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1. In a recent paper [3] we proved
Theorem 1. Thereis n, such that for every n=mn, there are posi-
tive integers x and y satisfying
n<lal +yt<n+cn?
where f and h are any integers such that f=h=2,

c=hf=-¥» gnd p= (1——}-) (1—%).

Mordell [4] has recently proved

Theorem2. There are non-negative integers ,, - - -, &, satisfying
')’Lé alw{u_l_ e +akw;:k<n+ cnP 4+ O(n?(hk—z)/(hk—l))
where a;, - -+, 0,21, I<hZh< -+ Sh,

c= (aY/™h,)(al/r2hy)t~ 4/mD (gl Prfy,) G- G/AD 0= /)
v oo QMR ) G G/ A /R - )

1 1
and p= (1———) (l—h—k>.

Theorem 1 generalizes some results previously obtained by
Bambah and Chowla [1], Uchiyama [5] and the author [2] while Theo-
rem 2 deals with a problem more general than those discussed in [1],
[5], [2] and [3].

In this note we prove the following generalization of Theorem 1
and refinement of Theorem 2:

Theorem 3. There is n, such that for every real n=n, there are
positive integers x,, - - -, , satisfying

noxt+ oo axit<<n4en?
where a,, ---, a; are real and >0, by, ---, h, are real and >1, k>1,
¢ and p are as in Theorem 2 and
A S ah S - Sk

In what follows we write [t] for the greatest integer <t.

2. We first prove the following generalization of Theorem 4A
of [2]:

Theorem 4. Let a and b>0, f and h>1,

N=Nm)=a{(n/a)"/+1}/ —n+d
and
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9g(m)=N—b{(N/b)*—1}*,
Then for every n=a there are positive integers x and y satisfying
n<ax’ +by*<n+ gn).

Proof. Clearly N increases with # and g(n) with N. Thus N>b
and g(n) >b. Thus the theorem is clearly true if (n/a)*/ is an integer.
In the rest of the proof we therefore assume that
(1) m=[(n/a)" 1<(n/a)"’,

The theorem is clearly true if
a(m+1)+b<n+gn).
In the rest of the proof we therefore assume that
(2) am+1) +b=n+gn).
Since m=[(n/a)"’]1=1 and
am’ + b[(__"—gm’ )1/h+1]h_$_amf+b{(__—n_g’mf )"”+1}"
the theorem follows easily from
Lemma 1. (1) and (2) imply that

am’+b { (if-;—mi)l/h+ 1} h<n+g(n).

Proof. From (2)
n—am’ <a(m+1) —am’ +b—gn).
Clearly (m+1)" —m/ increases with m. Hence from (1)
n—am’ <a{(n/a)’’+ 1}y —n+b—gn)
=N—gn)=b{(N/b)*—1}*,
Hence
am’+b { (—"_“mf )”h + 1} "—ntb { (4_""‘””’ )Uh + 1} " (n—am?)
b b
<n+N-=b{(N/DV*—1}r=n+g(n)

since b { (k;)zn_f_) o + 1} " (n—am”) clearly increases with n—am/’.

This completes the proof.
We next prove the following generalization of Theorem 1:
Theorem 5. Thereis n, such that for every n=n, there are posi-

tive integers x and y satisfying

n< axf_l_ byh</n+ bl/hh(al/ff)l—(l/h)n(l—(l/f))(l—-(l/h))
where a and b>0 and f and h>1.
Proof. We have
Nmn)=a{(n/a)"/ +1} —n+Dd
= F(n] @)~ V{14 O(n="7) + O(n® -1}
as n—oo. Hence
g(m)=N—b{(N/b)/*—1}*
— pURpNI-Wn) {1_ h—1 (ﬁ)
2 b

=1/n

+ o]
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— bl/hh(al/ff)l—(1/h)n(1-(1/f))(1—(1/h))
L (W) o 4 ON--) 4 0N
as n—oo. Now —2/h, —1and —1/(f—1D<—1/hif f—1<h. Hence
9(n) <bY*h(a? fi-wmpa-arma-a/m) for large n. Thus Theorem 5 fol-
lows from Theorem 4 and
Lemma 2. Theorem 5 is true if f=h+1.

Proof. Let ¢q be a fixed constant such that

1r<a<s
Suppose first that
(3) m=[(n/a)""12{(n/a)—q(n/a)~ @O/,
Then
n<am’ + b[ (ﬁ_g_mf) 1/h+ 1]"
éamf_!_b{(ﬁ:g_m_f)lln_*_l}n

§n+ pyn h{qa(n/a)l‘“/f)}l'(‘/"){1 + 0(1)}
<’ﬂ+ bl/nh(allff)l—(l/h)n(l— 1/ Q- (1/h))
for large n, since ¢<f. Hence the lemma follows if (3) be true. We
therefore assume in the rest of the proof that (8) is false, i.e., that
(4) m=[(n/a)"]<{(n/a)—qn/a)- V"YW =M, say.
Lemma 3. Let f=zh+1,
P=a(M41))—aM’+b
and
Q(n)=P—b{(P/b)"*—1}".
The/n Q(zn)<bllhh(al/ff)l-(l/h)n(l—(I/f))(l-(llh)) fOT large n.
Proof. For large n,
M=mn/a)""{1—(q/f)n/a) +on"")},

P—afM- {1+ %( F—DM + o(M-l)}
— V7 fpr- 00 {1 —q (1 _ %) (%) I + O(n—l/f)}
[ 2 =D (2) o)
= M7 fr- 00 {1 _ (q__Jz"_> (1_%> (%) -y N O(n_l/f)}

and
Qu=p1Pe-or [1- 2 =1 (£) 4 o)

< bl/hh(al/ff)l— /1) gy A=A/ 1)) A~ A/7)) ,
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since ¢>(1/2)f.
Suppose now that
a(m+1) +b=n+ Q).
Then Lemma 2 is clearly true. We therefore assume in the rest of
the proof that

(5) a(m+1)"+b>n+Qn).
Since
n<amf+b[(k‘_l;im_f>m+1]”
f\1nr h
<am’+ b ("_—ﬂ) 1"
sams+ b {5 41

Lemma 2 now follows from Lemma 3 and
Lemma 4. (4) and (5) imply that
am’ + b{(%”ﬁi) v +1} “n+ Q).
Proof. From (5),
n—am’ <a(m-+1) —am’+b—Qn).
Clearly (m+1)’ —m” increases with m. Hence, from (4),
n—am’ < a(M + 1) —aM’+ b—Q(n)
=P—Qn)=b{(P/b)"* —1}".
Hence
[
<n+P—0b{(P/D)/"—1}"=n+Q(n),

. n—am’ \" " : : ;
since b { (_b—> + 1} —(n—am’) increases with n—am’. This
completes the proof.

Remark 1. It is clear that in Theorem 5 we can replace the
coefﬁcient bllhh(allff)l—(l/h) Of n(l—(llf))(l—(llh)) by allff(bl/hh)l—(llf), obtain_
ing an improvement only if af/<bh".

3. Proof of Theorem 3. The case k=2 follows easily from
Theorem 5. For k>2 we assume that n>a, and let x,=[(n/a,)/"*].
If n—a,xl*=a,_, we obtain Theorem 3, by induction on %, using the
fact that

n—axrt <n—a{(n/a )" — 1% < o, (n] o)t
for large n. Otherwise we obtain Theorem 3 using the fact that
a4+ - +a,_<cn? for large n.

Remark 2. In the above proof we have not used the inequalities
a,hm< .. Zaghlt appearing in the statement of Theorem 3. If they
are not all true we can improve the result by replacing ¢ by a smaller
constant C. This is seen as follows :

Let a,hi>a,, A for some ¢ satisfying 1<i<k—1. Clearly c
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can be replaced by C, obtained from ¢ by interchanging a; with a,,, and
h, with h,,,. It is not difficult to see that C<c¢ since a;h}:>a,,  h}it.

I am indebted to Professor Mordell for communicating his result
to me before the publication of his paper.
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