==x, i.e.
(15) oxcCoy (1<i<n—1) imply xzCy.

By (8), (11) we have o,0xCo,x 0,0, 2 and according to (15) we
have
(16) oXxCxC 0o, %,

The last relation and (12), (13) give
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xUl=2Uo,_2UNo,_ x=0,_xUNo,_x=1,
xN0=2NoxNNox=0xNNoxr=0,
hence 0 and 1 are respectively the first and the last element.
Therefore the proof of our statement is complete.
Lemma 1. Ina many-valued Lukasiewicz algebras the following
relations hold.
an o, (xUNx)=1,
(18) o,(xN Nx)=0.
From
o;l=1=02UNox=0,x0U0;Ne=0,(0,2U Nx)Co,(0,.xU Nzx),
applying the Moisil determination principle we have o,_ax U Nx=1,
But o,_(xU Nx)Do,_xU Nz, hence (17). From
0,0=0=02NNox=02N0;Ne=0,(0xN Nx)Do,o.x2N Nx),
applying the Moisil determination principle we have o2 Nz=0.
But o,(xN Nx)co,xN Nz, hence (18).
Theorem 2. A many-valued Lukasiewicz algebra with ¢(3)
=n—1 (mod n) is a Kleene algebra.
If » is odd, we have the followings:
0, (xUNx)=0,_2U0, ;Ne=0,_ U Noyx
=22U2x U Ul U@ UA2U - Ul _sx=1,
0, s(xUNx)=0,_2x U0, :Ne=0, o Noux
=AxUdae U - U @wUle U2 U -+ U2,
03;_1(90 U Nx) :on_;@x U onTHNxza%ﬂoc U Na%jm
ZlnT—le e U@ U2 U oo Ulp%;w:l,
anT_l(x N Nx)= O sl N anT_le =01 N Na%ﬂm

=(2n2_+190 Usee UZzo)NA2U o -- Ul%f_sx)=0,
o(x N Nx)=0xN0o,Ne=0x N\ No,_
=Zp—s® U 25 U 2,_,2) N (A U 2,8 U 2,) =0,
o, (e N Nx)=0,x N0, Nex=0,0N No,_,x
= (Anes® U 2,0@) N (2 U 2,2) =0,

From the preceding relations and Lemma 1 we obtain ¢,(x N Nx)
co(yUNy) (1<i<n—1) and applying the Moisil determination
principle, it follows that a N NxcCyU Ny.

If n is even, we can analogously prove the above formulas,

Hence we complete the proof of Theorem 2.

For the three-valued Lukasiewicz algebra, the result was obtained
by A. Monteiro [5].

Lemma 2. In a many-valued Lukasiewicz algebra, xNy=0
if and only iof o yCNogx (1<i<n—1).
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If xNy=0, then o,xNo,y=0(1<1<n—1), hence (6,2 N0o,y)U Nox
=No,x whence g,y No,x.

Conversely, if o,y c No,x (1<i<n—1), theno,xNo,ycoyN Noz,
hence o, (xNy)=0=0,0 and applying the Moisil determination
principle, we have xNy=0.

Definition. An element m of the many-valued Lukasiewicz
algebra is called strict chrysippien[17, if for any x, m U « is chrysippien.

Theorem3. m s strict chrysippien if and only if om
Do (xN Nx) where j=¢(1) and x is arbitrary.

Let m be strict chrysippien, then, for every x, (mUx) N N(m U x)
=0. If we put =0 in the preceding relation, we have m N Nm=0
whence N NxzNNm=0 for every . By Lemma 2, we have
No,Nm>Do,(xN Nx) for any ¢, hence o,m>o;(x N Nx), j=¢(1).

Conversely, if o;m>o,(x N Nx), where j=¢(¢) and « is arbitrary
then No,Nm>Do,(xN Nx) and by Lemma 2 we have x N NeN Nm=0.
If we put x=m in the preceding relation we have m N Nm=0 hence
(mUx)NN(mUz)=0 for every x.
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