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174. An Algebraic Formulation of K-N
Propositional Calculus, IV

By Shotard TANAKA
(Comm. by Kinjird KUNUGI, M. J. A., Oct. 12, 1968)

In his paper [1], K. Iséki has defined the NK-algebra. For the
details of the NK-algebra, see [1]. The conditions of the NK-algebra
are as follows :

a) ~(@xp)xp=0,

b) ~px(gxp)=0,

c) ~~(~~@xr)x~(rsq)*~(~qgxp)=0,

d) Leta, B8 beexpressions in this system, then ~ ~ fx~a=0 and
a=0 imply 3=0.

In my paper [2], I showed that the NK-algebra is characterized
by the following conditions :

a) ~(pxp)xp=0,

b)  ~agx(gxp)=0,

c) ~~(~~(p*r)x~(r«@)*~(~qxp)=0,

d) Let a, 8 be expressions in this system, then ~~px~a=0
and a=0 imply 5=0.

1) ~@*p)xp=0.

2) px(gx~p)=0.

8) ~~(~~@xr)x~(rx@)x~(~qxp)=0.

4) ~~PBx~a=0and a=0 imply S=0, where «, (3, are expres-
sions in this system. We shall show that 1)-4) imply b’).

In 8), put p=p, ¢=a, r=y, then by 4) we have

A) ~axfB=0 implies ~ ~(Bxy)*~ (y*a)=0.

Then we have

B) ~axB=0and yxa=0 imply Bxy=0.

C) ~axf=0and ~y*xa=0 imply Bx~7y=0.

In B), put a=~p*x~p, B=~p, y=p, then by 1) and by 2) we
have

5 ) ~p*p=0.

In 3), put ¢=p, then ~ ~(~ ~ (Pxr)* ~ (r*p))* ~(~p*xp)=0.

By 5) we have

6) ~ ~(pxr)x~(r«p)=0.

In 6), put p=a, r=p4, then ~ ~(axB)*~(B*xa)=0.
Hence by 4) we have

D) Bxa=0 implies axB=0.
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In 6), put r= ~gq, then by 5) we have

7) qx~q=0.

In 8) p=~f, g=~a, r=a, then ~ ~(~ ~(~ Bxa)x~ (a*~aq))*
~(~~ax~fB)=0. By T7) we have

E) ~ ~ax~p=0 implies ~ f*xa=0.

In 3, put p=a, ¢=p, r=7, then we have ~ ~(~ ~ (axy)x~ (y*))*
~(~Bxa)=0. By E) and 4) we have

F) ~Bxa=0 implies ~(y*pB)*(axy)=0.

In F), put a=gq, B=~ ~q, y=p, then by 7) and E) we have

8) ~(px~~@*(gxp)=0.

Suppose ~axf=0 and ~y*a=0, then by C) we have B~y =0.
Further by D), fx~7=0 implies ~yx8=0. Hence we have

G) ~axf=0, ~rxa=0 imply ~yxB=0.

In 2), put p=~¢q, ¢g=p, then ~gx(px~~¢q)=0. Hence by 8), 2)
and G) we have

9) ~gx(gxp)=0.

This thesis is b’). Therefore the proof is complete.
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